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1.1.  Holomorphic Functions and the Cauchy Riemann Equations

1 Complex Analysis

1.1 Holomorphic Functions and the Cauchy Riemann Equations
1.1.1 Common Questions
e What is the definition of a holomorphic function?

e When is the function f(z) = u(x,y) + iv(z,y) (where u,v € C1(R?)) holomorphic?
Prove your answer.

e Provide an example of a function f : C — C that is differentiable as a real function
but is not holomorphic.

e Discuss and prove: How can a holomorphic function be written as a power series, and
where does such a power series converge?

What is the relationship between holomorphic functions f : C — C and functions f
that may be written as a power series?

How many times is a holomorphic function differentiable?

e How can a holomorphic function be written in integral form?

1.1.2 Definition of Holomorphic Function
What is the definition of a holomorphic function?

Let U C C be a region in the complex plane and let f : U — C be a complex function. The
function f is complex-differentiable at the point zy € C if the difference quotient
i £ F0 1) = f(20)
h—0 h

exists at zp. In this case, we define the derivative of f at 2z, denoted by f/(z), as

f(z0+h) = f(=0)
h

/ — 1
f(20) Hm
The function f is called holomorphic if it is complex-differentiable for all z € U.

1.1.3 Basic Properties of Complex Differentiation

When is the function f(z) = u(x,y) + iv(x,y) (where u,v € C*(R?)) holomorphic? Prove
your answer.

Differentiation of complex functions behaves similarly to differentiation of real functions.
Let U C C be a region in the complex plane and let f,g: U — C be differentiable complex
functions and let ¢ € C be a constant. In this case:

(ef) =cf (F£9) =1'%g

(f9) =19 + 1’9 <f> _ L9 td
9 g

() =0 (2" =nz""1



1.1.  Holomorphic Functions and the Cauchy Riemann Equations

1.1.4 Holomorphic Functions as a Power Series

Discuss and prove: How can a holomorphic function be written as a power series, and where
does such a power series converge?

What is the relationship between holomorphic functions f : C — C and functions f that
may be written as a power series?
How many times is a holomorphic function differentiable?

If the function series f(z) = Z ar(z — 20)¥ converges on the disk D(zg, R)
k=0

e For all z € D(zp, R), f(z)’s derivatives are (because f(z)’s uniform convergence, see
above, allows term-by-term differentiation)

f'(z) = Z kag(z — z9)*?
k=1

F'(z) =) k(k - Dag(z — 2)*?
k=2

f(n)(z) = Z k;(k; — 1) . (k; —n— 1)(2 _ Zo)k—n
k=n

(k)
e f(z) is holomorphic for all z € D(zp, R) with coefficients aj, given by aj = / k'(a)
Review: Convergence of Complex Power Series
o0
e Cauchy criterion: Z apz® converges if for all € > 0 there exists My € N so
k=0

<€ for all m > n > M,

m
St
k=n

e The radius of convergence R of S = Z ar(z — 20)" is defined as R =

1
o lim sup {/|a,|
o0

e Consider § = Z ar(z — 20)* with radius of convergence R on the disk D(zg, R)
k=0
1. S converges absolutely for all z € D(zp, R),

2. S diverges for all z ¢ U.

o0
3. The function series f(z)= Zak(z — 29)* converges uniformly for all z €
k=0

D(Zo,R).



1.2.  Cauchy Theorem and Integral Formula

1.1.5 Cauchy-Riemann Equations and Holomorphic Functions
e f:U C C— C can be written with real components u,v : U — R as
f(z) =u(z,y) + iv(x,y) where z=x+1iy; z,y€R

e The Cauchy-Riemann equations for u,v : R?> — R, where u,v € C*(R?) are

Ou _ v and Uy = —U @@__@
or Oy v or Oz

Uy = Vy

o f:U C C— C with real components f = u + v is holomorphic if, and only if, u and
v satisfy the Cauchy-Riemann equations
1.1.6 Integration and Holomorphic Functions

How can a holomorphic function be written in integral form?

e For the integrable function f: U C C — C and path v : [a,b] - U
b

. . d

[#ea:= [Craorma 0= 5

5y a

e For all holomorphic functions f: U C C — C and paths v : [a,b] = U
[ £@dz=1a0) - 1 6)
v

Proof: Apply the definition of a contour integral, then the chain rule:
b . b d
fl(x)dz= | f(y@)y@t)dt= | —|[f(v@)|dt = f(~(b)) - f
[ #@a== [ rowpina= [ Glrowla =1 6e) -1 o)

e For all holomorphic f: U — C and closed paths 7 : [a,b] — U:

55 f'(z)dz=0 (for closed paths )
5

e For all continuous functions f : U — C; f € C(U), for which § f(z)dz = 0 for
all closed v : [a,b] — U, there exists holomorphic function F' : U — C such that

F'(z) = f(2).
1.2 Cauchy Theorem and Integral Formula
1.2.1 Common Questions

e Define the winding number Ind,(29) of a smooth curve v about a point zg in the
complex plane.

e What are some of the winding number’s most important properties? State, with
proof, what values Ind(29) can assume.

e Let the curve v be completely contained in the open disk D C C. What is the value
of Indy(29) for zg € C\ D? Prove.

e State Cauchy’s integral theorem and use Green’s formula to prove the theorem for
the simplified case when the contour v does not cross over itself.



1.2.  Cauchy Theorem and Integral Formula

1.2.2 Winding Number and its Properties

Define the winding number Ind.(z0) of a smooth curve v about a point zy in the complex
plane.

What are some of the winding number’s most important properties? State, with proof, what
values Ind,(z9) can assume. TODO: Proof

Let the curve v be completely contained in the open disk D C C. What is the value of
Indy(20) for zo € C\ D? Prove. TODO: Proof

Consider the closed path 7 : [a,b] — T

e The winding number Ind,(z) of the point zg € C\I" with respect to ~ is the number
of times v wraps around zy in the counterclockwise direction.

1 1 b3
Ind., () = y§ dz  _ A(de
Y

Tomi Joz—z20  2mi ), A(t) — 2

o Let 2 =C\T be the complement of I'.
1. Ind,(z0) is an integer number for all zy € 2.

2. Ind,(20) has the same value for all z in a given maximal connected component
of Q.

3. Ind,(2z9) = 0 if 2 is in the unbounded component of 2.

1.2.3 Cauchy’s Integral Theorem and Formula

State Cauchy’s integral theorem and use Green’s formula to prove the theorem for the
simplified case when the contour v does not cross over itself.

Consider the holomorphic function f : U — C and closed path v : [a,b] — U for which
Indy(2z9) = 0 for all zp € C\ U.

e Cauchy’s integral theorem: 515 f(z)dz=0
gl

Proof: This proof is only for the special case in which f has the continuously
differentiable components u,v : R? — R and the curve [y] does not cross over itself.
We write f in terms of its components as

f(2) = u(z,y) +iv(z,y); z=a+iy, dz=dz+idy

Let I' C U be the region bounded by the curve v. We split the complex line integral
into real components and apply Green’s formula on the region I, followed by Cauchy’s



1.3.  Laurent Series and Isolated Singularities

equations for u and v to get

ygf(z) dz = yg(u +iv)(dz + i dy)

&Iﬁudx—vdy—i—z%vdaﬁ-udy
5

//vz—i—uy dA—l—Z// z—Uy)d
://F(O)dA—i—//F(O)dAzo

where the last holomorphic holds because f is holomorphic, so v and v satisfy the
Cauchy equations and u, = v, and u, = —v,.
, _ 1 1 f(z)
e Cauchy’s integral formula: Ind,(29)f(20) = ~— dz for zo € U\ [7].
211 N Z— 20

e On an annulus A C C with outer radius R and inner radius r, with the inner disk
bounded by v, and the outer disk by vg, Cauchy’s integral formula reads

f(zo —1[ Mdz— f() dz} forall zp € A
YR

)727ri zZ— 20 %= 20

1.3 Laurent Series and Isolated Singularities

1.3.1 Common Questions

What is the definition of an isolated singularity of a holomorphic function?

How can an (otherwise) holomorphic function f be expressed in the neighborhood of
an isolated singularity zo?

Define and discuss a removable singularity, pole, and essential singularity.

Describe, analytically and with proof, the behavior of a holomorphic function in the
neighborhood of an essential singularity.

1.3.2 Definition: Laurent Series

Not a common question, but worth mentioning.

Consider the annulus A ¢ C with inner radius r and outer radius R and the function
f:U — C such that f is holomorphic in a neighborhood of A.

e For all z € A, f’s Laurent series about the point zg € A is defined as
oo
= Z an(z — zp)"
—00

e The coefficients a,, are (via the Cauchy integral formula on an annulus):

1 f(2)
&éR(dz n >0

270 z — zg)"

175 (ﬂz)dz n<0

] _ n+1
2mi J, (2 — 20)

9



1.5.

Laurent Series and Isolated Singularities

where paths of integration vg and .. describe the positively oriented circles

yr: {2€C; |z—2| =R}
yr: {z2€C; |z—2| =71}

More generally, the coefficients a,, may be written

_ 1 f(z)
an—mé(z_zwdz

where v is any positively oriented simple closed curve in the annulus A enclosing zj.

[o.¢]
Let the holomorphic function f have the Laurent series f(z) = Z an(z — 20)".
o0 — o
— The terms Z an(z — zp)" are the regular part of f’s Laurent series
n=0
~1
— The terms Z an(z — 2p)", are the principle part of f’s Laurent series

n=—oo

Consider the open disk D(zp, R) C U and the complex function f : U — C such that
f is holomorphic in a neighborhood of D. For all z € D, there exists a Taylor series
for f about the point zg € D that converges for all z € D:

= N O O
f(z) = nz_:oan(z 20)", an = 5 yi'R (z — zo)n Tl dz

Interpretation: The Taylor series comes from f’s Laurent series on the annulus A and
sending r — 0. As r — 0, A converges to D, the principle part of f’s Laurent series
vanishes, and the remaining regular part is f’s Taylor series.

1.3.3 Classification of Singularities

What is the definition of an isolated singularity of a holomorphic function?

Define and discuss a removable singularity, pole, and essential singularity.

Consider the point zp € U, complex function f : U\ {20} — C, and disk D(zp, R). 2o is an
isolated singularity of the function f if f is holomorphic on D \ {zp}. Further:

e 2y is a removable singularity if all coefficients a,, in the principle part of f’s Laurent

series about zy are zero. In this case
o0
F(2) =) an(z—2)"
n=0

Equivalently, zg is a removable singularity if there exists a holomorphic function
g : U — C coinciding with f on U \ {20} of the form

o(e) = {f(z), zeU\ {20}

agp, Z =20

where ag is the 0-index coefficient of f’s Laurent series.

10



1.4. Residue and the Residue Theorem

e 2 is a pole if only finitely many coefficients a,, in the principle part of f’s Laurent
series about zg are nonzero.

e 2 is an essential singularity if all coefficients a,, in the principle part of f’s Laurent
series about zy are nonzero.

1.3.4 Holomorphic Function Near Singularities

Describe, analytically and with proof, the behavior of a holomorphic function in the neigh-
borhood of an essential singularity.

Consider the disk D(zp, R) and holomorphic function f : D\ {20} — C with isolated

singularity zg.
e f can be expressed by its Laurent series in a neighborhood of zj.

o If 2y is an essential singularity, then for all w € C and for all real €, > 0 there exists
z in D(z0,0) \ {20} such that |f(z) —w| <e.

Interpretation: A function f(z) takes on values arbitrarily close to every complex
number w € C in every neighborhood of an essential singularity.

1.4 Residue and the Residue Theorem
1.4.1 Common Questions
e State the residue theorem and discuss its applications

e Calculate ffooo 13_% dz where ¢ € (0,1). (Use a large rectangle as the integration

region with two edges on the x axis and the line y = 27 respectively.)

1.4.2 Definition: Residue and Properties

Not a common question, but worth mentioning.

Consider the holomorphic function f with isolated singularity zg.

e The residue of f at zp, denoted by Res(f; zp), is the coefficient a_; of f’s Laurent
series about zg.

e Consider the closed path v : R — U for which Ind,(zp) = 1. If f : U — C is
holomorphic on U, except possible at zg, then

1

2mi

b (2) dz = Res( s 20)
~
Derivation: Write f(z) as a Laurent series and apply the integral identity

2, k=-1
yg(z —z)fde={"" .
5 0, otherwise

term by term (where v is positively oriented simple closed curve enclosing z); all
terms in f’s Laurent series vanish except the term with n = —1. What remains is the
coefficient a_1, which is the residue Res(f; zp).

11



1.5.  Complex Powers and Logarithms

o If zg is a first degree zero of g and f is holomorphic in a neighborhood of zg

Res(fis0) = 75

e If zy is a nth degree pole of f

[(Z . Zo)nf(z)](n_l) e q(n—-1) [(2 _ Zo)”f(Z)]
)

Res(fiz0) = lim == =) = e

1.4.3 Residue Theorem

State the residue theorem and discuss its applications

Let f: U — C be holomorphic on U except possibly on a finite set of isolated points S.
For all closed paths v in U \ S such that Ind,(zp) = 0 for all zy € U*,

! ygf(z) dz = Z Res(f; z0) Ind(20)
¥

211
20E€S

Interpretation: In practice, S is the set of f’s isolated singularities. The theorem expresses
the contour integral as the sum of f’s residues at the isolated singularities.
1.5 Complex Powers and Logarithms
1.5.1 Common Questions
e How are the functions z + Inz and z — 2% defined in the complex plane?

e On what regions are the functions z — In z and z +— 2% holomorphic? Prove.

1.5.2 Complex Logarithm and Power Functions

How are the functions z — Inz and z — z% defined in the complex plane?

On what regions are the functions z — Inz and z — z% holomorphic? Prove. TODO:
Proof

o A complex logarithm of the complex number z € C is any w € C for which z = e".
Because the complex exponent is periodic, z € C in general has multiple, periodic
complex logarithms (In 2).

If 2 = |2|e"@T2™0)  then (Inz), = In|z| + (¢ + 27k)

e The complex logarithmic function In: C\ (—oo,0] — C is defined as
In(z) = In(|z[e) =In|e| +ig, @€ (~m7)

where (—o0, 0] is removed to make In(z) holomorphic on its domain.

12



1.6.

Open Mapping Theorem and Maximum Modulus Principle

1.6

1.6.1

For all w,w in the complex logarithm’s domain U = C \ (—o0, 0]

lnw—lnwoz/ %: % and ilnwzl
wo ? v 2 dw w

where v € C'! is a continuously differentiable path in U starting at wg and ending at
w.

Consider the region U C C such that Ind,(z) = 0 for all z € U® and all closed curves
v in U. For all holomorphic f : U — C without zeros on U there exist (generally
multiple) holomorphic g = In f for which e9(*) = f(z) for all z € U. Any two such
holomorphic functions g differ by 27ik where k € Z.

Interpretation: We can define different branches of the complex logarithm on arbitrary
complex regions U; such branches differ by multiples of 27i.

For all & € C\ (—00,0] and all z € C the complex power function is defined as

e ealnz

Open Mapping Theorem and Maximum Modulus Principle

Common Questions

e What is a meromorphic function and what is an open map?

Discuss bijective meromorphic functions mapping from the expanded complex plane
into itself (the Mo6bius transform). To what type of curve does such a function map a
circle?

Find a bijective holomorphic function of the complex plane into itself that maps the
points 21, 29, 23 into 0, 1,00, in that order.

State, with proof, the relationship between the difference in the number of zeros and
the number of poles poles of a meromorphic function on the unit disk if the function
has neither zeros nor poles on the disk’s boundary.

Let f be holomorphic on the unit circle, f(0) = —1, f/(0) = 2 and define a € (0,1).

Evaluate the contour integrals §j__, I3 4z and $. 12 g,

z =a z?2

Discuss and prove the open mapping theorem.

Discuss the maximum and minimum modulus principals for holomorphic functions
and derive them using the open mapping theorem. What are some implications of
the maximum and minimum modulus principle?

Discuss the Schwarz lemma for holomorphic mappings between disks that preserve the
disk’s center, and use the maximum modulus principle to prove the Schwarz lemma.

State and prove how the Schwarz lemma allows us to write holomorphic mappings of
the unit disk onto itself.

For the point o € D(0,1), show that the function f,(z) = = maps the border

11—«

0D(0,1) into itself, then use this result to show that f, maps D — D.

Let D be the unit disk and f : D — D be a holomorphic function for which f(0) = 0.
State, with proof, the maximum value of |f(z)| on D.

13



1.6.  Open Mapping Theorem and Maximum Modulus Principle

1.6.2 Definition of an Meromorphic Function and Open Map
What is a meromorphic function and what is an open map?
The map f: X — C is an open map if for every open subset Y C X, the set f(Y) is also
open. The function g is meromorphic on U C C if there exists subset S C U such that
1. S does not have cluster points in U
2. Every point in S is a pole of g
3. g is holomorphic on U \ S

Interpretation: An open map maps all open subsets of its domain to open subsets. The
function g is meromorphic if it is holomorphic everywhere on U except on a set S of isolated
points, which must be g’s poles.

Note: Every meromorphic function on U can be expressed as the ratio of two holomorphic
functions.

1.6.3 Mobious Transformation

Discuss bijective meromorphic functions mapping from the expanded complex plane into
itself (the Mobius transform). To what type of curve does such a function map a circle?

Find a bijective holomorphic function of the complex plane into itself that maps the points
21, 29, 23 nto 0,1, 00, in that order.

Every bijective meromorphic function of the form f : C — C is a rational linear transfor-
mation of the form h
az
1z) = cz+d
where a,b,c,d € C and ad — bc # 0. Such a function is called a Mébious transform; the
transformation preserves angles, maps every straight line to a line or circle, and maps every
circle to a line or circle.

1.6.4 Poles and Zeros of a Meromorphic On a Disk

State, with proof, the relationship between the difference in the number of zeros and the
number of poles poles of a meromorphic function on the unit disk if the function has neither
zeros nor poles on the disk’s boundary.

Consider the meromorphic function f : U — C and the closed disk D C U such that f has
no poles or zeros on the border dD. If Z and P are the sums of the multiplicities of f’s
zeros and poles, respectively on the interior D, then

f'(2)
ap f(2)

Interpretation: The line integral of a meromorphic function f along the disk border 9D is
related directly to the number of f’s poles and zeros inside the disk.

dz = 2mi(Z — P)

Proof: Let aq,...,ax be all of f’s zeros on D, let f1,..., B be all of f’s poles on D, and
let ny,...,ni and mq,...,m; be the zeros’ and poles’ multiplicities, respectively. In this

14



1.6.  Open Mapping Theorem and Maximum Modulus Principle

case, f can be written

F) = (= @)™ o (2 = )™ (2 = Br) e (2 = ) ()

for some holomorphic function g : U — C that has neither poles nor zeros on D. Use the
product rule to find f’(z), and then evaluate the expression %; the fraction simplifies
into a linear combination:

P [ M g Mk g,
an<z>dz/aD<z—a1>d * +/3D<z—ak>d

ni np
‘/aD<z—m>dZ"”‘/aD<z—ﬂz>dz

Using the integral identity ﬁy(z — 29) "1 dz = 27i, the sum of integrals evaluates to

f'(z)
ap f(2)

dz=2r(mi+...+mk—n1—...—ny) =2mi(Z - N)

1.6.5 Open Mapping Theorem
Discuss and prove the open mapping theorem.
o Lemma: Let f be holomorphic on an open neighborhood U of the point o and let
B = f(a), so the function z — f(z) — 8 has a zero of multiplicity n at . In this

case, there exist disks D(«,d) C U and D(f, €) such that the equation f(z) = w has
exactly m unique solutions in the disk D(«,d) for all w € D(B,¢€) \ {5}.

Interpretation: f maps the disk D(«, ) surjectively to the disk D(f,¢€). Exactly n
unique points in D(«, d) map to the point w in the disk D(3,¢).
e Every non-constant holomorphic function f: U — C is an open map.

e [f the function f is non-constant and holomorphic on a neighborhood of zy € C, there
exists an open neighborhood U of zy such that:

1. f maps U bijectively to the open subset f(U) (i.e. f is an open map)
2. The inverse function f~!: f(U) — U is holomorphic

1.6.6 Maximum Modulus Principle on Open and Compact Sets

Discuss the mazximum and minimum modulus principals for holomorphic functions and
derive them using the open mapping theorem. What are some implications of the maximum
and minimum modulus principle?

Consider the open subset U C C and the compact subset K C C.

e The modulus |f| of a non-constant holomorphic function f : U — C cannot attain a
maximum value at any point in U while |f| can attain a minimum value only at f’s
Z€eros.

e Reciprocally, consider the arbitrary function g : U — C. If there exists a point zg € U
for which |g(20)| > |g(z)| for all z € U then g is a constant function.

15



1.6.  Open Mapping Theorem and Maximum Modulus Principle

e The restricted modulus | f|| . of a non-constant function f that is holomorphic on a
neighborhood of K can attain a maximum only on the border 0K, while |f] ‘ o can
attain a minimum only on the border 0K or at f’s zeros.

Proof: The function f’s domain U is open, so the image f(U) is also open by the open
mapping theorem. If follows that for all w € f(U) there exists some z € U for which f(z)
is farther from the disk’s center than w. Formally, for all w € f(U) there exists z € U for
which |f(z)| > w. It follows that f cannot attain a maximum on U as long is not constant.

1.6.7 Schwarz Lemma

Discuss the Schwarz lemma for holomorphic mappings between disks that preserve the disk’s
center, and use the mazimum modulus principle to prove the Schwarz lemma.

Consider the positive real numbers R,r € R™ and the holomorphic function f: D(0, R) —
D(0,7) such that f(0) = 0. In this case

. enhaﬂf(@]<:%az\ﬁmzﬂlzéE[XO,R)\{O}and\f%O)\<:%

e or there exists w € C, |w| =1 for which f(z) = %wz for all z € D(0, R)
Proof: Without loss of generality, let R = r = 1, otherwise define f : D(0,1) — D(0,1)

given by f(z) = @
function

. Because f preserves the disk’s center, f(0) = 0 which means the

_f(®)
9(2) ==
is holomorphic on the entire unit disk. Next, for p € (0, 1) the maximum modulus principle
gives the following bound for |¢g(z)| on the disk D(0, p):

1 1
l9(2)] < maxg(Q)] = “max| (O] < 7
In the limit p — 1, it follows that |g(z)| < 1 for all z € D(0,1), so |f(z)| < |z| for all
z € D(0,1) and |f'(0)] = |g(0)] < 1. The inequality case gives the first case of the Schwarz
lemma. If an equality holds, then |f(zg)| = |20/ for some zy € D(0,1), meaning |g(z0)| = 1,
so g is a constant function by the maximum modulus principle. Defining g(z) = w leads to
f(z) = wz where |w| = |g(20)| = 1.

1.6.8 Biholomorphism and Automorphisms of the Unit Disk

State and prove how the Schwarz lemma allows us to write holomorphic mappings of the
unit disk onto itself.

For the point a € D(0, 1), show that the function fo(z) = {== maps the border 0D(0,1)

(e}

into itself, then use this result to show that fo maps D — D.

Consider the two open regions U,V € C.
e A bijective holomorphic map f : U — V is a biholomorphism from U to V.

A bijective holomorphic map f : U — U is an automorphism of U.

16



1.6.  Open Mapping Theorem and Maximum Modulus Principle

e The function f, of the form

fa®)={—  aeD(O)

is an automorphism of the unit disk D(0,1), and every automorphism of the unit
disk f: D(0,1) — D(0,1) is of the form

f(z) = wfa(2)

for some a € D(0,1) and w € C such that |w| = 1.

17



2.1. Harmonic Functions in the Plane

2 Harmonic Functions

2.1 Harmonic Functions in the Plane
2.1.1 Common Questions
e What is the definition of a harmonic function in R? and in general?

e Discuss the relationship between holomorphic functions and harmonic functions in
the plane.

e State the mean value theorem for harmonic functions in the plane. How are the values
of a harmonic function in the interior of a disk related to the values on the disk’s
boundary?

e What is the maximum modulus principle for harmonic functions in the plane? Use
the mean value theorem for harmonic functions to derive the maximum modulus
principle.

e Precisely formulate the Dirichlet problem on the unit circle and state its solution in
terms of the Poisson formula.

2.1.2 Definition of Harmonic Functions

What is the definition of a harmonic function in R? and in general?

Harmonic functions are functions v : R" — R, u = u(zq,...,z,), for which
"L 9%u
Au = 92 0
=1 Li

Interpretation: Harmonic functions are functions whose Laplacian Aw is zero.

2.1.3 Poisson Kernel

e The function P, : D(0,1) — R mapping from the unit disk to R, given by

— 1_r2 .
1 —2rcosf+r?’

P,(0) €[0,1),0 €R

is called the Poisson kernel.

Sketch of Derivation: Define ¢ = ¢? and z = re'® and apply Cauchy’s formula to
the curve |z| = 1 (the border of the unit disk) to get the expression:

1 1—|2)* d¢ —
f(z)_Méf(C)]l—zgfﬁ for all z e D(0,1)

Parameterize the integral with z = re’® for r € [0,1),0 € R to get

is _i 27 1—7"2 i
f(re )_27r/0 1—2rcos(9—¢)+r2f(e ) dé

The integrand with ¢ = 0 is the Poisson kernel.

18



2.1. Harmonic Functions in the Plane

e The Poisson kernel P, is positive, even, and continuous with period 27 for all r € [0, 1)
and 6 € R. Additionally,

0, 6+#0
oo, #=0

r—1

— For 0 € [0, 27], lim P.(0) = {

— P,(0) < P,(¢) for angles ¢,0 such that 0 < ¢ < 0 < 7, i.e. at a fixed radius r,
the Poisson kernel decreases with increasing angle.

1 2w

-5 P.(0)df = 1. (The special case f =1 and ¢ =0 ).
T™Jo

2.1.4 Poisson Formula

How are the values of a harmonic function in the interior of a disk related to the values on
the disk’s boundary?

Consider the open unit disk D(0,1) and the arbitrary open disk D(zp, R) with radius R
centered at zp and let D(0,1) and D(zp, R) denote the closed disks.

e Poisson Formula on the Unit Disk
If the function u : R? — R is harmonic on D(0,1) and continuous on D(0, 1)
2

A 1 :
u(re'®) = o ), P —d)u(e®)dd  forallre€[0,1),0 eR

e Poisson Formula on an Arbitrary Disk
If v : R? — R is harmonic on D(zg, R) and continuous on D(zg, R)

” 2 R2 _ 42 Y
¢y — ) de
ulzo +ret®) = o /0 R = 2R cos(d — g) 2 0 T B

for all » € D(2, R) and ¢ € R.

e Interpretation: The Poisson formula uses the Poisson kernel to relate u(a + re’®), the
value of a harmonic function u inside an open disk, to the function’s value u(a 4 Re'?)
on the disk’s border.

2.1.5 Mean Value Property in the Plane

State the mean value theorem for harmonic functions in the plane.

Consider the open disk D(zo, R). If the function u : R? — R is harmonic on D(zp, R) and
continuous on D(zy, R), then

1 2T )
u(z0) = 277/0 u(z0 + Re'®) 4

Interpretation: This is a special case of the Poisson formula with » = 0. The property
equates the value u at the disk’s center to w’s average value along the disk’s border.
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2.2.  Harmonic Functions in Space

2.1.6 Maximum and Minimum Principle for Harmonic Functions in the Plane

What is the mazximum modulus principle for harmonic functions in the plane? Use the mean
value theorem for harmonic functions to derive the mazimum modulus principle.

e If the function u is non-constant and harmonic on the open region U C R?, then u
cannot attain either a maximum or a minimum anywhere on U.

e If w is non-constant and harmonic on the compact region K C R?, then u can attain
a maximum or a minimum only on the border K.

2.1.7 Dirichlet Problem on the Unit Disk

Precisely formulate the Dirichlet problem on the unit circle and state its solution in terms
of the Poisson formula.

Consider the unit disk D(0,1) and unit circle 9D(0, 1).

e The Dirichlet problem reads: Find a function v : R®™ — R that is harmonic on a given
region U and continuous on the border OU, such that u’s values on the border OU
match the values of a given function f: 0U — R.

e For a given continuous function f : 9D(0,1) — R defined on the unit circle, there
exists exactly one function u : R? — R that is continuous on D(0, 1) and harmonic
on D(0,1) for which

f= u‘aD(O,l)

Such a function u is given in terms of the Poisson formula as

1 21 y
u(re'®) =< 2w /0 Po(0 —0)f(e?)do, r<1
1) r=1

o Interpretation: The exists exactly one harmonic function w that solves the Dirichlet
problem on the unit disk for a given function f, and the solution u is found with the
Poisson formula.

2.2 Harmonic Functions in Space
2.2.1 Common Questions

e Find all harmonic functions in R? whose value depends only on the distance r from
the origin.

e What are Green’s identities? State Green’s third identity and the mean value property
for harmonic functions in space. Use Green’s third identity to derive the mean value

property.

e What is the maximum modulus principle for harmonic functions in space? Use the
mean value theorem for to derive the maximum modulus principle.

e Define the Green function for a bounded region with a smooth border in R? and
discuss how the Green function makes it possible to solve a Dirichlet problem for such
a region.
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2.2.  Harmonic Functions in Space

2.2.2 Fundamental Solution of the Laplace Equation in Space

Find all harmonic functions in R® whose value depends only on the distance v from the
origin.

e The Laplace equation Au = 0 for harmonic functions u : R3 — R reads

o o
022 Oy 022

Au

e For functions u = u(r) whose value depends only on the distance from the origin, the
Laplace equation can be written

Au(r) =u"(r) + %u’(r) =0

Derivation: For functions v : R* — R whose value depends only on the distance from
the origin, we write u = u(r) where r = /22 + y? + 22. Because % =T, s first
two derivatives with respect to x are

ou x, Pu 22 r°—ux

ou _ T gu _ T n
o Tu(r) and 922 T2u (r) +

Similar calculations for y and z show Au(r) = u”(r) + 2u/(r) for u = u(r).

e The general solution to the Laplace equation u”(r)+24/(r) = 0 for harmonic functions
u=u(r)isu(r) =a+ 2. All harmonic functions whose value depends only on the
distance r from the origin thus take the form

b
u(r)-a—i—;

e The fundamental solution of the Laplace equation in space is the function u : RT™ — R

ur) = (>0

2.2.3 Quick Review of Gauss’s and Directional Derivatives

Not a common question, but we need these three concepts to understand Green’s identities,

which follow.

1. For the continuously differentiable vector field F : U — R3

///U(V-F)dvz%[éU(F-mds

Interpretation: The volume integral of the divergence V - F' over the entire region U
equals the surface integral of F' over the region’s boundary oU.

ox’ Oy’ Oz

3. The directional derivative of the continuously differentiable scalar function v : U — R

ou

in the direction of the vector n € R3 is 5 =usp = Vu-n

2. The gradient of the scalar function u : U — R is Vu = <
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2.2.  Harmonic Functions in Space

2.2.4 Green’s Identities in Space

State Green’s identities.

e (reen’s identities for all twice-continuously differentiable scalar functions u,v : U — R
defined on a neighborhood of U and for the point rq € U are

- ///U(vAu+Vu-Vv)dV: 8UvuﬁdS
- /// (vAAu — utv)dV = //a  (vun — wg) S
o= fL, G = o= ) 5 f =

e Implication: For any harmonic function u on a neighborhood of the closed region U
# up dS = (Vu-n)dS =0
oUu oUu

Interpretation: The closed surface integral of a harmonic function u’s directional
derivative normal to the surface of integration is zero. Derived directly from the first
identity with v =1 and u : U — R an arbitrary harmonic function.

2.2.5 Mean Value Property for Harmonic Functions in Space

State Green’s third identity and the mean value property for harmonic functions in space.
Use Green’s third identity to derive the mean value property.

Consider the closed sphere K(rg, R) C U of radius R centered at 1o and contained
completely in the region U C R3. For all harmonic functions v : U — R

) = 4;}%2 //@ u(r)ds

Interpretation: The value of the function u at the center of the closed sphere K equals the
average value of u on the sphere’s surface.

Proof: Start with Green’s third identity for the function u and sphere K

o) 1 1 Au
ur u(r)—-—— dS/// ——d
0) 4w//aK<|r—ro|| ”annr—mn) i Wl Tr=rol

and apply Au = 0 and g@%U uj dS = 0 for harmonic functions to get

1 0 1
u(rg) = e //aK _U(T)%7||r ol ds

1 1
8n Tr=—roll — R2>

u(rg) = 47r1RQ //M( u(r)dsS

On a sphere, ||r — rg|| = R is constant for r € K, and — S0)
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2.2.  Harmonic Functions in Space

2.2.6 Maximum and Minimum Principle for Harmonic Functions in Space
What is the mazimum modulus principle for harmonic functions in space? Use the mean
value theorem for to derive the mazimum modulus principle.

Consider the open subset U C R3 and the compact subset K C R3.

e Any non-constant function v : U — R that is harmonic on U cannot attain either a
maximum or a minimum on U.

e Any non-constant function v : K — R that is harmonic on K and continuous on K
can attain a maximum or minimum only on the border K.

2.2.7 Green’s Function and Poisson Kernel in Space

Define the Green’s function for a bounded region with a smooth border in R® and discuss
how the Green’s function makes it possible to solve a Dirichlet problem for such a region.

e A Green’s function of the Laplacian operator A on the region U is a function
G :U x U — R for which

1

+ ————  is continuous on U and harmonic on
Ar||r — ro|

— The function r — G(r, 1)

U for all rq € U:
— G(r,r9) =0 for all » € QU and for all ro € U
e In space, the Poisson kernel P, : OU X U — R is defined

0 G(r,ro) = (VG('r,'ro)) il

PT(ra TO) = 871&

e For the harmonic function u : U — R the Poisson formula in space reads

u(rg) = # 8A G(r,ro)u(r)dsS = P.(r,ro)u(r)dS forall ro € U
ou On ou
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3.1.  Convolutions

3 Fourier Analysis

3.1 Convolutions
3.1.1 Common Questions
e State the definition of a convolution of the functions f,g: R — C.

e State some of the most important properties of convolutions. Show that if f, g are
even functions then f * g is also even.

e Discuss how convolutions prove a means to approximate bounded continuous functions
with differentiable functions.

e What is the Schwartz space of functions? State some of its important properties.

3.1.2 Definition and Properties of Convolutions in R
State the definition of a convolution of the functions f,g: R — C. State some of the most

important properties of convolutions.

e The convolution of the functions f,g: R — C, denoted by f * g is
(f #0)( / F(z — t)g(t) dt

assuming the integral converges absolutely.

Condition for Absolute Convergence: The integral converges absolutely if f is bounded
and piecewise continuous and g is piecewise continuous and has compact support.

e Convolutions are linear, commutative, and associative. In terms of the functions

f,9,h:R—=C

Linearity: (af + Bg)xh=a(f*g)+ B(g*h)
Commutativity: g* f= fxg
Associativity: fx(gxh)=(f*g)xh

3.1.3 Differentiating Convolutions

State some of the most important properties of convolutions (continued).

Consider the two functions f,g: R — C

e If f is continuously differentiable and [ |f’(x — t)g(t)| d¢ converges uniformly on
every finite interval of x then

(fxg) =f%g forallg:R—C

e If f is smooth (i.e. f € C*) with compact support and g is integrable then f * g is
also smooth and

(Frg)W =f"xg neN
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3.1.4 Convolutions of Functions in ! (R)

Not a common question, but good background theory for approzimation by smooth functions.

e L'(R) is the space of all measurable functions f : R — C whose absolute value |f]| is
Lebesgue-integrable over the real line. We consider two elements f € L'(R) to be
equal if they agree almost everywhere. The norm is

£l = /R ()| de

e Consider the functions f,g : R — C

— If f € LY(R) and g is bounded and piecewise continuous, then f x g is continuous.

—If f,ge Ll(R), then f*g € L'(R) and || f *glly < 1 flllgll;-

3.1.5 Convolutions Involving the Function g

Not a common question, but good background theory for approzimation by smooth functions.

oo
Consider the positive real constant § > 0 and function ¢ : L*(R) such that / g(z)dz =1

—00

e In terms of g and J, the function g(s)(z) is defined as
1 /x
s0@=39(5) >0

If/ g(z)dz =1 then / gs(x)dx =1 for all § > 0.

—0o0

e If g has compact support then g(s) is non-zero only in a small neighborhood of the
point 0 for small §. In this case, for all continuous f: R — C

(f * 93)) = / " o — g () dt ~ f(x) / g (B dt = f(2)

e If f: R — Cis bounded and continuous, the convolution f * g converges uniformly
to f on all finite intervals [a,b] C R as § approaches 0. In symbols:

lim(f * g5))(2) = f(z)

o If f € L'(R), the convolution f * g(s) converges to f with respect to the L' norm |||
as 0 approaches 0. In equation form:

lim [ £+ g5 = £}, =0

3.1.6 Approximation By Smooth Functions

Discuss how convolutions prove a means to approzimate bounded continuous functions with
differentiable functions.

o0
Consider the positive real constant § > 0 and function g : L!(R) such that / g(x)dr = 1.

—00
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3.2.

The Fourier Transform

e If g is smooth with compact support and f : R — C is continuous, then f x

g(s) is smooth (see Differentiating Convolutions and g(;)) and f can be uniformly
approximated by smooth functions f * g(5) on every finite interval [a,b] C R.

If f: R — C has compact support on the interval of approximation [a,b] and g is
a smooth function with compact support on [a,b], then for all € > 0 there exists
a sequence (f,) of smooth functions with support on [a — €,b + €] that converges
uniformly to f.

Every continuous function f : R — R can be uniformly approximated by polynomials
on the compact interval [a,b] C R. In symbols, for all € > 0 there exists polynomial
p: R — C such that

max [£(2) - pl(e)] < ¢
z€la,b]

3.1.7 The Schwartz Space S(R)

What is the Schwartz space of functions? State some of its important properties.

e The Schwartz space S(R) is the set of all smooth functions f : R — C for which

3.2

3.2.1

functions of the form z — f(™)(z)z" are bounded for all m,n € N.

Interpretation: Informally, S(R) is a set of rapidly decreasing functions on R. Ex-
amples of functions in S(R) include z — e~ and smooth functions with compact
support.

For every function f € S(R),

— all translations z — f(z —t),

all scalings = +— f(ax),a € R,

— all derivatives f( and

— all products of the form fp where p: R — C is a polynomial
are also elements of S(R).

If f,g: R — C are elements of S(R), the convolution f * g is also in S(R).

The Fourier Transform
Common Questions
How is the Fourier transform defined?
How is the inverse Fourier transform defined?

State some of the Fourier transform’s most important properties. What is the Fourier
transform of the convolution of two functions?

22
Calculate the Fourier transform of the function f(z) =e~ '« for a > 0.

Calculate the Fourier transform of the function f,(x) = ) where a € RT (use

__a
m(22+a2

the residue theorem). Derive the identity m = f;-‘,—b for a,b > 0
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3.2.  The Fourier Transform

3.2.2 Fourier Transform and Important Properties

How is the Fourier transform defined?

State some of the Fourier transform’s most important properties. What is the Fourier
transform of the convolution of two functions?

e The Fourier transform of the function f € L'(R) is

N 1 * —iwx
f(w):m/_oof(x)e dx

The integral converges because ‘e_i‘“ ‘ =1and f € LY(R).

e For all functions f € L(R)
— The Fourier transform f is continuous and }f(w)’ < || f]; for all w € R.
— Let fiq(x) = f(az) for alla >0 = ]?[;}(w) = 2]?(%)
— Let ey(a) =€ forall t e R = fey(w) = flw —t)

Let fy=fz—t) forallt eR = fy(w) = e ™ f(w)

— Let x(z) =z for all 2 € R. If xf € L'(R), then f is differentiable and

(F)'(@) = =i(xf) )

— If £ is continuously differentiable and f’ € L!(R) then f’(w) = z'wf(w).

— For all g € L'(R), [ * g = V27 /3.

— For all f € S(R), f € S(R).

3.2.3 Inverse Fourier Transform
How is the inverse Fourier transform defined?

Consider the function f € L'(R) for which f € L*(R)

. _ 1.2 1 2
e Lemma: the Fourier transforms of z — e~ 2% and x — e~ 2(9)° ¢ > 0 are

15 12 T13 1 _w?
e 2 (w) =e 2% and e 2()(y) = Z¢ 22
a

e The Fourier inversion theorem for the function f is

1 RPN :
T) = —— w)e™ dw for almost all z € R
f@)=—=[ Fe

~

Interpretation: The Fourier inversion theorem recovers f(x) from f(w).

e The inverse Fourier transform f of the function f is

1 > iTw _ A_x
fla) = <= [ pw)e e = fi-o)
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3.2.  The Fourier Transform

3.2.4 More Fourier Transform Theory

State some of the Fourier transform’s most important properties (continued).

e Riemann-Lebesgue Lemma: for all f € LY(R), lim f(w) =0.

|w|—00

Interpretation: The Fourier transform of the function f vanishes as the argument w
approaches oo in absolute value.

e Fourier Transform and Lipschitz Continuity: If f € L*(R) is Lipschitz continuous at
the point x € R, then

: 1 4 izw
f(z) = lim m/_Af(w)e dw

A—00

Interpretation: We can express the value f(z) of a Lipschitz continuous function
f € LY(R) using the Fourier inversion theorem.

e The Fourier transform maps the space S(R) bijectively onto itself.

e Plancherel Theorem: The Fourier transform in S(R) preserves the |[|-||, norm and can
be uniquely extended to a unitary operator on the space L?(R) . For background and
proof, see lecture notes.

28



4.1.  Partial Differential Equations

4 Differential Equations

4.1 Partial Differential Equations
4.2 Common Questions
e Derive the d’Alembert formula for the solutions to the one-dimensional wave equation.

e Derive how the Fourier transform is used to find solutions to the heat equation

% = C% with the initial condition u(x,0) = f(z) where f : R — R is a continuous

function that falls to zero at +oo.
4.2.1 Vibration of an Infinite String with d’Alembert’s Formula

Derive the d’Alembert formula for the solutions to the one-dimensional wave equation.

e We again look for solutions to the wave equation 1y = c?u,, with the initial conditions

u(z,0) = f(z) and w(x,0) = 0.
e Assume solutions of the form
u(z,t) = F(z — ct) + G(x + ct)
where F, G are twice differentiable functions.

The initial conditions read

u(,0) = F(z) + G(z) = f(z)  w(z,0)=c(G'(z) - F(z)) = g()

e Differentiating the first equation, solving for F”(x), and inserting this into the second
equation leads to

R o B4 CO RO (O B

e Integrating the expression for G'(z) with respect to x gives

)
G(x)zf(Q@JrQIC/Oxg(x)derC

Combining this with F(z) + G(x) = f(x) leads to

F(:v)=f(2x)—210/0x9(x)dx+0

e The solution for u(x,t) = F(x — ct) + G(z + ct) is thus

x+ct x—ct
wwt) = i)+ fe v + 5 | [ aoax- [T 0w
x+ct 0
Z;[f(w—ct)+f(w+ct)]+2lc[/o g(x)dx+/“t9(><)dx}
x+ct
— M@= sere] +5 [ atody

—ct

which is the d’Alembert formula for the one-dimensional wave equation. To satisfy
the wave equation, f must be twice-differentiable and g once-differentiable.
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4.2.

Common Questions

e If additionally f and g are odd periodic functions with period 2! for which f(I) =
g(1) =0, then u(0,t) = u(a,t) = 0 and the d’Alembert formula satisfies the boundary
conditions u(0,t) = u(a,t).

The equality u(0,t) = 0 follows from the odd condition f(—x) = —f(x) and identity
J_,af(xz)dz =0 for odd functions

w(0,) = S[f(—ct) + flct)] + 21/+Ctg(x) dy = %[ (et + f(et)] +0=0

2 CJ_ct

The equality u(a,t) = 0 follows from the periodic condition f(z + a) = f(x — a) and
the fact that the integral of an odd function over a full period is zero.

a-+ct
u(a,t) = %[f(a— ct) +f(a+ct)] + 210/_ t g(x) dx
a-+ct
—;[—ﬂd—a%+ﬂd+aﬂ+;@4%tmmdx
=0+0=0

4.2.2 Solving the Heat Equation with the Fourier Transform

ou 9%u

Derive how the Fourier transform is used to find solutions to the heat equation % = c§3
with the initial condition u(x,0) = f(z) where f : R — R is a continuous function that falls
to zero at £oo.

e The heat equation is a partial differential equation describing the change of the
quantity u(r,t) in space » € R? and time ¢ € Rt of the form

ou 0%u . 0%u . 0%u A
— =c|l=—+—=—+ =5 | =cAu
ot ox?  0y? 022

where ¢ > 0 is a constant and Aw is the Laplacian operator.

The Fourier transform is used to solve the heat equation with the initial condition
u(r,0) = f(r) where f(r) — 0 as ||r| — oo.

e The Fourier transform of the solution u(r,t) at time ¢ is

1 4
ot = 5 [ utr e ay

and the Fourier transform of the heat equation at fixed ¢ is

o —

ou ou - 9
(%) = 5 = (st + s+ oD = ~clolia

0 -
e The Fourier transform of the heat equation can be written g [echQHtu} =0, so the

o 2~ .
derivative of ec”p Htu with respect to time is zero.

2 AN . . . .
Because e<llP*[147 is time-independent, we write

el (o, 1) = A(p), A= A(p) (4.1)
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4.2.  Common Questions

e The Fourier transform of initial condition u(r,0) = f(r) is @(p,0) = f(p).

Evaluating Equation 4.1 at ¢t = 0 produces u(p,0) = A(p) = f(p), leading to

i(p,t) = f(p)eclellr

The plan is to apply the inverse Fourier transform to transform u(p,t) back into
position-time space u(r,t), thus solving the heat equation.
e Lemma: The Fourier transform of e <I#*[l* at time ¢ is the heat kernel Ki(r)
1 L[>

—_—
e—cllp?llt = e 4t = Kt(r)

(V2ct)3

~

e Using the heat kernel, the inverse transform of u(p,t) = f(p)e_c”pQHt is

= 1 * r)= # r—s e_Hécht2 3s
u(r,t) = (f * K¢)(r) (Ve Jus ( ) d

4.2.3 Finite One-Dimensional String with Fourier Method

Not a common question, but still useful information.

e The one-dimensional wave equation is
_ 2
Utt = C Ugy

If the string is fixed at the endpoints, the boundary conditions are u(0,t) = u(l,t) = 0.
The initial position and velocity distributions u(z,0) and u(x,0) are given by f(x)
and g(x).

The goal is to solve the wave equation u; = c?ug, for the boundary conditions
u(0,t) = u(l,t) = 0 and initial conditions u(z,0) = f(x,0) and w(x,0) = g(z,0).

e Separate the solution into the product u(z,t) = X (z)T(t) where X and T are
twice-differentiable non-zero functions. The wave equation becomes
1L7T"(t)  X"(x)
2 Tt) X(x)

Because the left and right sides of the equation are simultaneously equal and dependent
on different variables, they must be constant. We write

lTH(t) B X”(m)

2T - X)) —

which leads to the two equations
X"+AX =0 and T"+A\T =0
Because T'(t) is non-zero, the boundary conditions lead to X (0) = X (1) = 0.
e The general solution to X” + XX =0
X(x) = Acoswz + Bsinwx (A =w?)
The boundary conditions lead to A = 0 and n eigenvalues w, = *F,n € N and

eigenfunctions X, (z) = By, sin 7.
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4.8.  Zeros of Solutions to Homogeneous Second-Order LDEs

e The solutions to 7" + 2A\T = 0 with \ = w? = (%)2 are

T, (t) = A, cos(wpct) + By, sin(wyct)
e The solution to u(z,t) = X (x)T'(t) is thus

nmwe nme ™
up(x,t) = [An cos(Tt> + By, sin(Tt)] SiH<T£E>
Because the wave equation is linear, the general solution is a linear superposition of
the solutions:

t) = Zun(m t) Z (A cos —t + B, sin lct) sin 7Tl—nx
n=1

n=1

e The initial conditions u(z,0) = f(z) and w(x,0) = g(x) lead to

ZA san:L" and g(z :Z@B Sln@l'

n=1 n=1

e The coefficients A,, and B, are found with a sine expansion of f(x) and g(z). This
is possible if f,g € L?(0,1). First, f,g are expanded to the interval [—I,l] using
f(xz) = —f(z) on the interval [—a,0) (analogously for g), then expanded onto the
entire real line with period 21.

The functions f,g can then be written as a Fourier sine series with the function
sin #Fx. The Fourier sine expansions produce the solutions for the coefficients:

nm

12 /!
/f sm—xdx and Bn—/ g(ac)smed:U

nmel

4.3 Zeros of Solutions to Homogeneous Second-Order LDEs
4.3.1 Common Questions

e Can the zeros of a nontrivial solution to the equation y” + p(z)y’ + ¢(x)y = 0 (where
p,q € C(R)) have any cluster points? Prove your answer.

e Discuss the distribution of the zeros of two linearly independent solutions to the
equation y” + p(z)y’ + q(x)y = 0.

e How many zeros do the nontrivial solutions ¥ of the equation y” + (1 +22)y = 0 have?
Prove.

4.3.2 Zeros of Homogeneous 2nd Order Linear Differential Equation

Can the zeros of a nontrivial solution to the equation y" + p(x)y + q(z)y = 0 (where
p,q € C(R)) have any cluster points? Prove your answer.

Consider the homogeneous second-order linear differential equation

Y +p(x)y +qx)y =0 (4.2)

where y = y(x) and p,q : I — R are continuous functions on the real interval I C R.
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4.8.  Zeros of Solutions to Homogeneous Second-Order LDEs

e The trivial solution of Equation 4.2 is y = 0. All other solutions are non-trivial.

e The zeros of nontrivial solutions of Equation 4.2 cannot have finite cluster points.
All zeros of a nontrivial solution are simple zeros, i.e. y(xo) =0 = y'(z¢) #0
Proof: Assume xg € I is a cluster point of the non-trivial solution y’s zeros. Then,

there exists a sequence of zeros (z,,) that converges to xy. Because y is continuous
andy(z,) = 0, it follows that y(xo) = 0. More so

J (o) = lim YLEn) Z (o)

Tn—T0 Tn — TQ

=0

A solution satisfying y(z¢) = 0 and y'(x9) = 0 is y = 0, and because the solution to a
homogeneous second-order LDE for a given pair of initial conditions on y and ¥’ is
unique, y == 0 is the only solution to the equation, which contradicts the condition
that y is a non-trivial solution.

4.3.3 Zeros and Linearly Independent Solutions
Discuss the distribution of the zeros of two linearly independent solutions to the equation

Y +p(x)y + q(x)y = 0.

e If two solutions y; and yo of Equation 4.2 have a shared zero, then y; and yo are
linearly dependent. In symbols, if there exists xo € I such that y;(xg) = y2(x0) = 0,
there exists constant a € R such that y; = ays.

e If 41 and yo are linearly independent solutions of Equation 4.2 then y» has exactly
one zero in the open interval (zj,z2) between any two zeros x1,xs of y;.
4.3.4 Normal Form and Sturm’s Comparison Criterion

How many zeros do the nontrivial solutions y of the equation y" + (14 2%)y = 0 have? (Not
solved, but this section provides the relevant theoretical machinery).

e If p is continuously differentiable and ¢ is continuous, Equation 4.2 can be written in
the normal form u” 4+ Q(x)u = 0 with the substitution y = uv, where

v=e2/pP@)de and Qx) =q(z) — p

Derivation: Inserting y = uv into Equation 4.2 and dividing by v leads to
,U/ U” ,U/
u” + (2—|—p) u' + (+p+q)u:0
v v v

The requirement v’ = 0 leads to % = 2 — y = 3/p@d Inserting the

2
expression for v into (%” + %/p + q) leads directly to Q(z) = q(x) — # - &;)

o Sturm Comparison Criterion: Consider the continuous functions ¢, : I — R and
non-trivial solution u of the normal-form equation u” + ru = 0.

If g(x) > r(x) for all x € I, then any solution y to the equation y” + gy = 0 has at
least one zero in the interval (x1,x2) between any two zeros x1,xy of u.
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4.4.  Sturm-Liouwville Theory

e Consider the non-trivial solution y of the equation y” + qy = 0.
If g(z) < 0 for all z € I, then y has at most one zero in I.

If g(x) > 0 for all € I, then y may have a finite number of zeros in 1.

4.3.5 Example: Zeroes of the Bessel Equation

Not a common question, but a useful example.

Let y be a non-trivial solution to the Bessel equation

22y + oy + (22— 1)y =0 (x >0,v>0)

The number of zeros depends on v as follows:

o Ifve [0, %), y has a zero in every interval of width .
, the distance between y’s subsequent zeros is exactly 7.
o Ifv> %, y has at most one zero in every interval of width 7.

In any case, y has infinitely many zeros on the positive real line (0, 00)

4.4 Sturm-Liouville Theory
4.4.1 Common Questions
e When is the differential operator L(y) = P(z)y"+Q(z)y’+ R(x)y formally self-adjoint?

e For which positive function p = p(x) must we multiply the operator L(y) = x%y” + v/
so that L is formally self-adjoint?

e Precisely formulate the regular Sturm-Liouville problem.
e State the Sturm-Liouville theorem and discuss its applications.

e Discuss the eigenvalues and eigenfunctions and their properties for a regular Strum-
Liouville problem. State, with proof, in what sense the eigenfunctions of such a
problem are mutually orthogonal.

4.4.2 Definition: The Sturm-Liouville Problem

Not a common question; included for background. Note that this does not refer to the
regular Sturm-Liouville problem, which is discussed later.

Let I = [a,b] C R be an interval on the real line. A Sturm-Liouville problem is finding the
functions y : I — R and constant parameters A € R solving the problem

P(z)y" + Q@)Y + R(z)y = -y
on the interval I with boundary conditions

ary(a) + azy'(a) =0 2 +a2+#0
Bry(b) + Bay'(b) =0 BZ+B2+40

where P, @, R : I — R are continuous real functions and «;, 5; € R are real constants.
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4.4.  Sturm-Liouwville Theory

4.4.3 The Second-Degree Linear Differential Operator L

Included for background.

Let I = [a,b] C R be an interval on the real line.

e C(I) and C?(I) are the spaces of all continuous and twice-continuously differentiable
complex functions f : I — C on the interval I respectively, equipped with the inner
product

b
(f.9) = / f(2)9(@) da

e For all continuous functions P,Q, R : I — R, the mapping L defined by
L:C*I)—CI), yw— Py +Qy+Ry

is linear, and is called a second-degree linear differential operator.

e In terms of L, Sturm Liouville problem differential equation reads

which is an eigenvalue problem for the operator L. The Sturm-Liouville problem
becomes finding the eigenfunctions y € C?[a,b] and eigenvalues A € R solving the
eigenvalue problem.

4.4.4 Adjoint of the Differential Operator L

One more section of background, needed for the next question on formal self-adjoint operators.

Let I = [a,b] C R be an interval on the real line.

e The adjoint L* of a linear operator L is defined by the implicit relationship
(Lu,v) = (u, L*v)

for all u in L’s domain all v in L*’s domain. An operator is self-adjoint if it equals
its adjoint, i.e
(Lu,v) = (u, Lv)

for all u,v in the domain of L and all v in the domain of L*.

e For the differential operator L, u,v are functions in C?(I) and

b
(Lu,v) = / (Pu" + Qu' + Ru)vdx

If P and @ are twice and once continuously differentiable, respectively, integration by
parts leads to

b
(Lu,v) =+ = [P(uv—u?') + (Q — P)u@]z —I-/ u[(Pv)" — (Qv)' + Rv]dz
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4.4.  Sturm-Liouwville Theory

o If [P(u'T — ut) + (Q — P)uv]’ = 0, the adjoint L* is implicitly defined by
L*'v = (Pv)" — (Qv) + Rv=Pv" + 2P — Q)"+ (P" —= Q"+ R)v

where v € C?(I). This definition of L* recovers the identity (Lu,u) = (u, L*v)

b
(Lu,v) = / W[(PO) = (Qv) + Rol da = (u, L*v)
as long as [P(u't — ut') + (Q — P))un]’ = 0

4.4.5 Formal Self-Adjoint of the Differential Operator L
When is the differential operator L(y) = P(x)y” + Q(x)y' + R(z)y formally self-adjoint?

Let I = [a,b] C R be an interval on the real line.
e The operator L is formally self-adjoint if L* = L. Referring to the definitions
Ly=Py"+Qy +Ry and L'y=Py"+ (2P -Q)y+(P"-Q +R)y
we see the requirement L = L* leads to the conditions

Q=2P —-Q and R=P'—-Q'+R = Q=P

e If Q = P, the condition [P(u'v —uv’) + (Q — P’)uﬁ]z = 0 for the existence of the
adjoint simplifies to
[P(u'v — uﬁ’)]z =0

e If Q=P = Py’"+ Py + Ry=(Py) + Ry, the operator L can be written
Ly=(Py) + Ry

If L can be written Ly = (Py’) + Ry, integration by parts shows L is formally
self-adjoint even if P is only a once continuously differentiable function.

e Condition: L is formally self-adjoint on I if Q = P’, P is real-valued and continuously
differentiable, and R is real-valued and continuous. In this case

(Lu,v) = (u, Lv) + [P(u's — 1))}

e If the functions u,v € C?|a, b] satisfy the boundary conditions
ary(a) +azy'(a) =0 af +a3 #0
Bry(b) + Bay/ (b) = 0 B + B3 #0
then (Lu,v) = (u, Lv) for all formally self-adjoint differential operators L.

Sketched Proof: Start with the condition (Lu,v) = (u, Lv) 4+ [P(u/s — ut')]", for
formally self-adjoint L, then show that v'v — uv’ = 0 evaluated at the endpoints a
and b. It follows that [P(u/T — ut")]’ = 0 so (Lu,v) = (u, Lv).
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4.4.  Sturm-Liouwville Theory

4.4.6 Sturm-Liouville Problem with a Weight

For which positive function p = p(x) must we multiply the operator L(y) = x%y" + ' so

that L is formally self-adjoint? (This is not the direct solution, but provides the relevant
theory.)

Let I = [a,b] C R be an interval on the real line.

e With a weight, the Sturm-Liouville differential equation Ly = —Ay becomes
Ly = —d\wy

where the weight, w : I — R, is a positive, continuous function on I.

e The weighted inner product (-,-),, on the space C(I) becomes
b S
() = [ @) da
a

e The functions f, g are orthogonal with respect to the weight w if (f,g),, = 0.

e The weighted norm ||-||,, induced by the inner product (:,-),, reads

1Al = A/ {Fs

and L2 (a,b) denotes the completion of the space C(I) in the norm |||,

4.4.7 Definition: Regular Sturm-Liouville Problem

Precisely formulate the regular Sturm-Liouville problem.
Let L : C?(I) — C(I) be a self-adjoint differential operator of the form
Ly=(Py) + Ry

where P € C1(I) is real, continuously differentiable, and strictly positive on I and R € C(I)
is real and continuous on I, and let the weight w € C(R) be real, continuous and strictly
positive on I. A regular Sturm-Liouville is the problem of finding all eigenvalues A € C of
the differential operator L for which the eigenvalue equation

Ly = —A\wy
has a non-trivial solution y € C?[a, b] with respect to the boundary conditions

a1y(a) + gy’ (a) =0 of +a3#0
Bry(b) + B2y (b) = 0 Bt + 53

and finding the corresponding solutions y : I — R.
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4.4.  Sturm-Liouwville Theory

4.4.8 Sturm-Liouville Theorem

State the Sturm-Liouville theorem and discuss its applications.

For all regular Sturm-Liouville problems on the interval I = [a,b] C R:

e There exists an orthonormal basis of the Hilbert space L2 (I) consisting of real
eigenfunctions y, : I — R of the operator L where n € N.

° li_>m An = oo for the eigenvalues A, corresponding to the eigenfunctions y,.
n oo

e For all functions f € C2(I) satisfying the boundary conditions, the series

> Un)y Un
n=1

converges uniformly to f on the interval I, where y, are L’s eigenfunctions.

4.4.9 Eigenvalues of the Self-Adjoint Differential Operator L

Discuss the eigenvalues and eigenfunctions and their properties for a reqular Strum-Liouville
problem. State, with proof, in what sense the eigenfunctions of such a problem are mutually
orthogonal.

Consider the weighted Sturm-Liouville problem
Ly = —wy
on the interval I = [a,b] C R with boundary conditions

ary(a) + azy'(a) =0 of +a3#0
Bry(b) + Bay'(b) =0 B2+ 5240

If L is formally self-adjoint of the form Ly = (Py’)’ + Ry where P : I — R and continuously
differentiable without zeros on I and R : I — R is continuous on [

e The differential operator’s L’s eigenvalues A are real.

Proof: Let u be an eigenfunction corresponding to the eigenvalue A. Starting with
the expression —A (u,u),, apply, in turn:

1. The inner product identities o (u, u) = (au,u) and (u,u),, = (vw, u)

2. The eigenvalue identity Lu = —Awu

3. The equality (Lu,u) = (u, Lu) (because L is self-adjoint adjoint and u satisfies
the boundary conditions).

4. The eigenvalue identity Lu = —A\wu
5. The inner product identities (u, cu) = @ (u,u) and (u, wu) = (u,u),,
Proof: — X (u,u), = (—Au,u), = (—Awu,u) = (Lu,u) = (u, Lu)

= {u, = wu) = =\ {u,wu) = —\ (u, u),,

Comparing the first and last term implies A = A, i.e. A € R.
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4.5.  Series Solutions to Differential Equations

e [’s eigenfunctions corresponding to different eigenvalues are mutually orthogonal
with respect to the weight w

Proof: Let u,v be eigenfunctions corresponding to the different eigenvalues A, u.
Starting with the expression —A (u, v),, apply, in turn:

1. The inner product identities « (u,v) = (au,v) and (u,v),, = (vw,v)
2. The eigenvalue identity Lu = —Awu

3. The equality (Lu,v) = (u, Lv) (because L is self-adjoint adjoint and u, v satisfy
the boundary conditions).

4. The eigenvalue identity Lv = —pwv
5. The inner product identities (u, av) = @ (u,v) and (u, wv) = (u,v),,
6. L’s eigenvalues are real, so yu = L.
Proof: — A (u,v),, = (—Awu,v) = (Lu,v) = (u, Lv) = (u, —pwu)
= —f{u,u),, = —p(u,u)y,
Because A # p, the equality A (u,v), = p (u,u),, is satisfied only if (u,v), = 0.
e [’s eigenfunctions corresponding to the same eigenvalue are linearly dependent.

o Summary: If the differential operator L is formally self-adjoint, its eigenvalues are
real, the eigenfunctions of different eigenvalues are orthogonal, and eigenfunctions of
the same eigenvalue are linearly dependent.

4.5 Series Solutions to Differential Equations
4.5.1 Common Questions

e What is the definition of a proper singular point of the differential equation y” +
p(2)y +q(z)y = 07

e Discuss the forms of the nontrivial solutions to the equation y” 4+ p(2)y’ + q(2)y =0
in the neighborhood of a proper singular point zy3. In what cases can the second,
linearly independent solution to the equation not be expressed with a generalized
power series and how is the solution found? What kind of singularity does the second
solution have at zg in this case?

e When is 0 a proper singular point of the equation y” 4+ p(z)y’ 4+ ¢(z)y = 07. When is
oo a proper singular point of the same equation?

e What is a differential equation’s inidcial polynomial and what are teh characteristic
exponents?

e State the conditions on p and ¢ so that the equation has exactly three proper
singular points 21, 22, z3. State the conditions on p and ¢ in equation (*) so that the
differential equation has proper singular points only at 0,1 and oo and at least one of
the characteristic exponents at the singular points 0 and 1 equals zero.

4.5.2 Finding Series Solutions of Differential Equations

Note a common question, but good background.
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e The goal is to solve the complex homogeneous second-order LDE

Y +py(z) +qy(z) =0 (4.3)

in the neighborhood of the point zg € C with the power series ansatz

oo
J= > eale— )"
n=0

The method assumes p, q : C — C are holomorphic in a neighborhood of zy and can
thus be expanded into the power series

p(z) =Y pa(z—20)" and  g(z) = gu(z—20)"
n=0 n=0

where pg, qr € C are in general complex coefficients.

e The method involves inserting the power series for p, ¢, and y into Equation 4.3 and
solving for y’s coefficients ¢, € C using a recurrence relation. The series for y then
converges on every disk on which the series for p and ¢ also converge.

e Inserting the power series for p, ¢, and y into Equation 4.3 leads to the expression

 Doh—o [(k + D)Pp—kChi1 + Gn—kCi]
(n+2)(n+1)

Cnt2 =
This formula produces the coefficients ¢, for the series y = >">°  ¢n(z — 20)™ in terms
of the initial coefficients ¢g and c;.

o Uniqueness of Power Series Solutions: If the functions p, ¢ are holomorphic on the
disk D(zg, R) C C centered at zp, then for any two complex constants cg,c; € C there
exists a unique solution y of the second order LDE

y'+py +qy=0
that is holomorphic on the disk D(zp, R) and satisfies the conditions y(z9) = ¢o and
Y (20) = c1.
4.5.3 Proper Singular Points of Differential Equations
What is the definition of a proper singular point of the differential equation y" + p(2)y +
q(2)y =07

The point zg € C is a proper singular point of Equation 4.3 if p and ¢ are holomorphic on
a neighborhood of zy, except possible at 2y, and p and g have poles of degree at most 1
and 2, respectively, at zg. If p and ¢ are holomorphic at zy, then zq is a reqular point of
Equation 4.3.

4.5.4 Frobenius Method

Discuss the forms of the nontrivial solutions to the equation y" + p(2)y’ + q(2)y = 0 in
the neighborhood of a proper singular point zy. In what cases can the second, linearly
independent solution to the equation not be expressed with a generalized power series and
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4.5.  Series Solutions to Differential Equations

how is the solution found? What kind of singularity does the second solution have at zy in
this case?

What is a differential equation’s inidcial polynomial and what are teh characteristic expo-
nents?

Consider the differential equation y” + py’ + qy = 0 (Equation 4.3) and let zg be a proper
singular point of Equation 4.3. Since p and g have poles of degree at most 1 and 2,
respectively, at z, the functions zp and z2q are holomorphic at zy and can be written as
the power series

p(z) =) palz—z)"  and  2%q(2) ) au(z — 20)"
n=0 n=0

e The Frobenius method finds solutions to Equation 4.3 near zy with the power series
ansatz

o oo
y=(z—z20)" Z cn(z —20)" = Z ez — 29)"HH
n=0 n=0

where u, ¢, € C are complex constants and ¢g # 0. The method involves multiplying
Equation 4.3 by 22 to get

2y + 22p(2)y + 2q(z) = 0
then inserting the power series for zp, 22¢, and y and solving for the coefficients ¢,
and powers f.

e Inserting the power series for zp, 22¢, and y leads to the recursion relation

n—1

oo [+ E)Dn—k + qn—i] ck
(w+n)(p+n—1+po)

Cp = —

and (using the condition ¢ # 0), the indicial polynomial u(p — 1+ po) + qo = 0.

The solutions p; and uo of the indicial equation are called the characteristic exponents
of Equation 4.3 and are ordered by convention so the Re(1) > Re(u2).

e In terms of the quadratic function f, the indicial polynomial reads
f() = p(p—1+po) + g0 = (1 — pa) (1 — p2)

Note that f(u +n) = (u+n — p1)(p + n — p2) equals the recursion relation’s
denominator (p+ n)(pu 4+ n — 1+ pg), so the recursion relation can be written

w0 L+ B)pn—k + qn—k] ck
(H+n—pm)(p+n—p)

Cp — —

e When g = puq, the recursion relation’s denominator becomes n(u; — pg + n) and is
non-zero for all n € N because Re 1 > Re us. The coefficients ¢, can then be solved
for all n in terms of an initial coefficient ¢y, and the solution y; corresponding to the
larger characteristic exponent is

o0
y1= Y cnlz —29)"
n=0

41



4.5.  Series Solutions to Differential Equations

e When p = pug, the recursion relation’s denominator becomes n(n — (u; — p2)). If
w1 — p2 ¢ N, the denominator is always non-zero, so the coefficients ¢, are well-defined
by the recurrence relation for both p; and po and the Frobenius method yields two
linearly independent solutions, one for each of the characteristic exponents 1, to.

These are
o0 o0
= Z en(z — zo)”'““ and yo = Z dn(z — zo)"‘“‘2
n=0 n=0

The more complicated case when p1 — po € N is discussed in the next section.

4.5.5 The Frobenius Method when p; — ps is a Natural Number

Discuss the forms of the nontrivial solutions to the equation y" + p(z)y + q(z)y = 0 in
the meighborhood of a proper singular point zy. In what cases can the second, linearly
independent solution to the equation not be expressed with a generalized power series and
how 1is the solution found? What kind of singularity does the second solution have at zg in
this case? (Continued).

o If i — po € N, the denominator is zero when n = p — po, and the recurrence relation
cannot be used to solve for the coefficients d,, corresponding to e, so the Frobenius
method fails to produce a solution yo for us. In this case, the y» is found with the
Liouville formula yo = y;v where v’ =y 2e= I p(2)dz,

e An analysis of the Liouville formula solution shows that y, is of the form
Y2 = ay1In(z — 20) + (2 — 20)"* f(2)

for some constant o« € C and function f : C — C that is holomorphic in the
neighborhood of zy and for which f(zg) # 0; y; is the solution corresponding to the
larger characteristic exponent pig.

o If Repo < 0 or Re g = Re pg, the only solutions to Equation 4.3 that are bounded
in a neighborhood of zy take the form ay; where o € C is a constant.
4.5.6 Summary of Series Solutions Near Proper Singular Points

Just a summary of the important concepts in this section.
Consider the differential equation y” + py(z) + qy(z) = 0 (Equation 4.3), let zy be a
proper singular point of Equation 4.3 and let the power series (2 — 20)p(z) and (2 — z0)?q(2)

converge on the disk D(zg, R). Finally, let p1, o be the roots of the indicial polynomial
pu(p — 1+ po) + qo, where Re(u1) > Re(uz).

e In general, as long as zg is a proper singular point of Equation 4.3 and the power
series (z — 20)p(z) and (2 — 20)2q(z) converge on the disk D(zg, R), there exists at
least one solution y to Equation 4.3 of the form

y=(z—z2)" Z en(z — 20)"
n=0

that converges uniformly on D(zy, R) where u, ¢, € C are complex constants.
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o If (u1 — p2) ¢ N, Frobenius method yields two linearly independent solutions y; and
y2 to Equation 4.3 that converge uniformly on D(z). These are

o0 oo
yi =Y cn(z—20)"" and yo =) dn(z — 2)" 2
n=0

n=0

where the coefficients ¢, and d,, are defined by the recursion relations

_ Soeo [y + B)pa—i + Gni] cx

Cp =

w1 — iz + 1)
d = — Zz;é [(IUQ + k)pn—k: + qn—k’] CL
" n(p2 — p1 +n)

o If (11 — p2) € N, where Rep; > Re pg, the first linearly independent solution to
o
Equation 4.3 is y; = Z cn(z — 29)" . The second linearly independent solution s
n=0
is found with the Liouville formula and takes the form
Yo = Y1 /y12e_fpdz dz=...=ayIn(z — 29) + (z — 20)"* f(2)
for some constant o« € C and function f : C — C that is holomorphic in the

neighborhood of zyp and for which f(zp) # 0.

e If Rey = Repg or (u1 — pe) € N and Repg < 0, the only solutions to Equation
4.3 that are bounded on a neighborhood of zy are of the form ay; where a € C is a
constant and y; is the solution corresponding to the larger root p;.

4.6 The Legendre Polynomials

4.6.1 Common Questions

e What is the Legendre equation? Discuss the Legendre polynomials and their definition
to the Legendre equation.

e How are the Legendre polynomials defined in terms of the Rodrigues formula? Use
the Rodrigues formula to derive the Legendre equation.

e Discuss, with proof, the orthogonality relation and norms of the Legendre polynomials.

4.6.2 Legendre Equation

What is the Legendre equation? Discuss the Legendre polynomials and their definition to
the Legendre equation.

e The Legendre equation is a second-order differential equation of the form

2z, vv+1)
217 22 -1

(> =1y + 22/ —v(v+ Dy =y" + =0

2z
22—1

and ¢(z) = — 24D are holomorphic on the unit disk D(0,1).

z2—1

where p(z) =
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4.6.  The Legendre Polynomials

o
e The Legendre equation is solved on the unit disk using the series ansatz y = Z e
0
The recursion relations for the coefficients are
(="
Con = @n)] viv—2)---(rv—2n+2)v+1)(r+3)---(rv+2n—1)co
2 (=" v-1w-=3)@w-2n+1)v+2)(v+4)- (v +2n)
=———w-1)w-3)---(v—2n v v - (v42n)e

e With the initial coefficients ¢g = 1 and ¢; = 0 the solution is

vivr+1 viv—2)(r+1)(v+3
T WD) M=,
’]’L:

and with the initial coefficients cg = 0 and ¢; = 1 the solution is

z Z = ...

vy = Z:OC%HZ%H L (v — 12))(!1/—&—2) 3 (v — 1)(V—3)5(!V—|-2)(I/—|-4) 5

y1 and yo are linearly independent and both converge on the unit disk. The general
solution to the Legendre equation is a linear combination of y; and ys.

e If v is even, i.e. v = 2m for some m € N, the coefficients ¢y, are zero for n > m
because of the factor (v —2n) = (2m —2m) = 0. In this case, y; is an even polynomial
of degree 2m.

Similarly, if v is odd, i.e. ¥ = 2m + 1 for some m € N, the coefficients cg,,+1 are zero
for n > m because of the factor (v —2n —1) = (2m +1—2m — 1) = 0. In this case
yo is an odd polynomial of degree 2m + 1.

In general, if v € N, one of the solutions y; or 72 is a polynomial of degree v.

4.6.3 Legendre Polynomials

Discuss the Legendre polynomials and their definition to the Legendre equation (continued).

How are the Legendre polynomials defined in terms of the Rodrigues formula? Use the
Rodrigues formula to derive the Legendre equation.

Consider the Legendre differential equation (22 — 1)y” + 229/ — v(v + 1)y = 0.

o If v € N, the Legendre equation has an nth degree polynomial solution

5]
Po(z) =
k=0

(2n — 2k)! e
(_1)k2”k:!(n Bl — 2k)° "

Where |[-] is the floor function. Polynomials of the form P,(z) that satisfy the
Legendre equation for v € N are called Legendre polynomials.
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4.6.  The Legendre Polynomials

e The expression for P,(z) is simplified using (( n=2k)! n—2k _ d" ,2n—2k

—2k)! T dz»
. - L5] o (2n — 2k)! n—2k
n(z) = Z(— ) 27k (n — k)!(n — 2k:)!2
k=0
15
R W G VA et
27kl (n — k)l dzn
k=0
15
1 dr k 2n—2k
2nnldzn Z( D (k>

where the last equality holds because %22”_2]‘3 =0 for k > |[§]. The last sum is

S o(=1)F(7) 22 2F = (22 — 1)", leading to the Rodrigues formula:

1 dn n
2nn! dzn

Po(z) =
e The Legendre equation can be derived from the Rodrigues formula. First let w =
(22 — 1)", then differentiate and multiply by 2% — 1 to equate w and w'.

wi= (22 - 1)" = w =2nz(z* —1)"!

2

22— Dw' = 2nz(22 — 1)" = 2nzw

Take the (n -+ 1)th derivative of the equation using the product rule formula (fg)"™ =

im0 (1) f g
(522~ a2 (1) @2l 4 () 2ol =

0
= (") 2nzw™* 4 (") 2nw™
Evaluating the binomial symbols and combining like terms leads to

(22 = D)w™? 4+ (n+1)(22)w™ + (n + Dnw™ = 2020 + (0 + 1)2n0™
(22 = w2 4 220"+ —n(n + Dw™ =0

Finally, the substitutions w(™ = y and n = v recovers the Legendre equation

(2 =1y +22/ —v(v+1)y=0

e The generating function for the Legendre polynomials for small |¢] is

\/1—2zt+t2 ZP

e A useful recursion formula for the Legendre polynomials is
(n+1)Py1(2) = (2n+1)zP,(2) — nPp_1(2)

The formula recursively calculates all P, in terms of Py =1 and P, = z.
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4.6.  The Legendre Polynomials

4.6.4 Legendre Polynomials: Orthogonality and Eigenfunctions

Discuss, with proof, the orthogonality relation and norms of the Legendre polynomials.

e The Legendre polynomials P, : R — R satisfy the orthogonality relation
1 2
where 9y, 5, is the Kronecker delta: 6,,, = 1 for m = n and 9,, , = 0 otherwise.

e The Legendre polynomials form an orthogonal basis of the Hilbert space L?(—1,1),
meaning that every function f € L?(—1,1) can be expanded into an series in terms
of the Legendre polynomials

o0 1
flx) = ZanPn(x) where a, = 2n2—|— ! / f(x)P,(z)dx
n=0 -1

that converges uniformly to f in the [|-||, norm. For all f € L?*(—1,1)

=0
2

lim
N—oo

N
Z anPp(z) — f()
n=0

where ||gll, = /[, l9(z)|* dz for all g € L*(—1,1).

4.6.5 Some Theory on General Orthogonal Polynomials

Not a common question, but still useful information.

Let I = (a,b) C R be an interval on the real line (including the possibility I = R).

e If w: I — R* is a positive function such that f; z"w(z)dz < oo for all n € N, the
Hilbert space of functions f : I — C given by

2 — . . ’ 2
L2(1) = {f.I—>C,/ £ (2)[Pw(x) dz < oo}

contains all polynomials.

e The family of polynomials (p,), where n € N, is called a family of orthogonal
polynomials with weight w if (p,, pm),, = 0 for n # m, where

b P
(f. g = / f(@)g@)w(z) dz

e If (p,) be a sequence of orthogonal polynomials with weight w on the interval I such
that p,, is of degree n, then p, has exactly n zeros on I.

4.6.6 Associated Legendre Polynomials

Not a common question, included only as a reference.
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4.7.  Bessel Equation and Bessel Functions

Each Legendre polynomial P, has a set of n associated Legendre polynomials P}
given by

m d™

zidzmpn(z), m=0,1,...,n

Pz = (1= 22)

The associated Legendre polynomials satisfy the differential equation
2

[(1—22)y’],+ n(n+1)— . y=20

For fixed m, the associated polynomials P"(n > m) are mutually orthogonal.

For a fixed m, the family of associated Legendre polynomials (Pﬁl)zo:m form an

orthogonal basis of the Hilbert space L?(—1,1) and

HpmH2: 2 (n+1)!
n
2n+1(n—m)!

4.7 Bessel Equation and Bessel Functions
4.7.1 Common Questions
e What is the Bessel equation? Discuss the solutions.
e Use the Bessel equation to derive the series for the Bessel functions.

e What is the generating function for the Bessel functions J, for n € N? State and
derive how the generating function is expressed in terms of the Bessel functions.

e Use the generating function to derive the integral formula for the Bessel functions J,,.

4.7.2 The Bessel Equation

What is the Bessel equation? Discuss the solutions.

The Bessel equation is the differential equation, defined for v > 0, is
2y 4 4+ (22— )y =0

The equation has a proper singular point at z = 0; the first terms of the power series for
zp(2) and 22¢(z) are pg = 1 and go = —v?; the indicial polynomial is

p(p—1+po) +qo=p>—1v>=0

and the characteristic exponents are 1 = v and pgs = —v.

4.7.3 Solutions of the Bessel Equation

Discuss the solutions of the Bessel equation (continued).
Use the Bessel equation to derive the series for the Bessel functions.

e The Bessel equation’s larger characteristic exponent is 1 = v. We can find the solution
corresponding to p1 with the Frobenius method using the ansatz y = > o7 ¢, 2" .
The recursion relation for the coefficients is

(=1)"co
2-4--2n(2+2v)4+2v)---(2n+v)

cont1 =0 and Cop, =
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4.7.  Bessel Equation and Bessel Functions

e If cg = 5; where the factorial is defined with the gamma function: (v)! =T'(v + 1),
the equation for the coefficients becomes

(=n"

- 2v+2npl(v 4 n)!

Con

and the solution corresponding to pu; = v is

o =y (5
— ntv _ -1 n_\2)
e nz% vtenpl(v 4+ n)!z nZ:o( ) nl(v +n)!
e The solution y; defines vth-order Bessel function .J,
00 (£)2n+1/
Ju(z) = —1)n2
&=

Since zp and z2¢ are holomorphic everywhere, J,(z) converges for all z € C.

o If the difference in characteristic exponents 3 — s = v — (—v) = 2v is not an integer,
the second linearly independent solution to the Bessel equation can also be found
with the Frobenius method using the ansatz

o0
Y2 = E ez
n=0

The resulting solution, also called a Bessel function, takes the form

fe’e) z 2n—v
w(e) = I = S

e Summary: when v ¢ N, the general solution to the Bessel equation is a linear
combination of J, and J_,.

e When v =m € N, the Bessel functions are J,, and J_,,

e BT R ¢
Tn(z) =2 (1) (m +n)n! Jom()= 3 (1) (n —m)!n!
n=0 n=m

In this case J,, and J_,, are linearly dependent and J,,,(z) = (—1)"J_.,(2).

e For v € N, all solutions of the Bessel equation that are bounded in a neighborhood of
0 are of the form «J, where « is a constant.

4.7.4 The Weber Function

Note a common question, included only as a reference.

e For all v € RY \ N, the vth Weber function Y, is

¥, () = Jyzycosvm — J ()

sin vm

The Weber function Y, is a solution of the Bessel equation and is linearly independent
of J,.
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4.7.  Bessel Equation and Bessel Functions

o If v =m € N, the Weber function has the indeterminate form %. In this case, we use
L’Hopital’s rule to define

V() = Jim ¥i(2) = = | ,(2) = (1)1 ()

v—m 1%

For v = m € N, the Weber function Y;,, solves the Bessel equation.

4.7.5 Generating Function and Properties of the Bessel Functions

What is the generating function for the Bessel functions J, for n € N? State, with proof,
how the generating function is expressed in terms of the Bessel functions.

e The Bessel functions satisfy the recursion relations
2v
2J(2) = J,_1(2) — Jy11(2) and 7Jl,(z) =Jy-1(2) + Juy1(2)

e The generating function of the integer-indexed Bessel functions is

M\N

Z Tn(2)t" = Jo(2) + D Ju(2) [t" + (—) "]
n=1

n=—oo

Proof: Write the generating function as a product of two exponents

) k
z(p=1) ozt =z 1 [zt 1 (—=z
@2( t)_e2e2t_jzz:oj!<2> Zkl()
The coefficient of mth power t™ is
1 k A [es) 1 k 00 z 2k+m
> 'l<k|23+k = k! (k Sr m))szm A = Z(_l)kku(ik) +m)l m(2)
i m ! — k! ! — ! !

which implies eé(t_%) =30 o Jn(2)t". The second equality follows from Jy,(z) =
(=)™ J_p(z) for m € N.

e For all z,w € C and all m € N, the Bessel functions satisfy the equality

m(z +w) Z‘]m” In(w)

n=—oo

e The Bessel functions satisfy the equality Jy(z 242 Z 2 which implies

|Jo(z)] <1 and [|J,(z)] < (n € N)

&\H
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4.7.  Bessel Equation and Bessel Functions

4.7.6 Integral Representation of the Bessel Functions

Use the generating function to derive the integral formula for the Bessel functions J,,.

e For all m € N and x € R the Bessel functions satisfy the integral identity

Im = 1 /7r cos(m¢ — xsin ¢) do
0

™

Proof: For t = €' and z = z, the generating function reads
o0
em sin _ Z Jn(x)eimz)
—0o0
The real and imaginary parts of this equality are
cos(z sin ¢) = Z Jn(z)cos(ng) and sin(zsing) = Z Jn(z) sin(no)

Multiplying the first equation by cosm¢ and the second by sinme¢, adding the
equations, and using the product-to-sum identities for sin and cos leads to

cos(me — xsin @) = Z Jn(z) cos[(m — n)¢]

Integrating the equality term by term with respect to ¢ for ¢ € [0, 7] leads to

/7r cos(m¢ — xsin @) do = wJp,(x)
0

where the last equality holds because [ cos[(m —n)¢] d¢ = w6y .
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