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1 Fundamentals of set theory

1.1 Formulating and describing sets

Intuitively, a set is a group of items that (generally) share some common property; items
in a set are called elements or members of the set. Sets are conventionally denoted by
uppercase letters, e.g. A,B,X, Y , while their elements are usually denoted by lowercase
letters, e.g. a, b, x, y.

Set theory is based on the concept of membership, i.e. of some item “being an element
of” a set. The notation a ∈ A means that a is an element of the set A, while the notation
a /∈ A means that a is not an element of the set A.

A set is fully described by specifying all of its elements. Two sets are said to be equal
when they have identical elements; more precisely, two sets A and B are equal when every
element of A is also an element of B, and every element of B is also an element of A. The
notation A = B means that the sets A and B are equal. Order and repetition of elements
do not affect set equality, for example

{1, 2, 1} = {1, 2} = {2, 1} (these three sets are all equal).

Definition 1.1: Subsets

A set B is said to be a subset of a set A if every element of B is also an element of
A; the notation B ⊂ A means that B is a subset of A.

The definition of set equality implies that

A = B if, and only if, B ⊂ A and A ⊂ B.

Topic 1.1: Ways of defining sets

A set can be explicitly defined by writing its elements, separated by commas, between
two braces; for example, the notation

A = {1, 2, 3, 4}

defines a set A whose elements are the first four natural numbers, 1, 2, 3, and 4.

When a set’s elements follow a well-defined pattern, the set can also be defined, albeit
informally, by listing only the first few elements followed by an ellipsis; the remaining
elements are implicitly deduced from the pattern given by the first few elements. For
example, the natural numbers, denoted by N, can be informally defined in the form

N = {1, 2, 3, 4, 5, . . .} (the natural numbers, defined informally).

Although the above definition obviously does not explicitly state all of the natural
numbers, the pattern in the first few elements makes it reasonably clear that the set
N also contains the numbers 6, 7, 8, and so on. We will define the natural numbers
more formally in Chapter 2.

A set, say B, may also be defined as the subset of an already-defined set A based on
some property P in the form

B = {a ∈ A ; a has the property P};
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in this case B contains all a ∈ A for which a has the property P. As an example,
the set of all even natural numbers, denoted by 2N, can be defined as

2N = {n ∈ N ; n is even} ⊂ N;

the first few elements of this set are 2, 4, 6, and so on.

Definition 1.2: The empty set

The set containing no elements at all is called the empty set, is denoted by ∅, and
can be written as

∅ = { } (the empty set).

1.1.1 Basic operations on sets

This section defines some common operations on sets that again yield a set.

Definition 1.3: Intersection of sets and disjoint sets

The intersection of two sets A and B, denoted by A ∩B, is the set of all items that
are elements of both A and B. The intersection A∩B can be defined in the following
equivalent forms:

A ∩B = {a ∈ A ; a ∈ B} = {b ∈ B ; b ∈ A} = {a ∈ A ; a ∈ A and a ∈ B}.

Two sets are said to be disjoint if their intersection is the empty set, i.e. the sets A
and B are disjoint if A ∩B = ∅.

Because A ∩B is the set of all elements that lie in both A and B, the intersection A ∩B is
necessarily a subset of both A and B. Here is a simple example of a set intersection:

{1, 2, 3} ∩ {2, 3, 4} = {2, 3}.

Set intersections are commutative and associative, i.e.

A ∩B = B ∩A (intersections are commutative)
A ∩ (B ∩ C) = (A ∩B) ∩ C (intersections are associative);

these properties follow from two sets being equal when they contain the same elements,
regardless of the order and repetition of these elements. The associativity of set intersection
motivates the definition of the intersection of n ∈ N sets as

n⋂
k=1

Ak = A1 ∩A2 ∩ · · · ∩An−1 ∩An

= A1 ∩
(
A2 ∩ · · · (An−1 ∩An) · · ·

)
.

Definition 1.4: Difference of sets

The difference of the sets A and B, denoted by A \B, is the set of all elements of A
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that are not elements of B. The set difference A \B is defined as

A \B = {a ∈ A ; a /∈ B}.

The difference A \ B is the set of all elements of A that are not also elements of B, so
A \B is a subset of A, but not necessarily a subset of B. Here is a simple example of a set
difference:

{1, 2, 3} \ {2, 3, 4} = {1}.

Definition 1.5: Union of sets

The union of the sets A and B, denoted by A ∪ B, is the set of all items that are
elements of both A and B. The set union A ∪B is defined as

A ∪B = {a ; a ∈ A or a ∈ B}.

The union A∪B is the set of all elements either in A or in B, so A and B are both subsets
of A ∪B. Here is a simple example of a set union:

{1, 2, 3} ∪ {2, 3, 4} = {1, 2, 3, 4}.

Like the set intersection, the set union is both commutative and associative, i.e.

A ∪B = B ∩A (unions are commutative)
A ∪ (B ∩ C) = (A ∩B) ∩ C (unions are associative).

The associativity of set unions motivates the definition of the union of n ∈ N sets as.

n⋃
k=1

Ak = A1 ∪A2 ∪ · · · ∪An−1 ∪An

= A1 ∪
(
A2 ∪ · · · (An−1 ∪An) · · ·

)
.

Definition 1.6: Cartesian product of sets

The Cartesian product of the sets A and B is denoted by A×B and defined as

A×B =
{
(a, b) ; a ∈ A, b ∈ B

}
.

In words, the Cartesian product A×B is the set of all ordered pairs (a, b) satisfying
the conditions:

• a ∈ A

• b ∈ B

• (a, b) = (a′, b′) if, and only if, a = a′ and b = b′.

Here is a simple example of a Cartesian product:

{1, 2} × {2, 3} = {(1, 2), (1, 3), (2, 2), (2, 3)}.
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The Cartesian product of n ∈ N sets A1, A2, . . . , An is defined as

n∏
k=1

Ak = A1 ×A2 × · · · ×An

=
{
(a1, a2, . . . , an) ; a1 ∈ A1, . . . , an ∈ An

}
,

where (a1, . . . , an) = (a′1, . . . , a
′
n) if, and only if, ak = a′k for all k = 1, . . . , n.

Definition 1.7: Complement of a set

Let A be a subset of some universal set U , i.e. A ⊂ U (this sounds abstract here, but
the universal set is usually clear from context). The complement of A with respect
to the universal set U is denoted by Ac and defined as

Ac = U \A = {a ∈ U ; a /∈ A}.

The set Ac contains all elements of U that are not elements of A.

Note that a set complement is well-defined only with respect to a given universal set; i.e.
the expression Ac is not well-defined without specifying the universal set with respect to
which the complement is taken. In practice, the universal set will be either explicitly stated
or clear from context.

As a simple example, let A = {1, 2} and U = {1, 2, 3, 4}; then

Ac = {3, 4} (with respect to the set U);

however, if U ′ = {1, 2, 3, 4, 5}, then

Ac = {3, 4, 5} (with respect to the set U ′).

1.1.2 Indexed families of sets

Let J be an arbitrary nonempty set, and for each element j ∈ J define the set Aj . The
collection of all the sets Aj for all indices j ∈ J is called an indexed family of sets and is
written (

Aj
)
j∈J (notation: indexed family of sets).

In this context J is called the index set of the indexed family
(
Aj
)
j∈J , and the elements

j ∈ J are called indices. The intersection and union of an indexed family of sets
(
Aj
)
j∈J

are defined as⋂
j∈J

Aj = {a ; a ∈ Aj for all j ∈ J} (intersection of an indexed family of sets)

⋃
j∈J

Aj = {a ; a ∈ Aj for some j ∈ J} (union of an indexed family of sets).

The set of all sets in an indexed family of sets is called a family of sets; if
(
Aj
)
j∈J is an

indexed family of sets indexed by the set J , then the corresponding family of sets, which
we will denote by A, is defined as

A = {Aj ; j ∈ J}.
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The intersection and union of a family of sets A are defined as

∩A =
⋂
j∈J

Aj (intersection of a family of sets)

∪A =
⋃
j∈J

Aj (union of a family of sets).

Example 1.8: Families of sets and the natural numbers

Let n ∈ N be a natural number, let J = {1, 2, . . . , n} be an indexing set, and let
Aj = {n ∈ N ; n ≥ j} ⊂ N for all j ∈ J . (The set Aj holds all natural numbers
greater than or equal to j, for example A3 = {3, 4, 5, . . .}.) In this case:

• N = A1 = {1, 2, 3, . . .} by the definition of Aj and N.

• A1 ⊃ A2 ⊃ A3 ⊃ · · · , i.e. each set Aj is a subset of the previous set Aj−1.

•
⋂
j∈J

Aj = ∅, i.e no natural number n ∈ N occurs in all Aj .

•
⋃
j∈J

Aj = N, i.e. every natural number n ∈ N occurs in at least one Aj .

We conclude this section with de Morgan’s laws, which are a pair of rules important in
logic and Boolean algebra.

Proposition 1.9: De Morgan’s laws

Let
(
Aj
)
j∈J be an indexed family of sets indexed by the set J , and for all j ∈ J let

Aj be a subset of the same universal set U . In this case⋃
j∈J

Ac
j =

( ⋂
j∈J

Aj

)c
and

⋂
j∈J

Ac
j =

( ⋃
j∈J

Aj

)c
.

Proof. We begin with LHS of the first equality and consider an arbitrary element
a ∈

⋃
j∈J A

c
j . The element a necessarily occurs in at least one of the Ac

j , so there
exists some index j0 ∈ J for which a ∈ Ac

j0
. By the definition of the set complement,

it follows that a /∈ Aj0 , and so a /∈
⋂
j∈J Aj , which in turn implies that

a ∈
( ⋂
j∈J

Aj

)c
More so, a /∈

⋂
j∈J Aj by the definition of the set complement, so there exists some

index j0 ∈ J for which a /∈ Aj0 . The result a ̸∈ Aj0 means that a ∈ Ac
j0

, which in
turn implies that a ∈

⋃
j∈J A

c
j , proving the first equality.

The proof of the second equality is analogous.
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1.2 Functions

1.2.1 Basic concepts related to functions

Definition 1.10: Function, domain, codomain, and image

A function f from a set A to a set B, denoted by f : A → B, is a mapping that
assigns a single element b = f(a) ∈ B to each element a ∈ A. Phrased equivalently,
for each element a ∈ A, a function f : A → B associates a with a single element
b ∈ B, denoted by b = f(a).

We define the following additional terminology and notation for a function f : A→ B:

• The set A is called the function’s domain.

• The set B is called the function’s codomain.

• For each a ∈ A, the function f is said to map the element a ∈ A to the value
f(a) ∈ B; this relationship is sometimes denoted by f : a 7→ f(a). The value
f(a) is called the image of the element a under the function f .

Remark 1.11: Specifying a function

A function is fully specified by its domain, codomain, and mapping formula, i.e.
the formula specifying how elements of the domain are mapped to elements of the
codomain. Two functions are equal only if they share the same mapping formula
and their domains and codomains are equal.

Definition 1.12: Graph of a function

The graph of a function f : A→ B is denoted by G(f) and defined as

G(f) =
{
(a, b) ∈ A×B ; b = f(a)

}
.

In words, the graph G(f) is the set of all ordered pairs (a, b) for which a ∈ A and
b = f(a) for some a ∈ A.

Note that, in general, G(f) ⊂ A × B, i.e. G(f) is a subset of A × B (even though one
might intuitively expect G(f) = A×B). The relationship G(f) ⊂ A×B stems from the
fact that a function does not necessarily have to map to every element in its codomain. As
a result, the b in (a, b) ∈ G(f) in general don’t encompass all b ∈ B, but only those b ∈ B
for which b = f(a) for some a ∈ A, and so G(f) is a subset of A×B.

Definition 1.13: Image of a function

The image of a function is the set of all elements in the function’s codomain that
are images of at least one element in the function’s domain. In symbols, the image
of a function f : A→ B, denoted by image(f), is the set

image(f) =
{
b ∈ B ; b = f(a) for at least one a ∈ A

}
.

In general, image(f) ⊂ B, i.e. a function’s image is a subset of its codomain; this is for
the same reason mentioned above in the discussion of a function’s graph—a function does
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not in general map to every element in its codomain. As a simple example, consider the
function f : N → N with the mapping formula f(n) = 2n. This function is defined to have
the codomain B = N, but the function’s image is

image(f) = 2N = {2, 4, 6, 8, . . .} ≠ B.

Topic 1.2: Image of a subset of a function’s domain

Consider a function f : A→ B mapping from the set A to the set B, and let X ⊂ A
denote an arbitrary subset of f ’s domain. The image of the subset X ⊂ A under the
function f is the set

f(X) =
{
b ∈ B ; b = f(a) for at least one a ∈ X

}
⊂ B.

It follows immediately that f(A) = image(f) in the special case when X = A.

The notation for defining f(X) is admittedly a bit verbose; we will often use the
following shorter notation instead:

f(X) =
{
b ∈ B ; b = f(a) for at least one a ∈ X

}
=
{
f(a) ; a ∈ X

}
.

More generally, letting P denote any property that can be unambiguously ascribed
to the elements of the domain A, we can extend the above shorthand notation to

f
({
a ∈ X ; a obeys property P

})
=
{
f(a) ; a ∈ X and a obeys property P

}
.

Definition 1.14: Inverse image

Consider a function f : A→ B mapping from the set A to the set B, and let Y ⊂ B
denote an arbitrary subset of f ’s codomain. The inverse image or preimage of the
subset Y ⊂ B under the function f , denoted by f−1(Y ), is the set

f−1(Y ) =
{
a ∈ A ; f(a) ∈ Y

}
.

In words, the inverse image f−1(Y ) holds those elements in f ’s domain that are
mapped to elements of Y . It directly follows that f−1(Y ) ⊂ A and, in the special
case when Y = B, that f−1(B) = A.

Definition 1.15: Fiber of a single subset of the codomain

Consider a function f : A → B mapping from the set A to the set B, let b ∈ B
be an arbitrary point in f ’s codomain, and let {b} ⊂ B denote the single-element
(singleton) set containing b. The inverse image f−1({b}), i.e. the set of all elements
of f ’s domain that are mapped to b, is called the fiber of the function f over the
point b ⊂ B.

By the definition of the fiber,

• f−1({b}) ⊂ A if there exists at least one element a ∈ A for which b = f(a),

• f−1({b}) = ∅ if there does not exist any a ∈ A for which b = f(a).
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• The function image image(f) contains all points b ∈ B whose fibers f−1({b}) are
nonempty.

Example 1.16: Some important functions

(i) (The identity function) The identity function (for an arbitrary set A) is the
function idA : A→ A with the mapping formula

idA(a) = a for all a ∈ A.

In words, the identity function idA maps every element in A to itself.

(ii) (Restriction of a function to a subset) Consider a function f : A→ B mapping
from the set A to the set B, and let X ⊂ A be an arbitrary subset of f ’s
domain. The restriction of the function f to the subset X, denoted by f |X , is
the function f |X : X → B with the mapping formula

(f |X)(a) = f(a) for all a ∈ X.

If the restriction f
∣∣
X

has some property P , then the parent function f : A→ B
is said to have the property P on the subset X ⊂ A.

(iii) (Inclusion of a subset into a superset) Consider an arbitrary set A and let
X ⊂ A be an arbitrary subset of A. The inclusion map of the subset X into
the superset A, denoted by incX,A, is the function incX,A : X → A with the
mapping formula

incX,A(a) = a for all a ∈ X.

Interpretation: incX,A(a) is similar to the identity function idX , except that
all a in image(incX,A) are treated as elements of the superset A (instead of
elements of X, as for idX).

(iv) (Projection) Let A1, A2, . . . , An be a collection of n ∈ N sets, let the tuple
(a1, a2, . . . , an) denote an arbitrary element of the Cartesian product A1×A2×
· · · ×An, and define the integer k ∈ {1, 2, . . . , n}.

A projection onto the k-th component of the Cartesian productA1×A2×· · ·×An,
denoted by prk, is a function of the form prk : A1 ×A2 × · · · ×An → Ak with
the mapping formula

prk
(
(a1, . . . , an)

)
= ak for all (a1, . . . , an) ∈ A1 × · · · ×An.

In words, the projection prk takes as input n-tuples (a1, . . . , an) from the entire
Cartesian product A1 × · · · ×An and outputs only the tuple’s k-th component,
which is an element of Ak.
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1.2.2 Composition of functions

Definition 1.17: Injective, surjective, and bijective functions

Consider a function f : A→ B mapping from the set A to the set B.

(i) The function f is said to be injective if f(a) ̸= f(a′) for any two elements
a, a′ ∈ A for which a ̸= a′. In words, f is injective if for any two unique
elements a and a′ in its domain, the images f(a) and f(a′) of these elements
under the function f are also unique.

(ii) The function f is said to be surjective if f(A) = B. In words, f is surjective if
its image f(A) equals its codomain B, i.e. if every element in its codomain is
mapped to by some element in its domain.

(iii) The function f is said to be bijective if it is both injective and surjective.

Definition 1.18: Function composition

Let A, B, and C be three arbitrary sets and consider two functions f : A→ B and
g : B → C; note that f is chosen to map into g’s domain. The composition of f and
g is the function g ◦ f : A→ C with the mapping formula

(g ◦ f)(a) = g
(
f(a)

)
for all a ∈ A.

The composition g ◦ f is defined only if f ’s codomain equals g’s domain.

We now list two important properties of function composition; let A, B, C, and D be four
arbitrary sets and consider three functions f : A→ B, g : B → C, and h : C → D. In this
case:

(i) (h ◦ g) ◦ f = h ◦ (g ◦ f) (composition is associative)

(ii) f ◦ idA = f and idB ◦ f = f , which means that the identity function is a neutral
element under composition.

Example 1.19: Composition

Consider the functions f, g : R → R given by the mapping formulae f(x) = x2 and
g(x) = 2x. In this case:

(i) (f ◦ g) = f
(
g(x)

)
= f(2x) = 4x2,

(ii) (g ◦ f) = g
(
f(x)

)
= g(x2) = 2x2.

1.2.3 The inverse of a function

Definition 1.20: The inverse of a function

Consider a function f : A→ B mapping from the set A to the set B.

(i) The function g : B → A is called a left inverse of f if

g ◦ f = idA,
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where idA is the identity function on f ’s domain A, defined in Example 1.16 (i).

(ii) The function h : B → A is called a right inverse of f if

f ◦ h = idB.

(iii) An arbitrary function is called the inverse of f if it is both f ’s left and right
inverse. We will sometimes call a function’s inverse its two-sided inverse to
distinguish it from a left or right inverse.

Note that, in general, a function can have either multiple left inverses or multiple right
inverses. As a simple example of a function with multiple left inverses, define the functions

(i) f : {0, 1} → {10, 11, 12}, f(0) = 10, f(1) = 11,

(ii) g0 : {10, 11, 12} → {0, 1}, g0(10) = 0, g0(11) = 1, g0(12) = 0, and

(iii) g1 : {10, 11, 12} → {0, 1}, g1(10) = 0, g1(11) = 1, g1(12) = 1.

In this case g0 ◦ f = g1 ◦ f = id{0,1}, so g0 and g1 are both left inverses of f .

As a simple example of a function with multiple right inverses, define the functions

(i) ϕ : {0, 1} → {2}, ϕ(0) = ϕ(1) = 2,

(ii) h0 : {2} → {0, 1}, h0(2) = 0, and

(iii) h1 : {2} → {0, 1}, h1(2) = 1.

In this case f ◦ h0 = ϕ ◦ h1 = id{3}, so both h0 and h1 are right inverses of ϕ. These two
examples show that left and right inverses are not, in general, unique. However, a function’s
inverse (when it exists), is unique, as we will prove shortly.

Proposition 1.21: Left and right inverses must be equal

If a function has both a left and right inverse, the left and right inverses are identical.

Proof. Suppose a function f : A→ B has both a left inverse g : B → A and a right
inverse h : B → A. We can then show that h = g with the calculation

h
(a)
= idA ◦ h (b)

= (g ◦ f) ◦ h (c)
= g ◦ (f ◦ h) (d)

= g ◦ idB
(e)
= g,

where (a) and (e) follow from the definition of the identity function, (b) because g is
the left inverse of f , (c) by the associativity of composition, and (d) because g is the
left inverse of f .

Corollary 1.22: A function’s inverse is unique

A function can have at most one two-sided inverse. This statement follows directly
from Proposition 1.21, which implies that for any function with one or more right
inverses and one more left inverses, all of the left and right inverses are equal to the
same two-sided inverse.
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Definition 1.23: An invertible function

A function f : A→ B mapping from the set A to the set B is said to be invertible if
it has an inverse. In this case f ’s inverse is denoted by f−1 : B → A.

We now list two basic properties of any two invertible functions f : A→ B and g : B → C:

(i) The inverse of an invertible function is again an invertible function and obeys

(f−1)−1 = f.

(ii) The composition of two invertible functions is again an invertible function and obeys

(g ◦ f)−1 = f−1 ◦ g−1.

Proposition 1.24: Invertible and bijective functions

For any function f : A→ B:

(i) If f is injective and A ̸= ∅, then f has a left inverse.

(ii) If f has a left inverse, then f is injective.

(iii) The function f is surjective if, and only if, f has a right inverse.

(iv) The function f is bijective if, and only if, f is invertible.

Proof.

(i) We will prove this point by constructing a function g : B → A that is a left
inverse of f . Assuming f is injective, for each domain element a ∈ A there
exists exactly one corresponding image element b = f(a) ∈ f(A), for which we
define g(b) = a.

We must also consider elements in f ’s codomain that are not in f ’s image:
because A is not empty, we may choose some element a0 ∈ A and, for all
non-image elements b′ ∈ B \ f(A), define a0 = g(b′). The thus-defined function
g : B → A is a left inverse of f .

(ii) Let g be a left inverse of f . For any two elements a, a′ ∈ A for which a ̸= a′, it
holds that g

(
f(a)

)
= a ̸= a′ = g

(
f(a′)

)
, from which follows that f(a) ̸= f(a′),

i.e. f is injective.

(iii) (⇐) Let h be a right inverse of f , in which case we may write each element
b ∈ B in the form b = f

(
h(b)

)
; this means that b is in f ’s image, i.e. that f is

surjective.

(⇒) Assume that f is surjective; in this case every element of f ’s codomain
B is mapped to by some element in its domain A, and so for each element
b ∈ B the preimage f−1({b}) ∈ A is nonempty. Let ab = f−1({b}) ∈ A denote
any element in the preimage f−1({b}) (ab always exists because the preimage
is nonempty), and let the function h : B → A be defined by h(b) = ab. The
thus-defined function h : B → A is a right inverse of f .
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(iv) This point follows directly from the above points and the definition of an
invertible and bijective function.

1.3 Set cardinality

Loosely, set cardinality refers to the number of elements in a set. We develop this concept
more formally in this section.

Definition 1.25: Equipotence

The set A is equipotent to the set B if there exists a bijection from A to B. In this
case we write

|A| = |B| (notation: A and B are equipotent).

Set equipotence obeys the following three properties for any three sets A, B, and C:

(i) (Reflexivity) Every set is equipotent to itself.

(ii) (Symmetry) If the set A is equipotent to the set B, then B is also equipotent to A.

(iii) (Transitivity) If the set A is equipotent to the set B and B is equipotent to the set
C, then A is also equipotent to C.

Because it is reflexive, symmetric, and transitive, equipotence is an equivalence relation.

Definition 1.26: Classes of set cardinality

Consider an arbitrary set A and natural number n ∈ N.

(i) The set A is said to contain n elements if A is equipotent to the set {1, 2, . . . , n}.

(ii) The set A is said to be finite either if A is empty or if A has n elements for
some natural number n ∈ N.

(iii) The set A is said to be infinite if it is not finite.

(iv) The set A is said to be countably infinite if it is equipotent to the set of natural
numbers N, i.e. if there exists a bijection f : N → A.

(v) The set A is said to be countable either if A is finite or if A is countably infinite.

Here are two more properties related to set equipotence and cardinality:

(i) Two nonempty, finite sets are equipotent if, and only if, they have the same number
of elements.

(ii) The empty set is equipotent only to itself.

Example 1.27: The set 2N of even natural numbers

Perhaps counterintuitively, the set 2N = {2, 4, 6, . . .} of even natural numbers is
equipotent to the natural numbers N = {1, 2, 3, . . .}, since there exists a bijection
between the two sets, namely the function f : N → 2N defined by f(n) = 2n.
The corresponding inverse function is f−1 : 2N → N with the mapping formula
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f−1(n) = n/2.

Example 1.28: The set N× N is countable

The Cartesian product N× N is countably infinite (and thus countable). To show
this, we arrange the elements of N× N in the form

(1, 1) (1, 2) (1, 3) · · ·
(2, 1) (2, 2) (2, 3) · · ·
(3, 1) (3, 2) (3, 3) · · ·

...
...

...
. . .

and construction a bijection f : N → N×N by arranging the elements of N×N along
the diagonals from top left to bottom right, i.e.

(1, 1), (2, 1), (1, 2), (3, 1), (2, 2), (1, 3), . . . .

The corresponding inverse function f−1 : N× N → N has the mapping formula

f−1
(
(m,n)

)
= n+

1

2
(m+ n− 2)(m+ n− 1) for all (m,n) ∈ N× N.

Proposition 1.29: Subsets of countable sets are countable

Every subset of a countable set is itself countable.

Proof. Since every countable set can be related with a bijection to a subset of the
natural numbers, it suffices to prove the theorem for subsets of the natural numbers.

Let A ⊂ N be an arbitrary infinite subset of N. (If A were finite the proof would be
trivial, since every finite set is by definition countable.) We aim to prove that A is
countably infinite, i.e. that there exists a bijection f : N → A from N and A.

We construct the bijection as follows: let f(1) be the smallest natural number in A,
then let f(2) be the smallest natural number in A\{f(1)}, and so on, so that f(n+1)
is the smallest natural number in the set A \ {f(1), f(2), . . . , f(n)}; this smallest
number is guaranteed to exist because A is an infinite subset of the natural numbers.
The function f : N → A is injective by construction, since any two n, n′ ∈ N with
n ̸= n′ map to two different a, a′ ∈ A. More so, because each element in A is larger
than only a finite number of natural numbers, every element in A is mapped to, and
so f is also surjective. The function f is thus bijective, and so A is countably infinite
and thus countable.

Proposition 1.30: Relating surjective and injective functions to countable
domains and codomains

Consider a function f : A→ B mapping from the set A to the set B.

(i) If the function f is injective and its codomain B is countable, then its domain
A is also countable.
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(ii) If the function f is surjective and its domain A is countable, then its codomain
B is also countable.

Proof.

(i) The map A→ f(A) (from A to f ’s image f(A)) is necessarily surjective; more
so, because f is injective, the map A → f(A) is also bijective. The function
f ’s codomain B is countable, so by Proposition 1.29 its image f(A) ⊂ B is
also countable. Since f(A) is countable and there exists a bijection between
f(A) and A, the domain A must also be countable.

(ii) Because f is surjective, f must have a right inverse h : B → A by Proposi-
tion 1.24 (iii). The function h thus has a left inverse f , and so h is injective by
Proposition 1.24 (ii). Since h is injective and h’s codomain A is countable, h’s
domain (and f ’s codomain) B must be countable by point (i).

Corollary 1.31: Relating surjective and injective functions to countable
sets

The natural numbers are by definition countable, so Proposition 1.30 directly implies:

(i) An arbitrary set A is countable if, and only if, there exists an injective function
of the form f : A→ N.

(ii) An arbitrary nonempty set A is countable if, and only if, there exists a surjective
function N → A.

Proposition 1.32: Cartesian product of two countable sets

The Cartesian product of any two countable sets is also a countable set.

Proof. Let A and B be two countable sets and let a and b denote arbitrary elements
of A and B, respectively. By Corollary 1.31 (i) there exist injective functions of the
form f : A → N and g : B → N. Using f and g, we then define the new function
f × g : A × B → N × N with mapping formula (f × g)(a, b) =

(
f(a), g(a)

)
. The

function f × g is injective by construction (since f and g are injective); more so,
because the codomain N×N is countable by Example 1.28, the domain A×B is also
countable by Proposition 1.30 (i). Because A and B were arbitrary, the proposition
holds for arbitrary countable sets.

Corollary 1.33: Cartesian product of n countable sets

The Cartesian product of any finite number of countable sets is also a countable set.

Proof. Let A1, A2, . . . , An be countable sets for some natural number n ∈ N. We
first define the bijection

A1 ×A2 × · · · ×An−1 ×An → A1 ×
(
A2 × · · · (An−1 ×An) · · ·

)
;

(a1, a2, . . . , an−1, an) 7→ (a1, (a2, . . . (an−1, an) . . .)),

and then successively apply Proposition 1.32 to the Cartesian products A1 × A2,
(A1 ×A2)×A3, and so on until (A1 ×A2 × · · · ×An−1)×An.
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Proposition 1.34: Countable unions of countable sets are countable

The union of a countably many countable sets is itself a countable set.

Proof. Let (Aj)j∈J be an indexed family of countable sets indexed by a countable
index set J . We aim to prove that the set A =

⋃
j∈J Aj is countable. Without loss

of generality, we may assume that A and all Aj are nonempty (if they were empty,
they would still be countable). Because the Aj are countable, by Corollary 1.31 (ii)
there exist surjective functions fj : N → Aj for all j ∈ J . We then define the function
g : J × N → A with the mapping formula

g(j, n) = fj(n) for all j ∈ J and n ∈ N.

The function g is surjective by construction, since all fj are surjective. Additionally,
the set J × N, a Cartesian product of two countable sets, is also countable by
Proposition 1.32. Because g’s domain j × N is countable and g is surjective, g’s
codomain A is also countable by Proposition 1.30 (ii).

Corollary 1.35: The integers are countable

The set of integers Z is countably infinite.

Proof. For review, the integers are (informally)a defined as the set

Z = {. . . ,−2,−1, 0, 1, 2, . . .}.

We prove the corollary by writing the integers as the union

Z = −N ∪ {0} ∪ N,

where −N = {−1,−2,−3, . . .}. The sets −N, {0}, and N are all countable, so Z is
also countable by Proposition 1.34.

aWe will define the integers formally in Chapter 2.

Corollary 1.36: The rational numbers are countable

The set of rational numbers Q is countably infinite.

Proof. For review, the rational numbers are defined as the set

Q =

{
k

n
∈ R ; k ∈ Z, n ∈ N

}
,

and can be loosely thought of as the set of all ratios of integer numbers. We prove
the corollary by writing the rational numbers as the union

Q =
⋃
n∈N

An, where An =

{
k

n
∈ R ; k ∈ Z

}
.

This construction formulates Q as a countable union of countable sets, so Q is itself
countable by Proposition 1.34.
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Proposition 1.37: The real numbers are not countable

The set of real numbers R is not countable.

Proof. We will prove the proposition by contradiction. Assume R is countable. In
this case, by Proposition 1.29, the subset A = {x ∈ R ; 0 ≤ x < 1} ⊂ R would also
be countable; there would then exist bijection between A and N, and so could index
A’s elements in the sequential form

A = {x1, x2, x3, . . .}.

We will now use the fact that every real number in A can be uniquely written in
the decimal form 0.c1c2c3, . . . where ck ∈ {0, 1, 2, . . . , 9}, under the condition that 9
does not repeat infinitely from some point onward.a All xn could then be written in
the decimal form

x1 = 0.a1,1a1,2a1,3 . . .

x2 = 0.a2,1a2,2a2,3 . . .

x3 = 0.a3,1a3,2a3,3 . . .
...

xn = 0.an,1an,2an,3 . . .
...

We then define, in decimal form, the number y = 0.b1b2b3 . . . ∈ A, where

bk =

{
1 ak,k ̸= 1

2 ak,k = 1
for all k ∈ N.

By construction, y differs from every xn at least at the n-th decimal, and is thus
different from all xn. The existence of such a y contradicts the assertion that A
could be written in the form A = {x1, x2, x3, . . .}, and so the assumption that R is
countable is incorrect.

aWe will cover the decimal representation of real numbers in Chapter 2.
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2 Numbers

2.1 The natural numbers

The natural numbers, denoted by N, can be informally defined as the set

N = {1, 2, 3, . . .} (the natural numbers).

Of course, this definition is somewhat lacking—it neither lists every natural number explicitly,
nor does it rigorously formulate how the omitted members of the set are generated (relying
instead on the intuitive pattern of “repeatedly adding one”).

In this section we will adopt a different approach to defining the natural numbers, namely
listing a set of fundamental properties that uniquely define the set of natural numbers (in
the sense that only one set satisfies the properties, and we then call the thus-specified set
the set of natural numbers). One possible set of these fundamental properties is the Peano
axioms, which we state below.

Topic 2.1: The Peano axioms

(P1) The number 1 is a natural number.

(P2) Every natural number n has a unique successor, which we denote by n+.

(P3) Any two different natural numbers have different successors.

(P4) The number 1 is not the successor of any natural number.

(P5) If A is a subset of the natural numbers, if 1 ∈ A, and if n+ ∈ A for each n ∈ A,
then A contains all the natural numbers.

Note: some formulations of the Peano axioms use 0 (instead of 1) as the “first”
natural number, i.e. the only natural number that is not the successor of another
natural number.

All other properties of the natural numbers follow from the Peano axioms, including the
familiar operations of addition and multiplication, which we state below.

Topic 2.2: Addition and multiplication of natural numbers

Addition of natural numbers follows from the notion of the successor stated in
the Peano axioms. We first introduce the following notation for successive natural
numbers:

2 = 1+, 3 = 2+, 4 = 3+, and so on;

we are essentially assigning the numeric symbols (i.e. 1, 2, 3, 4, 5, and so on) familiar
from everyday life to successive natural numbers defined using the Peano axioms.
For an arbitrary natural number n ∈ N we then define addition using the rule

n+ 1 = n+.

The rule n+ 1 = n+ can be combined with the notion of a successor to define the
sum of any two natural numbers as follows:

n+ 1 = n+, n+ 2 = (n+ 1)+, n+ 3 = (n+ 2)+, and so on.
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We can then use addition of natural numbers to define multiplication as follows:

n · 1 = n, n · 2 = (n · 1) + n, n · 3 = (n · 2) + n, and so on.

Topic 2.3: Proof by induction

The fifth Peano axiom (P5) is called the induction axiom, and can be used to prove
that some property P(n) holds for all natural numbers n ∈ N. This process is called
proof by induction and follows two steps:

(1) (The base case) Show the number 1 has the property P.

(2) (The induction step) Show that for every natural number n with the property
P, its successor n+ also has the property P.

Example 2.1: The sum of n numbers

Let us show by induction that

1 + 2 + · · ·+ n =
n

2
(n+ 1) for all n ∈ N. (2.1)

We first verify the base case, which holds because 1 = 1
2 · (1 + 1) = 1 when n = 1.

We then perform the induction step, first assuming that

1 + 2 + · · ·+ n =
n

2
(n+ 1) for some n ∈ N.

We then add n+ 1 to both sides and rearrange to get

1 + 2 + · · ·+ n+ n+ 1 =
n

2
(n+ 1) + (n+ 1)

= (n+ 1)
(n
2
+ 1
)

=
(n+ 1)

2
(n+ 2).

The result 1 + 2 + · · ·+ n+ n+ 1 = (n+1)
2 (n+ 2) means that if Equation 2.1 holds

for n, it also holds for the successor n+ = n+ 1, completing the induction step.

2.2 The real numbers

We will define the real numbers in an axiomatic manner analogous to our definition of the
natural numbers, i.e. we will list a set of axioms the uniquely specify the set of natural
numbers. The end result will be Definition 2.18.

2.2.1 Axiomatic definition of the real numbers

The following axioms define the addition of real numbers.
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Topic 2.4: Addition axioms for the real numbers

For any x, y, z ∈ R, we assume the following axioms:

(A1) Addition of real numbers is associative, i.e.

x+ (y + z) = (x+ y) + z for all x, y, z ∈ R.

(A2) Addition of real numbers is commutative, i.e.

x+ y = y + x for all x, y, z ∈ R.

(A3) There exists a real number 0 ∈ R, called the additive identity, for which

x+ 0 = 0 + x = x for all x ∈ R.

(A4) For each x ∈ R there exists a number −x ∈ R, called the additive inverse to
the number x, for which

x+ (−x) = (−x) + x = 0.

Axioms (A1)–(A4) can be used to define the subtraction operation, which we define as

− : R× R → R, (x, y) 7→ x− y = x+ (−y) ∈ R.

The result of the addition of two real numbers is called the numbers’ sum, and the result of
the subtraction of two real numbers is called the numbers’ difference.

Remark 2.2: Abelian groups

Any set equipped with an operationa satisfying Axioms (A1)–(A4) is called an Abelian
group under the given operation. The real numbers are thus an Abelian group under
addition. Meanwhile (for example) the natural numbers are not an Abelian group
under addition because they obey neither Axiom (A3) nor Axiom (A4)—no natural
number has an additive inverse.

aMore specifically, an internal binary operation.

Proposition 2.3: Properties of real addition

Addition of real numbers obeys the following properties:

(i) The number 0 ∈ R is uniquely determined by the condition

x+ 0 = 0 + x = x for all x ∈ R.

(ii) For all x ∈ R, the number −x ∈ R is uniquely determined by the condition

x+ (−x) = (−x) + x = 0.

(iii) The number 0 is its own additive inverse, i.e. −0 = 0.

(iv) Negation is distributive over addition, i.e.

−(x+ y) = (−y) + (−x) for all x, y ∈ R.
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(v) Negation is an involutory operation, i.e. −(−x) = x for all x ∈ R.

(vi) If x + y = z + y for all x, y, z ∈ R then x = z. This property is sometimes
called the the cancellation property for addition.

(vii) For all a, b ∈ R, the equation x+ a = b for the unknown real number x ∈ R
has the unique solution x = b− a.

Proof. Each of these properties fundamentally follows from Axioms (A1)–(A4).

(i) Assume 0′ ∈ R were an additional additive identity element (in addition to
0 ∈ R) for which x+ 0′ = 0′ + x = x for all x ∈ R. In this case, combining the
additive identity equations for 0 and 0′, we see that 0′ = 0′ + 0 = 0. Evidently
0′ = 0 and the additive identity is unique.

(ii) Assume x̃ ∈ R were an additional additive inverse element (in addition to
−x ∈ R) for which x + x̃ = x̃ + x = 0 for all x ∈ R. We then combine
Axioms (A1), (A3), and (A4) to conclude that

x̃
(a)
= x̃+ 0

(b)
= x̃+

(
x+ (−x)

)
(c)
= (x̃+ x) + (−x)
(d)
= 0 + (−x) (e)

= −x,

where (a) and (e) use (A3), (b) uses (A4), (c) uses (A1), and (d) holds by (A4)
assuming x̃ is x’s additive inverse. Evidently x̃ = −x and the additive inverse
is unique.

(iii) We begin with the trivial equality 0 = 0, then apply (A3) (with x = 0) to get
0 = 0 + 0. By point (ii) above, the additive inverse (−x) for which any real
number x obeys 0 = x+ (−x) is unique, so the RHS of the equality 0 = 0 + 0
implies 0 = −0.

(iv) We combine (A1), (A3), and (A4) to get

(x+ y) +
[
(−y) + (−x)

]
= x+

[
y + (−y)

]
+ (−x) = x+ 0 + (−x)

= x+ (−x) = 0
(a)
= (−y) + y = (−y) + 0 + y

= (−y) +
[
(−x) + x

]
+ y

=
[
(−y) + (−x)

]
+ (x+ y),

where the steps from (a) onward are simply a reversal of the steps so far. The
result of this calculation is the equality

(x+ y) +
[
(−y) + (−x)

]
= 0 =

[
(−y) + (−x)

]
+ (x+ y),

which we combine with the uniqueness of the additive inverse in point (ii) to
conclude that −(x+ y) = (−y) + (−x).

(v) The property −(−x) = x follows from the equality

x+ (−x) = (−x) + x = 0 for all x ∈ R

(which implies that x plays the role of −(−x)) and the fact that the additive
inverse is unique.
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(vi) We begin with the assumed equality x + y = z + y and then apply Ax-
ioms (A1), (A3), and (A4) to conclude that

x = x+ 0 = x+
[
y + (−y)

]
= (x+ y) + (−y)

(a)
= (z + y) + (−y) = z +

[
y + (−y)

]
= z + 0 = z,

where (a) uses x+ y = z + y.

(vii) We will first show that b− a is a solution of x+ a = b, then show it is the only
solution. We begin with the calculation

(b− a) + a
(a)
=
[
b+ (−a)

]
+ a = b+

[
(−a) + a

]
= b+ 0 = b,

where (a) uses the definition of subtraction. The result (b− a) + a = b means
that (b− a) is a solution of x+ a = b.

We now show b− a is the only solution x+ a = b. Let y ∈ R be an arbitrary
solution of the equation, so that

y + a = b
(a)
= (b− a) + a,

where (a) holds because (b − a) is also a solution of the equation. We then
apply the cancellation property for addition (vi) to conclude that y = b− a,
meaning b− a is the only solution to x+ a = b.

The following axioms define the multiplication of real numbers.

Topic 2.5: Multiplication axioms for the real numbers

For any x, y, z ∈ R we assume the following axioms:

(A5) Multiplication of real numbers is associative, i.e.

x · (y · z) = (x · y) · z for all x, y, z ∈ R.

(A6) Multiplication of real numbers is commutative, i.e.

x · y = y · x for all x, y ∈ R.

(A7) There exists a real number 1 ∈ R, called the multiplicative identity, for which

x · 1 = 1 · x = x for all x ∈ R.

(A8) For each x ∈ R \ {0}, there exists a number x−1 ∈ R, called the multiplicative
inverse to the number x, for which

x · x−1 = x−1 · x = 1.

Axioms (A5)–(A8) can be used to define the subtraction operation, which we define, for all
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x ∈ R and y ∈ R \ {0}, as

÷ : R× R \ {0} → R, (x, y) 7→ x÷ y = x · y−1.

Two other common notations for the division operation exist; these are

x÷ y = x/y =
x

y
(equivalent notations for division).

The result of the multiplication of two real numbers is called the numbers’ product, and the
result of the division of two real numbers is called the numbers’ quotient.

Topic 2.6: Integer powers of real numbers

For each x ∈ R we define

x1 = x (x raised to the first power)

x2 = x1 · x (x raised to the second power)

x3 = x2 · x (x raised to the third power)
... (and so on...);

more generally, for each n ∈ N we recursively define the number xn+1 as

xn+1 = xn · x.

Similarly, now considering negative powers, for each x ∈ R we define

x0 = 1 (x raised to the zeroth power)

x−2 = x−1 · x−1 (x raised to the negative first power)

x−3 = x−2 · x−1 (x raised to the negative second power)
... (and so on...).

Note that we have not written x−1, since this is already defined in (A8) as the
multiplicative inverse to x. More generally, for each n ∈ N we recursively define

x−(n+1) = x−n · x−1.

Remark 2.4: Comparing the addition and multiplication axioms

Axioms (A1)–(A4) are similar to Axioms (A5)–(A8). There are two important
differences, however:

• The number 0 does not have a multiplicative inverse, so the real numbers are
not an Abelian group under multiplication (the number 0 does have an additive
inverse).

• Division by zero is not defined for the real numbers (subtraction by zero is
well-defined).

We now state two axioms that relate addition and multiplication of real numbers.
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Topic 2.7: Axioms relating addition and multiplication

We assume the following axioms:

(A9) The numbers 1 and 0 are different real numbers, i.e. 1 ̸= 0.

(A10) Multiplication of real numbers is distributive over addition, i.e.

x · (y + z) = (x · y) + (x · z) for all x, y, z ∈ R.

Proposition 2.5: Multiplication by zero

Multiplication by zero obeys the following two properties:

(i) x · 0 = 0 for all x ∈ R.

(ii) If x · y = 0 holds for any two x, y ∈ R, then either x = 0 or y = 0 (or both).

Proof.

(i) We begin by applying (A10) to the quantity x · 0 + x · 1 to get

x · 0 + x · 1 (a)
= x · (0 + 1)

(b)
= x · 1 (c)

= 0 + x · 1,

where (a) uses (A10) and (b) and (c) use (A3). We then apply the cancellation
property Proposition 2.3 (vi) to the equation x · 0 + x · 1 = 0 + x · 1 to get
x · 0 = 0.

(ii) Suppose x · y = 0 and x ̸= 0; we must then show that y = 0. Because x ̸= 0,
by (A8) there exists a multiplicative inverse x−1 for which x−1 · x = 1. We
then make the calculation

0
(a)
= x−1 · 0 (b)

= x−1 · (x · y) = (x−1 · x) · y = 1 · y = y,

where (a) uses point (i) above and (b) uses the assumed equality x · y = 0. The
proof is analogous if x = 0 and y ̸= 0 and trivial if x = y = 0.

Note: Proposition 2.5 together with Axioms (A5)–(A8) mean that the set R \ {0} is an
Abelian group under multiplication (refer to Remark 2.2 for review).

We now list some properties of real multiplication analogous to the properties of real
addition given in Proposition 2.3.

Proposition 2.6: Properties of real multiplication

Multiplication of real numbers obeys the following properties:

(i) The multiplicative identity 1 is uniquely defined by the condition

x · 1 = 1 · x = x for all x ∈ R.

(ii) For each x ∈ R \ {0}, the multiplicative inverse x−1 is uniquely defined by the
condition

x · x−1 = x−1 · x = 1.
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(iii) The number 1 is its own multiplicative inverse, i.e. 1−1 = 1.

(iv) Taking the multiplicative inverse is distributive over multiplication, i.e.

(x · y)−1 = y−1 · x−1 for all x, y ∈ R \ {0}.

This property relies on the fact that x · y ̸= 0 for all x, y,∈ R \ {0}, since the
quantity (x · y)−1 would otherwise not be well-defined.

(v) Taking the multiplicative inverse is an involutory operation, i.e.

(x−1)−1 = x for all x ∈ R \ {0}.

(vi) If x · y = z · y for x, z ∈ R and y ∈ R \ {0} then x = z. This property is
sometimes called the cancellation property for multiplication.

(vii) For all a ∈ R \ {0} and b ∈ R, the equation x · a = b for the unknown number
x ∈ R has the unique solution x = b/a.

Proof. The proof is completely analogous to the proof of Proposition 2.3 (one can
almost proceed by blindly replacing addition with multiplication, 0 with 1, and the
additive inverse with the multiplicative inverse); we give the full proofs here only for
the sake of completeness.

(i) Assume 1′ ∈ R were an additional multiplicative identity element (in addition
to 1 ∈ R) for which x · 1′ = 1′ · x = x for all x ∈ R. In this case, combining
the multiplicative identity equations for 1 and 1′, we see that 1′ = 1′ · 1 = 1.
Evidently 1′ = 1 and the multiplicative identity is unique.

(ii) Assume x̃ ∈ R were an additional multiplicative inverse element (in addition
to x−1 ∈ R) for which x · x̃ = x̃ · x = 1 for all x ∈ R \ {0}. We then prove this
point with the calculation

x̃
(a)
= x̃ · 1 (b)

= x̃ ·
(
x · x−1

)
(c)
= (x̃ · x) · x−1

(d)
= 1 · x−1 (e)

= x−1,

where (a) and (e) use (A7), (b) uses (A8), (c) uses (A5), and (d) holds
by (A8) assuming x̃ is x’s multiplicative inverse. Evidently x̃ = −x and the
multiplicative inverse is unique.

(iii) We begin with the trivial equality 1 = 1, then apply (A7) (with x = 1) to get
1 = 1 · 1. By point (i) above, the multiplicative inverse x−1 for which any real
number x ∈ \R \ {0} obeys 1 = x · x−1 is unique, so the RHS of the equality
1 = 1 · 1 implies 1 = 1−1.

(iv) We combine (A5), (A7), and (A8) to get

(x · y) · (y−1 · x−1) = x · (y · y−1) · x−1 = x · 1 · x−1

= x · x−1 = 1
(a)
= y−1 · y = y−1 · 1 · y

= y−1 · (x−1 · x) · y
= (y−1 · x−1) · (x · y),
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where the steps from (a) onward are simply a reversal of the steps so far. The
result of this calculation is the equality

(x · y) · (y−1 · x−1) = 1 = (y−1 · x−1) · (x · y),

which we combine with the uniqueness of the multiplicative inverse in point (i)
to conclude that (x · y)−1 = y−1 · x−1.

(v) The property (x−1)−1 = x follows from the equality

x · x−1 = x−1 · x = 1 for all x ∈ R \ {0}

(which implies that x plays the role of (x−1)−1) and the fact that the multi-
plicative inverse is unique.

(vi) We begin with the assumed equality x · y = z · y, then apply Axioms (A5),
(A7), and (A8) to conclude that

x = x · 1 = x · (y · y−1) = (x · y) · y−1

(a)
= (z · y) · y−1 = z · (y · y−1)

= z · 1 = z,

where (a) uses x · y = z · y.

(vii) We will first show that b/a is a solution of x · a = b, then show it is the only
solution. We begin with the calculation

(b/a) · a (a)
= (b · a−1) · a = b · (a−1 · a) = b · 1 = b,

where (a) uses the definition of division. The result (b/a) · a = b means that
b/a is a solution of x · a = b.

We now show b/a is the only solution x · a = b. Let y ∈ R be an arbitrary
solution of the equation, so that

y · a = b
(a)
= (b/a) · a,

where (a) holds because b/a is also a solution of the equation. We then apply
the cancellation property for multiplication (vi) to conclude that y = b/a,
meaning b/a is the only solution to x · a = b.

Remark 2.7: Commutative rings

A set equipped with two operationsa satisfying Axioms (A1)–(A10) is called a
commutative ring. The real numbers are thus a commutative ring under real addition
and multiplication. The integers are also a commutative ring under integer addition
and multiplication.

aMore specifically, two internal binary operations.

We now list some properties of the real numbers that follow as consequences of Axioms (A1)–
(A10); in fact, the general forms of the following properties hold for any commutative ring,
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since the properties fundamentally follow from Axioms (A1)–(A10).

Proposition 2.8: Consequences of Axioms (A1)–(A10)

The following properties hold for any x, y, z ∈ R:

(i) Multiplication is distributive over subtraction, i.e.

x · (y − z) = x · y − x · z.

(ii) The order of negation and multiplication is interchangeable, i.e.

x · (−z) = −(x · z).

(iii) Division is distributive over addition, i.e.

x/y + z/y = (x+ z)/y if y ∈ R \ {0}.

Proof.

(i) We begin with the calculation

x · (y − z) + x · z (a)
= x ·

[
(y − z) + z

]
= x · (y + 0) = x · y,

where (a) uses (A10). We then apply Proposition 2.3 (vii) to the resulting
equation x · (y − z) + x · z = x · y to conclude that x · (y − z) = x · y − x · z.

(ii) This point follows directly from (i) if we choose y = 0.

(iii) This point follows directly from the calculation

x/y + z/y = x · y−1 + z · y−1 (a)
= (x+ z) · y−1 = (x+ z)/y,

where (a) follows from (A10) and y−1 exists because y ∈ R \ {0}.

The following two axioms serve to define the positive real numbers.

Topic 2.8: Axioms for the positive real numbers

(A11) The real number 0 ∈ R is not an element of R+; for any other real number
x ∈ R \ {0}, either x ∈ R+ or −x ∈ R+, but not both.

(A12) The positive real numbers R+ are closed under addition and multiplication, i.e.

x+ y ∈ R+ and x · y ∈ R+ for all x, y ∈ R+.

The positive real numbers can be used to define the negative real numbers as follows.

Definition 2.9: The negative real numbers

The negative real numbers, denoted by R−, are defined as the set

R− = {−x ; x ∈ R+}.
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By Axiom (A11), the positive and negative real numbers are related as follows:

(i) R = R+ ∪ R− ∪ {0}.

(ii) The sets R+, R−, and {0} are all mutually disjoint.

In words other words, for every real number x ∈ R, exactly one of the following options is
possible: x is positive, negative, or zero. These properties in turn make it possible to define
a natural ordering for the real numbers, which we formalize below.

Definition 2.10: Ordering the real numbers

Let x, y ∈ R be two arbitrary real numbers.

• The number x is said to be less than y if y − x ∈ R+. In this case we write

x < y (notation: x is less than y).

Equivalently, we may also say that y is greater than x, denoted by y > x.

• The number x is said to be less than or equal to y if y − x ∈ R+ ∪ {0}. In this
case we write

x ≤ y (notation: x is less than or equal to y).

Equivalently, we may say that y is greater than or equal to x, denoted by y ≥ x.

• A real number z ∈ R is said to be positive if 0 < z and negative if z < 0.

Remark 2.11: Ordered rings

A set equipped with two internal binary operations satisfying Axioms (A1)–(A12) is
called an ordered ring. The real numbers are thus an ordered ring under real addition
and multiplication. The integers are also an ordered ring under integer addition and
multiplication.

We now list some properties of the real numbers that follow as consequences of Axioms (A1)–
(A12); these axioms mostly concern the ordering of the real numbers. In fact, the general
forms of the following properties hold for any commutative ring, since the properties
fundamentally follow from Axioms (A1)–(A12).

Proposition 2.12: Consequences of Axioms (A1)–(A12)

The following properties hold for all x, y, z, w ∈ R:

(i) The ordering of real numbers is a transitive relation, i.e.

if x < y and y < z then x < z.

(ii) (The law of trichotomy) Exactly one of the following three possibilities holds:
either x < y, or y < x, or x = y.

(iii) If x < y, then x+ z < y + z.

(iv) If x < y and z < w, then x+ z < y + w.
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(v) If x < y and 0 < z, then x · z < y · z.

(vi) If x < 0 and y < 0, then 0 < x · y.

(vii) If x < 0 and 0 < y, then x · y < 0.

(viii) If x ̸= 0, then 0 < x · x.

(ix) It holds that 0 < 1.

Proof.

(i) Since x < y and y < z, by definition y−x ∈ R+ and z− y ∈ R+. Axiom (A12)
then implies that (y − x) + (z − y) = z − x ∈ R+, and so x > z.

(ii) This point follows directly from (A11) and the ordering of the real numbers in
Definition 2.10.

(iii) This point follows directly from the equation

y − x = y + (z − z)− x = (y + z)− (x+ z).

Since x < y and thus y − x ∈ R+, it follows that (y + z)− (x+ z) ∈ R+ and
thus x+ z < y + z.

(iv) Point (iii) implies x+ z < y+ z and y+ z < y+w; and point (i) in turn implies
x+ z < y + w.

(v) The inequalities x < y and 0 < z mean y − x ∈ R+ and z ∈ R+. Axiom (A12)
implies that (y − x) · z = y · z − x · z ∈ R+, from which follows x · z < y · z.

(vi) The inequalities x < 0 and y < 0 mean that x, y ∈ R−, and so (−x), (−y) ∈ R+

by the definition of the negative real numbers. Axiom (A12) then implies that
(−x) · (−y) ∈ R+. We then conclude the proof with the calculation

x · y (a)
= −

[
− (x · y)

] (b)
= −

[
(−x) · y

] (c)
= (−x) · (−y) ∈ R+,

where (a) uses Proposition 2.3 (v) and (b) and (c) use Proposition 2.8 (ii).

(vii) The inequalities x < 0 and 0 < y mean that (−x) ∈ R+ and y ∈ R+, so
(−x) · y ∈ R+ by (A12). We then apply Proposition 2.8 (ii) to get

−(x · y) = (−x) · y ∈ R+;

the result −(x · y) ∈ R+ means that (x · y) ∈ R−.

(viii) If 0 < x, then 0 < x · x follows directly from Axiom (A12), while if x < 0, then
0 < x · x follows from point (vi).

(ix) This point follows from the inequality

0
(a)
< 1 · 1 = 1

where (a) follows from point (viii).

We are now equipped to introduce the important concept of boundedness, which will feature
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centrally throughout the remainder of this book.

Definition 2.13: Boundedness in the real numbers

Let A ⊂ R be an arbitrary subset of the real numbers.

• The subset A is said to be bounded above if there exists a number M ∈ R for
which

x ≤M for all x ∈ A.

If such a number M exists, it is called an upper bound of the set A.

• The subset A is said to be bounded below if there exists a number m ∈ R for
which

m ≤ x for all x ∈ A.

If such a number m exists, it is called a lower bound of the set A.

• The subset A is said to be bounded if it is bounded both above and below.

The definition of boundedness leads naturally to the concept of the supremum and infimum
of a set of real numbers, defined immediately below.

Definition 2.14: Supremum and infimum of a subset of R

Let A ⊂ R be an arbitrary subset of the real numbers.

• The number M ∈ R is called the least upper bound or supremum of A if:

(1) the number M is an upper bound of A, and

(2) if M ′ ∈ R is also an upper bound of A, then M ≤M ′.

If it exists, A’s supremum is denoted by sup(A).

• The number m ∈ R is called the greatest lower bound or infimum of A if:

(1) the number m is a lower bound of A, and

(2) if m′ ∈ R is also a lower bound of A, then m′ ≤ m.

If it exists, A’s infimum is denoted by inf(A).

Directly from the definition, a set can have at most one supremum and at most one infimum.

Definition 2.15: Maximum and minimum of a subset of R

Let A ⊂ R be an arbitrary subset of the real numbers.

• If A has a supremum and sup(A) ∈ A, then sup(A) is called the maximum of
the set A and is denoted by

max(A) = sup(A) (maximum of A, if it exists).

• If A has an infimum and inf(A) ∈ A, then inf(A) is called the minimum of the
set A and is denoted by

min(A) = inf(A) (minimum of A, if it exists).
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The maximum and minimum of a set are thus closely related to the set’s supremum and
infimum; the important distinction is that a maximum or minimum must be in the set,
while the supremum and infimum do not have this restriction. Thus every maximum is
also a supremum and every minimum is an also an infimum, but not vice versa, and it is
perfectly reasonable for a set to have a supremum (or infimum) but not a maximum (or
minimum).

We now offer some examples illustrating concepts related to boundedness.

Example 2.16: Boundedness

(i) The set A = {x ∈ R ; 0 < x < 1} is bounded—all real numbers greater than or
equal to 1 are upper bounds of A, while all real numbers less than or equal to
0 are lower bounds of A. The set A’s supremum and infimum are thus 1 and 0,
respectively. Because 1 and 0 are not in A, A does not have a maximum or
minimum.

However, 1 and 0 are the maximum and minimum of the slightly modified set
A′ = {x ∈ R ; 0 ≤ x ≤ 1}, since the numbers 0 and 1 are both members of A′.

(ii) The set B = {x ∈ R ; 0 ≤ x} is not bounded above but is bounded below; it thus
has no supremum, while its infimum and minimum are inf(B) = min(B) = 0.

(iii) The empty set ∅ is bounded both above and below; every real number is both
an upper and lower bound of ∅, so ∅ has neither a supremum or infimum.

(iv) For an arbitrary subset A ⊂ R, let −A = {−x ; x ∈ A}. The set A is bounded
above (or below) if, and only if, the set −A is bounded below (or above). If A
has a supremum (or infimum), then −A has an infimum (or supremum) for
which inf(−A) = − sup(−A) (or sup(−A) = − inf(A)).

Having introduced boundedness, we are not prepared to state the final axiom describing
the real numbers.

Topic 2.9: The Dedekind axiom

(A13) Every nonempty, above-bounded subset of the real numbers has a supremum.

Axioms (A1)–(A13) are satisfied by only a single ring, which we choose to call the real
numbers.

Corollary 2.17: Below-bounded sets have an infimum

Every nonempty, below-bounded subset of the real numbers has an infimum.

Proof. Let A ∈ R be a nonempty, below-bounded subset of the real numbers. In
this case the set −A = {−x ; x ∈ A} is nonempty and bounded above and so has a
least upper bound sup(−A) by Axiom (A13). Thus (see e.g. Example 2.16 (iv)) the
original set A has a greatest lower bound equal to inf(A) = − sup(−A).

We conclude the section with the following definition:
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Definition 2.18: The real numbers

The real numbers are the set R together with the subset R+ ⊂ R, equipped with
operation of real addition, defined as

+ : R× R → R, (x, y) 7→ x+ y,

the operation of real multiplication, defined as

· : R× R → R, (x, y) 7→ x · y = xy,

and characterized by Axioms (A1)–(A13) described in the sections below.

2.2.2 Important subsets of the real numbers

In this short section we will show that the real numbers contain the natural numbers, the
integer numbers, and the rational numbers.

Topic 2.10: The natural, integer, and rational numbers in the real numbers

The natural numbers are constructed in the context of the real numbers as follows:

• The first natural number corresponds to the multiplicative identity 1 ∈ R.

• The successor operation for the natural numbers is defined as real addition by
1 ∈ R. This formulation leads to the sequence

2 = 1 + 1, 3 = 2 + 1, 4 = 3 + 1, and so on,

which agrees with the construction 2 = 1+, 3 = 2+, etc. used in Topic 2.2.

The thus-defined set N = {1, 2, 3, . . .} ⊂ R satisfies the Peano axioms.

Having established the natural numbers as a subset of R, we construct the integers
in the context the real numbers as

Z = −N ∪ {0} ∪ N = {. . . ,−2,−1, 0, 1, 2, . . .} ⊂ R.

Having established the integers as a subset of R, we construct the rational numbers
under the scope of the real numbers as

Q =

{
k

n
∈ R ; k ∈ Z, n ∈ N

}
⊂ R.

For integers k, k′ ∈ Z and natural numbers n, n′ ∈ N, the fractions k/n and k′/n′

correspond to the same rational number if, and only if, k · n′ = k′ · n.

2.2.3 Consequences of the Dedekind axiom

In this section we explore some properties of boundedness that follow from the Dedekind
axiom.
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Proposition 2.19: Boundedness of the natural numbers

The set of natural numbers N ⊂ R is not bounded above.

Proof. We will prove the proposition by contradiction. Suppose N were bounded
above. By Dedekind’s axiom (A13), there would then exist a supremum M ∈ R
of the set N. Since, in the context of the real numbers, the natural numbers are
separated by successive steps of the number 1, there would then exist a natural
number n ∈ N for which M − 1 < n, and thus M < n+1. But n+1 is also a natural
number, which contradicts the assumption that N is bounded above by M .

Corollary 2.20: The integers are unbounded

The set of integer numbers Z ⊂ R is neither bounded above nor bounded below.

Proof. By Proposition 2.19, the set N is not bounded above, and so the set −N is not
bounded below (see the discussion in Example 2.16 (iv)). Thus the integers, which
are constructed as Z = −N ∪ {0} ∪ N, are bounded neither above nor below.

Proposition 2.21: Relating the natural and real numbers

The following three properties help relate the natural and real numbers.

(i) For each x ∈ R there exists a natural number n ∈ N for which x < n.

(ii) For any two a, b ∈ R+ there exists a natural number n ∈ N for which b < na.

(iii) For each a ∈ R+ there exists a natural number n ∈ N for which 1/n < a.

Proof.

(i) The set N is not bounded above by Proposition 2.19, so the number x is not
an upper bound of N. There thus exists some n ∈ N for which x < n.

(ii) By point (i), there exists n ∈ N for which b/a < n. Because a, b ∈ R+, it then
follows that b < na.

(iii) This point is a special case of point (ii) if we let b = 1 and rearrange.

We now offer some concrete examples and discussion of bounded sets.

Example 2.22: Bounded sets

(1) The set A = {1/n ∈ R ; n ∈ N} is bounded both above and below, and its
supremum is sup(A) = 1. Evidently 0 is a lower bound of A, and, from the
combination of Proposition 2.21 (iii) and the fact that 0 is the largest real
number not in R+, 0 is in fact the greatest upper bound of A.

(2) For any real number q > 1, the set B = {qn ; n ∈ N} is not bounded above.

We can prove this claim by contradiction: suppose B were bounded above;
it would then have a supremum sup(B) = M . Because M/q < M , there
would exist some n ∈ N for which M/q < qn ≤M . Multiplying the inequality
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through by q produces M < qn+1, which contradicts sup(B) =M . Thus B is
not bounded above.

(3) For any positive real number q ∈ R+ for which q < 1, the set C = {qn ; n ∈ N}
is bounded below with infimum inf(C) = 0.

Proof: assuming q ∈ R+ is less than one, then by point (2) the set {1/qn ; n ∈
N} is not bounded above. Thus for each positive ϵ ∈ R+ there exists some
n ∈ N for which 1/ϵ < 1/qn and thus qn < ϵ. The set C’s infimum must then
be 0, i.e. the largest nonpositive real number.

(4) For any two sets A,B ⊂ R, let us define the set A+B as

A+B = {a+ b ; a ∈ A, b ∈ B} ⊂ R.

In this case:

(a) If both A and B are bounded above and nonempty, the set A+B is also
bounded above and nonempty, and obeys

sup(A+B) = sup(A) + sup(B).

(b) If both A and B are bounded below and nonempty, the set A+B is also
bounded below and nonempty, and obeys

inf(A+B) = inf(A) + inf(B).

(c) If A and B are both nonempty and a < b for all a ∈ A and all b ∈ B,
then A is bounded above, B is bounded below, and sup(A) ≤ inf(B).

Proof.

(a) We first note that a ≤ sup(A) and b ≤ sup(B) for all a ∈ A and all b ∈ B,
so by Proposition 2.12 (iv)

a+ b ≤ sup(A) + sup(B) for all a ∈ A and b ∈ B,

and so sup(A) + sup(B) is an upper bound of A+B.

To show that sup(A) + sup(B) is (A+B)’s least upper bound, let c ∈ R
be an arbitrary real number for which

c < sup(A) + sup(B).

Simple subtraction gives c − sup(A) < sup(B), which by the definition
of sup(B) means there exists some b ∈ B for which c − sup(A) < b or
c− b < sup(A).

Analogously, subtraction gives c− sup(B) < sup(A), or, in terms of the
above introduced b, c − b < sup(A). By the definition of sup(A) there
exists some a ∈ A for which c− b < a or c < a+ b. Because c < a+ b, c
is not an upper bound of A+B, so sup(A) + sup(B) is indeed the least
upper bound of the set A+B.
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(b) Analogous to the proof of point (a).

(c) This point follows directly from the definition of boundedness, the supre-
mum, and the infimum together with the stated conditions on the sets A
and B.

2.2.4 Representing the real numbers in decimal form

The decimal representation of a nonnegative real number a ∈ R+ ∪ {0} takes the form

a = a0.a1a2a3 . . . (decimal representation of a),

where a0 ∈ N ∪ {0} and a1, a2, a3, . . . ∈ {0, 1, . . . , 9}. In this context, the numbers
{a1, a2, a3, . . .} are called decimal digits.

Topic 2.11: Every nonnegative real number has a decimal representation

Every decimal representation a0.a1a2a3, . . . corresponds to a nonnegative real number.
To formulate this statement more precisely, for all k ∈ N we first define the rational
numbers rk and sk as

rk = a0 +
a1
10

+
a2
102

+ · · ·+ ak
10k

∈ Q

sk = a0 +
a1
10

+
a2
102

+ · · ·+ ak + 1

10k
∈ Q;

we also define the sets A and B as

A = {rk ; k ∈ N} and B = {sk ; k ∈ N}.

Because rk < sk for all k ∈ N; because sk − rk = 1
10k

= 10−k for all k ∈ N;
and because inf

(
{10−k ; k ∈ N}

)
= 0, the sets A and B are bounded and obey

sup(A) = inf(B). As a result, the decimal representation a0.a1a2a3 . . . defines the
real number a ∈ R given by

a = sup(A) = inf(B) = a0.a1a2a3 . . . ∈ R.

Every nonnegative real number can be written in the above decimal form. To
show this, let a ∈ R be an arbitrary nonnegative number. There then exists some
a0 ∈ N ∪ {0} for which

a0 ≤ a < a0 + 1;

the number a0 is the largest integer that is not larger than a. More so, there exists
some a1 ∈ {0, 1, . . . , 9} for which

a0 +
a1
10

≤ a < a0 +
a1 + 1

10
;

this number a1 is the first decimal in a’s decimal notation. The remaining decimals
a2, a3, a4, . . . are found analogously: if the numbers a1, a2, . . . , ak−1 ∈ {0, 1, . . . , 9},
then ak ∈ {0, 1, . . . , 9} is the uniquely defined number for which

a0 +
a1
10

+
a2
102

+ · · ·+ ak
10k

≤ a < a0 +
a1
10

+
a2 + 1

102
+ · · ·+ ak + 1

10k
.
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The procedure terminates if the sequence of decimal digits reaches a value of k for
which

a0 +
a1
10

+
a2
102

+ · · ·+ ak
10k

= a;

otherwise the procedure continues indefinitely to yield an infinite sequence of decimal
digits a1, a2, a3, . . .; in either case, the sequence of decimal digits together with the
integer a0 define the decimal representation of the real number a as

a = a0.a1a2a3 . . . .

The decimal representation resulting from the above-described algorithm is called
the standard decimal representation of the nonnegative number a ∈ R+ ∪ {0}; in
particular, the algorithm is such that the number 9 will never repeat indefinitely
from some point onward in the sequence a1, a2, a3, . . ..

Every nonnegative real number has a unique standard decimal representation, and
every standard decimal representation corresponds to a unique nonnegative real
number.

Topic 2.12: Extensions of the decimal representation

(i) (Decimal representation of negative numbers) An arbitrary negative real number
b ∈ R− is represented in the decimal form

b = −b0.b1b2b3 . . . ,

where b0.b1b2b3 is the decimal representation of the nonnegative number (−b).

(ii) (Decimal representation of integer numbers) Integer numbers have a decimal
representation in which a0 is equal to the integer itself and all decimal digits
a1, a2, a3, . . . are exactly equal to zero.

(iii) (Decimal representation of rational numbers) The decimal representation of
rational numbers is either finite, or infinitely repeating and periodic from
some point onward. An example of a rational number with a finite decimal
representation is 1/2 = 0.5; two examples of a rational number with an infinite
and periodically repeating decimal representation are

1/3 = 0.333 . . . and 1/11 = 0.090909 . . . .

The periodic repetition is abbreviated by drawing a line over the complete
repeating portion, for example

1/3 = 0.333 . . . = 0.3 and 1/11 = 0.090909 . . . = 0.09.

Remark 2.23: Bounded rational sets need not have a rational supremum

The sets A and B defined in the decimal representation are subsets of the rational
numbers. If the number a ∈ R specified by A and B using the decimal construction
is not a rational number, then a is defined as the supremum of the set A ⊂ Q or,
equivalently, the infimum of the set B ⊂ Q. The set A is thus an example of a
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bounded set of rational numbers without a supremum in the rational numbers. As a
result, Dedekind’s axiom (A13) does not hold for the rational numbers.

2.2.5 Existence of the square root

Consider an arbitrary real number a ∈ R and the equation x2 = a for the unknown real
number x.

(a) If a < 0, the equation x2 = a does not have any real solutions.

(b) If a = 0, the equation x2 = a has the single solution x = 0.

(c) If a > 0 and x1 is a solution of x2 = a, then −x1 is also a solution of x2 = a, and x1
and −x1 are the only two solutions.

Proposition 2.24: Square root of a nonnegative number

For every nonnegative real number a ∈ R+ ∪ {0}, the equation x2 = a for the
unknown variable x has exactly one nonnegative real solution, called the square root
of a and denoted by x =

√
a. (We stress that if a > 0 the equation also has a negative

solution x− = −
√
a; this proposition concerns only the nonnegative solution.)

Proof. Assume a is positive, i.e. a > 0, and define the subset

S = {x ∈ R+ ; x2 < a}.

We first show that in this case S is nonempty; we do so by rearranging the inequality
a2 < (1 + a)2a to produce

a2/(1 + a)2 < a.

The number a/(1 + a) ∈ R+ then satisfies the conditions for membership of S (it is
positive assuming a > 0 and also obeys [a/(1 + a)]2 < a), so S is nonempty.

Because S is nonempty and bounded above (the number a, for example, is an
upper bound of S), it must have supremum by the Dedekind axiom (A13). Let
b = sup(S) ∈ R denote S’s supremum; our plan is to show that b2 = a and thus that
b solves the equation x =

√
a from this proposition’s introduction. We will do this

by showing that neither b2 > a nor b2 < a are correct, leaving b2 = a as the only
remaining possibility.

(i) Assume b2 > a and consider the number

c = b− b2 − a

2b
=

1

2

(
b+

a

b

)
.

By construction 0 < c < b (assuming b2 > a); in addition

c2 = b2 − (b2 − a) +
(b2 − a)2

4b2
= a+

(b2 − a)2

4b2
> a,

and so c2 > a > x2, and thus c > x, for each x ∈ S. Thus c is an upper bound
of S, which, together with c < b, contradicts the assumption that b is S’s least
upper bound. The assumption b2 > a is thus incorrect.
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(ii) Next, assume b2 < a and consider a number d for which

0 < d < b and d <
a− b2

3b
;

from this choice of d it follows that

(b+ d)2 = b2 + d(2b+ d) < b2 + d(2b+ b) < b2 + (a− b2) = a.

The resulting inequality (b+ d)2 < a implies that b+ d ∈ S. Since d > 0, the
quantity b+ d ∈ S is larger than b, which contradicts the assumption that b is
an upper bound of S. Thus the assumption b2 < a is also incorrect.

(iii) Because both b2 > a and b2 < a are incorrect by points (i) and (ii), respectively,
the only remaining possibility is that b2 = a, completing the proof.

The proof of Proposition 2.24 relied crucially on the fact that the set S ⊂ R has a real-valued
supremum because of Dedekind’s axiom. In the following proposition, we will show that
quadratic equations of the form x2 = a, where a ∈ R+, do not always have rational solutions
(even though such equations do always have a real solution). This lack of rational solutions
can be reverse engineered to imply that Dedekind’s axiom does not hold for the rational
numbers; it also means that, loosely, there are “more” real numbers than rational numbers.

Proposition 2.25: The square root of 2 is irrational

The equation x2 = 2 for the number x does not have a rational solution.

Proof. We will prove the proposition by contradiction. Assume the equation x2 = 2
did have a rational solution, which we write in the form

(m/n)2 = 2,

where m/n is a fully reduced fraction of two natural numbers m,n ∈ N. We rearrange
to get m2 = 2n2, implying that m is an even number. Since m is even, we may write
m = 2k for some natural number k, producing

m2 = 4k2 = 2n2 =⇒ n2 = 2k2.

The last equality implies that n is also an even number, which contradicts the
assumption that the fraction m/n is reduced to lowest terms (since both m and n
are divisible by 2) and proves, by contradiction, that x2 = 2 does not have rational
solutions for the number x.

Topic 2.13: Terminology: Irrational, algebraic, and transcendental numbers

We are now equipped to state some important classes of numbers:

• Irrational numbers are real numbers that are not rational;
√
2 is an example of

an irrational number.

• Algebraic numbers are numbers that are the solution of a polynomial equation
with integer coefficients; the square roots of natural numbers are an example
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of algebraic numbers.

• Transcendental numbers are those real numbers that are neither rational nor
algebraic; π and e (Euler’s number) are two well-known examples of transcen-
dental numbers.

Although only a few transcendental numbers are commonly used in practice,
the vast majority of real numbers are transcendental. In fact, the set of all
transcendental numbers is equipotent to the set of all real numbers and thus
uncountably infinite, while the set of all algebraic numbers, like the set the set
of all rational numbers, can be shown to be only countably infinite.

2.2.6 Intervals, neighborhoods, and absolute value

The sections in this chapter thus far have mostly concerned algebraic properties of the real
numbers. However, the ordering concepts mentioned in the context of Remark 2.11 also
make it possible to equip the real numbers with topological concepts like “closeness” and
“farness”. Namely, it is possible to formulate in a precise manner which real numbers are
closer to and which are farther from any given real number. The topological structure of
the real numbers is the foundation for the concepts of continuity and differentiability used
in real analysis.

Definition 2.26: Intervals on the real line

Let a, b ∈ R be two real numbers for which a ≤ b. In this case, bounded intervals are
subsets of R of the form:

• (a, b) = {x ∈ R ; a < x < b}, called the open interval from a to b,

• [a, b] = {x ∈ R ; a ≤ x ≤ b}, called the closed interval from a to b,

• (a, b] = {x ∈ R ; a < x ≤ b}, and

• [a, b) = {x ∈ R ; a ≤ x < b}.

In each of the four cases, a is the interval’s infimum and b is the interval’s supremum.

Meanwhile, unbounded intervals are subsets of R of the form:

• (−∞, b] = {x ∈ R ; x ≤ b}

• (a,∞) = {x ∈ R ; a < x}

• [a,∞) = {x ∈ R ; a ≤ x}

• (−∞,∞) = R.

Definition 2.27: Absolute value of a real number

The absolute value of a real number x ∈ R, denoted by |x|, is defined as

|x| =

{
x, x ≥ 0

−x, x < 0
∈ R+ ∪ {0}.
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The absolute value is thus a function of the form

|·| : R → R+ ∪ {0}, x 7→ |x|.

Note that |x| ≥ 0 for all x ∈ R and |x| = 0 if, and only if, x = 0.

The absolute value is used to straightforwardly define the distance between real numbers.

Definition 2.28: Distance between real numbers

The distance between any two real numbers x, y ∈ R, denoted by d(x, y), is the
nonnegative real number

d(x, y) = |x− y| ∈ R+ ∪ {0}.

Having defined intervals and absolute value, we are now equipped to introduce interior
points, exterior points, and neighborhoods, which will feature centrally throughout the
remainder of this book.

Definition 2.29: Interior, exterior, and boundary points on the real line

Let A ⊂ R be an arbitrary real set and let a ∈ R be an arbitrary real number.

(a− ϵ, a+ ϵ) = .

(i) The point a is called an interior point of A if there exists some positive real
number ϵ ∈ R+ for whicha (a− ϵ, a+ ϵ) ⊂ A.

(ii) The point a is called an exterior point of A if a is an interior point of A’s
complement Ac = R \A.

(iii) The point a is called a boundary point of A ⊂ R if it is neither an interior point
nor an exterior point of A.

(iv) The set A is called a neighborhood of the point a if a is an interior point of A.
aThe interval (a−ϵ, a+ϵ) can be interpreted geometrically as the set of all real numbers separated

from a by a distance less than ϵ; it is defined as

(a− ϵ, a+ ϵ) = {x ∈ R ; a− ϵ < x < a+ ϵ} = {x ∈ R ; |x− a| < ϵ}.

We may now generalize the concept of open and closed intervals to arbitrary subsets of R.

Definition 2.30: Open and closed real subsets

Let A ⊂ R be an arbitrary real subset.

(i) The set A is said to be open in R if A is a neighborhood of every point in A;
equivalently, the set A is open if all of its points are interior points.

(ii) The set A is said to be closed in R if its complement Ac = R \A is open in R.

Note that the definition of openness and closedness allows, perhaps counterintuitively on a
first encounter, for subsets of R to be either (1) neither open nor closed or (2) both open
and closed; we offer some examples below.
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Example 2.31: Open and closed intervals

(i) The sets ∅ and R are both open and closed in R. It should be straightforward
to verify that R is open, which immediately implies that Rc = ∅ is closed.
The justification that ∅ is open is less satisfactory; it is an example of what
mathematicians and logicians call a vacuous truth. Loosely, because there are
no points in the empty set in the first place, every one of the (nonexistent)
points in ∅ can be interpreted as an interior point of ∅, and so the empty set is
open. It then immediately follows that R is closed, since Rc = ∅ is open.

(ii) For all c, d ∈ R for which c ≤ d, intervals of the form (c, d), (−∞, d), and
(c,∞) are open in R.

(iii) For all c, d ∈ R for which c ≤ d, intervals of the form [c, d], (−∞, d], and [c,∞)
are closed in R (since the complements of these sets, i.e. (−∞, c) ∪ (d,∞);
(d,∞); and (−∞, c) are all open in R).

(iv) Intervals of the form [c, d) and (c, d] are neither open nor closed in R; this is
because the interval [c, d) is not a neighborhood of c ∈ [c, d), while the interval
(c, d] is not a neighborhood of d ∈ (c, d]. To see this, note that for all ϵ ∈ R+,
however small ϵ might be, the interval (c− ϵ, c+ ϵ) contains points not in [c, d)
and is thus not a subset of [c, d). Similarly, the interval (d− ϵ, d+ ϵ) contains
points not in (c, d], and is thus not a subset of (c, d].

Proposition 2.32: Important equalities and inequalities on the real line

The following statements hold for all x, y ∈ R:

(i) |xy| = |x||y|,

(ii) |x+ y| ≤ |x|+ |y| (this inequality is called the triangle inequality), and

(iii) ||x| − |y|| ≤ |x+ y|.

Proof.

(i) |xy| = |x||y| follows directly from applying the definition of the absolute value
to each of the possible cases x, y ≥ 0; x, y < 0; x ≥ 0, y < 0; and x < 0, y ≥ 0.

(ii) We separately consider three possible cases:

(a) If x = 0 or y = 0, or if x and y are of the same sign, then evidently
|x+ y| = |x|+ |y| by the rules of real arithmetic and the definition of the
absolute value.

(b) If x < 0 and y > 0, we consider two subcases:

i. If x+y ≥ 0, then by the definition of the absolute value the inequality
|x+ y| ≤ |x| + |y| simplifies to x + y ≤ −x + y, which holds under
the assumption x < 0.

ii. If x + y < 0, then the inequality |x+ y| ≤ |x| + |y| simplifies to
−x− y ≤ −x+ y, which holds under the assumption y > 0.
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(c) The case x > 0 and y < 0 is equivalent to the case x < 0 and y > 0, since
the labels x and y are arbitrary.

(iii) We first apply the triangle inequality to get

|y| = |x+ y − x| ≤ |x+ y|+ |−x| = |x+ y|+ |x|,

then rearrange to get
−|x+ y| ≤ |x| − |y|.

Similarly, make the calculation

|x| = |x+ y − y| ≤ |x+ y|+ |−y| = |x+ y|+ |y|,

and rearrange to get
|x| − |y| ≤ |x+ y|.

The combination of |x| − |y| ≤ |x+ y| and −|x+ y| ≤ |x| − |y| implies

||x| − |y|| ≤ |x+ y|.

2.3 The complex numbers

The complex numbers, denoted by C, are the set

C = R× R = {(a, b) ; a, b ∈ R}

equipped with the following addition and multiplication operations:

• (Complex addition) The sum of any two complex numbers (a, b), (a′, b′) ∈ C is

(a, b) + (a′, b′) = (a+ a′, b+ b′) ∈ C.

• (Complex multiplication) The product of any two complex numbers (a, b), (a′, b′) ∈ C is

(a, b) · (a′, b′) = (a, b)(a′, b′) = (aa′ − bb′, ab′ + ba′) ∈ C.

Topic 2.14: Axioms for the complex numbers

The above-defined addition and multiplication operations satisfy a set of addition
and multiplication axioms completely analogous in structure to Axioms (A1)–(A10),
i.e. the addition and multiplication axioms for the real numbers. Because of this
similarity, we will not state the analogous complex number axioms here, and instead
only summarize the important modifications in generalizing Axioms (A1)–(A10) to
the complex numbers.

• The complex additive identity is (0, 0) ∈ C.

• The additive inverse to the complex number (a, b) is the complex number
−(a, b) = (−a,−b) ∈ C.

• The complex multiplicative identity is (1, 0) ∈ C.
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• The multiplicative inverse to any complex number (a, b) ∈ C \ {(0, 0)} is

(a, b)−1 =

(
a

a2 + b2
,

−b
a2 + b2

)
.

The multiplicative inverse to (0, 0) ∈ C is undefined (just like the real multi-
plicative inverse to 0 ∈ R is undefined).

Because they satisfy Axioms (A1)–(A10), the complex numbers form a commutative ring.
All properties and operations derived for the real numbers as a consequence of Axioms (A1)–
(A10) (including Props. 2.3, 2.5, 2.6, and 2.8) have natural extensions to the complex
numbers (and in general to any commutative ring), and we will not restate them here.

However, the complex numbers do not satisfy Axioms (A11) or (A12) and thus do not form
an ordered ring—there is no natural ordering relation for the complex numbers.

Topic 2.15: Real numbers under the complex numbers

In the scope of the complex numbers, the real numbers are represented as the subset

{(a, 0) ; a ∈ R} = R× {0} ⊂ C;

the real number a ∈ R corresponds to the complex number (a, 0) ∈ C.

Complex addition and multiplication restricted to the set R× {0} ⊂ C agrees with
real addition and multiplication, since

(a, 0) + (a′, 0) = (a+ a′, 0) and (a, 0) · (a′, 0) = (aa′, 0) for all a, a′ ∈ R.

It is thus conventional to associate R with the set R×{0}, and write R = R×{0} ⊂ C
and a = (a, 0) for every a ∈ R.

Definition 2.33: Components of complex numbers

For shorthand, we conventionally denote an arbitrary complex number (a, b) ∈ C
with the single letter z = (a, b) ∈ C; any z = (a, b) ∈ C thus has two components:

• The first component, a, is called z’s real component and is denoted by

Re(z) = a (real component of z = (a, b) ∈ C).

• The second component, b, is called z’s imaginary component and is denoted by

Im(z) = b (imaginary component of z = (a, b) ∈ C).

Definition 2.34: The imaginary unit

The imaginary unit, denoted by i, is the complex number

i = (0, 1) ∈ C.
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In terms of i, an arbitrary complex number z = (a, b) may be uniquely written as

z = (a, b) = (a, 0) + (0, 1) · (b, 0) = a+ ib.

By definition of complex multiplication, the imaginary unit i satisfies

i2 = (−1, 0) = −1 =⇒ i2 + 1 = 0.

More so, the imaginary unit obeys i2 = 1, i3 = −i, i4 = 1, and so on.

In terms of i, the product of two complex numbers is

(a+ ib)(a′ + ib′) = aa′ + iba + aib′ + i2bb′

= (aa′ − bb′) + i(ba+ ab′).

Definition 2.35: The complex conjugate

The complex conjugate of a complex number z = a + ib with real part a ∈ R and
imaginary part b ∈ R is the complex number

z = a− ib.

For all z, w ∈ C and all x ∈ R, the complex conjugate obeys the following properties:

• (Distributivity over addition), i.e. z + w = z + w,

• (Commutativity over multiplication), i.e. zw = wz,

• i = −i, and

• x = x for all x ∈ R.

For an arbitrary complex number z = a+ ib with real part a ∈ R and imaginary part b ∈ R
it holds that

zz = a2 + b2 ≥ 0.

The fact that z|z| is always nonnegative motivates defining the absolute value of an arbitrary
complex number z as in the following definition.

Definition 2.36: Absolute value of a complex number

The absolute value of the complex number z = (a, b) ∈ C, denoted by |z|, is defined as

|z| =
√
zz =

√
a2 + b2.

The complex absolute value, much like the real absolute value, obeys |z| = 0 if, and only if,
z = 0. More so, for real numbers z = a+ i · 0 = a ∈ R the complex absolute value obeys

|z| =
√
a2 ≥ 0,

which agrees with the real absolute value defined in Definition 2.27.

Complex conjugation and absolute value are used to define complex division.
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Definition 2.37: Complex division

The quotient of any two complex numbers z, w ∈ C for which w ̸= 0 is defined as

z

w
=
zw̄

ww̄
=

zw̄

|w|2
=

Re(zw̄)

|w|2
+ i

Im(zw̄)

|w|2
.

The above definition makes elegant use of the complex conjugate and absolute value:
multiplying the fraction z/w above and below by w̄/w̄ transforms the original denominator
from the complex number w ∈ C to the positive real number |w|2 ∈ R+, thus formulating
complex division as a straightforward extension of real division (or, equivalently, a simple
scaling of a complex number by a positive real scalar), but operations we have already
defined in this book.

Proposition 2.38: Properties of the complex absolute value

The following properties holds any two complex numbers z, w ∈ C:

(i) |zw| = |z||w|,

(ii) |z + w| ≤ |z|+ |w| (this inequality is called the triangle inequality),

(iii) ||z| − |w|| ≤ |z + w|, and

(iv) ||z| − |w|| ≤ |z − w|.

Proof.

(i) We begin with the calculation

|zw|2 = zwzw = zwz w = zzww = |z|2|w|2 = (|z||w|)2,

then take the square root of both sides of the resulting equality |zw|2 = (|z||w|)2
to get |zw| = |z||w|.

(ii) We first define z = x+iy and w = a+ib, where x, y, a, b ∈ R, and then compute

|z + w| = |(x+ a) + i(y + b)| =
√
(x+ a)2 + (y + b)2

=
√
x2 + 2xa+ a2 + y2 + 2yb+ b2

=
√
x2 + 2xa+ a2 + y2 + 2yb+ b2

=

√
|z|2 + |w|2 + 2(ax+ by).

(2.2)

We also note that

|xa+ yb| =
√

(xa+ yb)2 =
√
(x2 + y2)(a2 + b2)− (xb− ya)2,

which leads to the inequality

|xa+ yb| ≤
√

(x2 + y2)(a2 + b2) = |z||w|

and in turn
−|z||w| ≤ xa+ yb ≤ |z||w|.
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We then substitute −|z||w| ≤ xa+ yb ≤ |z||w| into Equation 2.2 to get√
|z|2 + |w|2 − 2|z||w| ≤ |z + w| ≤

√
|z|2 + |w|2 + 2|z||w|.

We can then prove (ii) with the calculation

|z + w| ≤
√

|z|2 + |w|2 + 2|z||w| =
√
(|z|+ |w|)2

= ||z|+ |w|| (a)= |z|+ |w|,

where (a) holds because both |z| and |w| are necessarily nonnegative.

(iii) We prove (iii) with the calculation

|z + w| ≥
√

|z|2 + |w|2 − 2|z||w| =
√
(|z| − |w|)2

= ||z| − |w||.

(iv) This point follows directly from the previous point and the calculation

||z| − |w|| = ||z| − |−w||
(a)

≤ |z + (−w)| = |z − w|,

where (a) holds by point (iii).

Note the similarities of points (i)–(iii) to their real-valued analogs in Proposition 2.32; this
similarity comes from the fact that the real and complex absolute value, addition, and
multiplication operations obey analogous properties.

We conclude this introductory section with a routine exercise in computing imaginary
components, complex conjugates, and absolute values.

Example 2.39: Practice with complex numbers

Let us compute the real and imaginary components, complex conjugate, and absolute
value of the complex number

z =
a+ i

a− i
, where a ∈ R.

We first multiply z above and below by its denominator’s complex conjugate and
rearrange to get

z =
a+ i

a− i
· a+ i

a+ i
=
a2 + 2ai− 1

a2 + 1
=
a2 − 1

a2 + 1
+

2a

a2 + 1
i.

The number z’s components are thus

Re(z) =
a2 − 1

a2 + 1
and Im(z) =

2a

a2 + 1

Meanwhile, by interchanging the sign of all i terms, z’s complex conjugate is

z̄ =
a− i

a+ i
,
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which in turn allows to straightforwardly compute z’s absolute value:

zz̄ =

(
a+ i

a− i

)(
a− i

a+ i

)
= 1 =⇒ |z| =

√
zz̄ = 1.

2.3.1 Geometric representation of complex numbers

A complex number z ∈ C can be represented geometrically as a point or vector in the
complex plane, i.e. as an arrow directed from the origin to the point z. In this vector
representation:

• The arrow’s length is the absolute value |z|.

• The angle ϕ between the arrow and the real axis, measured in the positive (counter-
clockwise) direction, is called z’s argument arg(z) = ϕ ∈ [0, 2π).

In terms of the trigonometric functions sine and cosine, any complex number can be written
in the form

z = |z|(cosϕ+ i sinϕ).

Topic 2.16: Polar form of a complex number

The polar form of a complex number z ∈ C is

z = |z|eiϕ (a)
= |z|(cosϕ+ i sinϕ);

equality (a) relies on Euler’s identity eiϕ = cosϕ + i sinϕ, which we will prove in
Chapter 10, after covering power series. Euler’s identity holds for all ϕ ∈ R.

Topic 2.17: Geometric view of complex addition and multiplication

The sum of two complex numbers z, w ∈ C can be interpreted as the vector sum of z
and w taken as vectors in complex plane.

To geometrically interpret the product of two complex numbers z, w ∈ C, we first
write z and w in the polar forms z = |z|eiϕ and w = |w|eiϕ. We then apply Euler’s
identity and trigonometric identities for sine and cosine to produce

zw = |z|eiϕ|w|eiψ

= |z||w|(cosϕ+ i sinϕ)(cosψ + i sinψ)

= |z||w|(cosϕ cosψ − sinϕ sinψ + i cosϕ sinψ + i sinϕ cosψ)

= |z||w|
[
cos(ϕ+ ψ) + i sin(ϕ+ ψ)

]
= |zw|ei(ϕ+ψ).

Thus one finds the vector representing the product zw, by multiplying the vector
representing z by the scalar |w| and rotating it by the angle ψ in the positive direction.
In particular, this means that multiplying a complex number z by the imaginary unit
i corresponds rotating the vector representing z by an angle of π/2 counterclockwise.

50



Topic 2.18: De Moivre’s formula

Repeatedly applying the result zw = |zw|ei(ϕ+ψ) produces

z2 = zz = |z|eiϕ|z|eiϕ = |z|2ei2ϕ

z3 = z2z = |z|2ei2ϕ|z|eiϕ = |z|3ei3ϕ, and so on;

by the principle of induction it then follows that

zk+1 = zkz = |z|keikϕ|z|eiϕ = |z|k+1ei(k+1)ϕ for all k ∈ N.

Taking k + 1 = n produces de Moivre’s formula:

zn = (|z|eiϕ)n = |z|neinϕ;

substituting in Euler’s identity eiϕ = cosϕ+ i sinϕ gives the equivalent form

zn =
[
|z|(cosϕ+ i sinϕ)

]n
= |z|n

[
cos(nϕ) + i sin(nϕ)

]
,

which holds for all z = |z|eiϕ with ϕ ∈ R and all n ∈ N.

De Moivre’s formula is used to easily compute the n-th power of a complex number.

2.3.2 Roots of complex numbers

Consider a nonzero complex number w ∈ C \ {0} and natural number n ∈ N. Our goal in
this section is to solve equations of the form zn = w for the unknown complex number z ∈ C.

We begin by first writing z and w in their polar forms

z = |z|eiϕ and w = |w|eiψ,

and then applying de Moivre’s formula to get

|z|neinϕ = |w|eiψ ⇐⇒ zn = w.

Two complex numbers are equal if they have equal absolute values and equal argument,
and so the equation |z|neinϕ = |w|eiψ is equivalent to the two simultaneous conditions

|z|n = |w| and nϕ = ψ + 2πk, k ∈ Z.

We then solve for |z| and ϕ to get

|z| = n
√
w and ϕ =

ψ

n
+

2πk

n
, k ∈ Z.

Unique solutions to zn = w occur for k ∈ {0, 1, . . . , n− 1} and may be written in the form

zk =
n
√

|w|ei(
ψ
n
+ 2πk

n ).

Interpreted geometrically, the solutions zk to the equation zn = w lie on a circle centered
at the origin with radius n

√
|w|. These solutions form the vertices of a regular n-gon (a

polygon with n vertices) in the complex plane. The n solutions to zn = w are called the
n-th roots of the complex number w ∈ C \ {0}.
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Topic 2.19: The complex roots of unity

The complex roots of the number 1 (a special case of the equation zn = w when
w = 1) are called the complex roots of unity. The n-th complex roots of unity are{

ei
2πk
n ; k = 0, 1, . . . , n− 1

}
⊂ C (n-th roots of unity).

In passing, we mention that the n-th roots of unity form an Abelian group under
multiplication.

Example 2.40: Roots of complex numbers

(1) Let us solve the complex equation z2 = 2i.

We first write z = x+ iy, where x, y ∈ R, and multiply out to get

z2 = x2 − y2 + 2ixy = 2i

We then equate real and imaginary parts on each side of the equation to get

x2 − y2 = 0 and 2xy = 2.

The equation 2xy = 2 means that x and y are both nonzero and that y = 1/x;
we then substitute y = 1/x into x2 − y2 = 0 to get

x4 = 1 =⇒ x = ±1.

We then combine x = ±1 with y = 1/x to get y = ±1 and thus

z1,2 = ±(1 + i) (solutions to z2 = 2i).

(2) Let us solve the equation z2 = u+ iv, where u, v ∈ R.

If u = v = 0 then z = 0. Otherwise, we again write z = x+ iy with x, y ∈ R,
multiply out z2, and equate real and imaginary parts to get the system of
equations

x2 − y2 = u and 2xy = v.

We then separately consider the following cases:

(a) If u > 0 and v = 0, then y = 0 and x = ±
√
u ̸= 0. The solutions of

z2 = u+ iv are then z1,2 = ±
√
u.

(b) If u < 0 and v = 0, then x = 0 and y = ±
√
−u ̸= 0. The solutions of

z2 = u+ iv are then z1,2 = ±i
√
−u.

(c) If u ̸= 0 and v ̸= 0, the equation 2xy = v implies that x ̸= 0, y ̸= 0, and
that y = v/(2x). We then substitute y = v/(2x) into x2 − y2 = u and
rearrange to get

4x4 − 4x2u− v2 = 0.

We then introduce the new variable s = x2 > 0 to get the quadratic
equation 4s2 − 4us− v2 = 0, which (e.g. using the quadratic formula) has
the solutions

s1,2 =
u±

√
u2 + v2

2
.
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Because
√
u2 + v2 > u and s > 0, only the positive solution is valid, so

s =
u+

√
u2 + v2

2
.

We then apply x = ±
√
s and y = v/(2x) to get

z1,2 = ±

(√
u+

√
u2 + v2√
2

+ i
v

√
2
√
u+

√
u2 + v2

)
.

2.3.3 Complex disks and neighborhoods

This section generalizes some of the concepts in Section 2.2.6 to the complex plane; we
explicitly reference the definition being generalized whenever appropriate.

Definition 2.41: Open and closed disks in the complex plane

Let z ∈ C be an arbitrary complex number and let R be a nonnegative real number.
In this case:

• An open disk centered at z with radius R is the subset

K(z,R) = {w ∈ C ; |z − w| < R} ⊂ C.

• A closed disk centered at z with radius R is the subset

K(z,R) = {w ∈ C ; |z − w| ≤ R} ⊂ C.

Definition 2.41 is a generalization of Definition 2.26 to the complex plane. Geometrically,
the open disk K(z,R) is the set of all points in the complex plane separated from z by a
distance less that R; this set is a disk of radius R centered at z.

Definition 2.42: Boundedness of a subset of C

A complex subset A ⊂ C is said to be bounded if there exists a positive real number
M ∈ R+ for which

A ⊂ K(0,M),

where K(0,M) is a closed disk of radius M centered at the origin. In other words,
the set A is bounded if there exists a closed disk containing A.

The above definition means means that any point in a bounded set is no farther from the
origin than M , and that any two points in a bounded set are no further from each other
than 2M .

Every subset of the real numbers is also a subset of the complex numbers, and is bounded
as a subset of the real numbers if, and only if, it is bounded as a subset of the complex
numbers.
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Definition 2.43: Interior points and neighborhoods in C

Let A ⊂ C be an arbitrary complex subset and let z ∈ C be an arbitrary complex
number. In this case

(i) The point z is an interior point of A if there exists some ϵ ∈ R+ for which
K(z, ϵ) ⊂ A. In other words, z is an interior point of A if there exists an open
disk centered at z fully inside A.

(ii) The set A is a neighborhood of the point z ∈ C if z is an interior point of A.

Definition 2.43 is a generalization of Definition 2.29 to the complex plane.

Definition 2.44: Open and closed subsets of C

Let A ⊂ C be an arbitrary complex subset and let z ∈ C be an arbitrary complex
number. In this case:

(i) The set A is said to be open in C if A is a neighborhood of all points in A.

(ii) The subset A ⊂ C is said to be closed in C if its complement Ac = C \ A is
open in C.

Definition 2.44 is a generalization of Definition 2.30 to the complex plane. Like in Exam-
ple 2.31:

• Both the sets ∅ and C are simultaneously open and closed in C.

• Open disks are open subsets of C.

• Closed disks are closed subsets of C.
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3 Three-dimensional Euclidean space

This chapter covers the basic operations between elements—called vectors—of the three-
dimensional vector space R3, and also covers the description of lines and planes in R3. You
will cover vector spaces in a more general and abstract fashion in a course on linear algebra.

Loosely, the vector space R3 is a mathematical description of the three-dimensional space
of every human life, for which we already have a well-developed geometric intuition from
everyday life. If one specifies a coordinate system and origin for R3, it is possible to
represent every point in R3 with three real-valued coordinates as an ordered triplet taken
from the set

R3 = R× R× R =
{
(x, y, z) ; x, y, z ∈ R

}
.

The element (x, y, z) ∈ R3 can be interpreted as a point A in the space R3. We denote this
point by A(x, y, z) and call the real numbers x, y, and z the Cartesian coordinates of the
point A. The origin in the space R3 is the point O(0, 0, 0).

Topic 3.1: Vector representation of points in R3

The element (x, y, z) of R3 can be interpreted as a directed line segment pointing
from the origin O(0, 0, 0) to the point A(x, y, z). This directed line segment is called
the position vector of the point A and is denoted by

rA =
−→
OA (position vector of the point A).

Since the origin O(0, 0, 0) is constant, any position vector rA is fully specified by the
final point A(x, y, z), and so a point A(x, y, z) is often identified with its position
vector rA using the notation

rA =
−→
OA = (x, y, z) =

xy
z

 .
Because of the one-to-one correspondence between points in R3 and their position
vectors, we will regularly refer to elements of the space R3 as vectors. In this context
we will also refer to real numbers as scalars. We will commonly denote arbitrary
vectors in R3 by

v = (v1, v2, v3) ∈ R3 (a generic vector in R3),

and call the numbers v1, v2, v3 ∈ R the components of the vector v.

3.1 The vector space R3

We will begin by defining the vector addition and scalar multiplication of elements of the
set R3, and then explain how the set R3 equipped with these two operations forms what
mathematicians call a vector space.

Definition 3.1: Vector addition and scalar multiplication

We define the following two operations on the set R3.
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(i) (Vector addition) The vector sum of any two vectors u = (u1, u2, u3) ∈ R3 and
v = (v1, v2, v3) ∈ R3, denoted by u+ v, is defined as

u+ v = (u1 + v1, u2 + v2, u3 + v3) ∈ R3.

(ii) (Multiplication of a vector by a scalar) For any vector v = (v1, v2, v3) ∈ R3 and
any scalar α ∈ R, the product of α and v, denoted by αv or α · v, is defined as

αv = α · v = (αv1, αv2, αv3) ∈ R3.

Any vector space must also contain (1) a zero vector and (2) an additive inverse to every
element in the vector space. In the vector space R3, these are defined as follows.

Definition 3.2: The zero vector and additive inverse

The zero vector in R3 is denoted by 0 and defined as

0 = (0, 0, 0) ∈ R3.

The additive inverse to the vector v = (v1, v2, v3) ∈ R3 is denoted by −v and defined as

−v = (−1) · v = (−v1,−v2,−v3) ∈ R3.

The zero vector has the important property that v+0 = v for all v ∈ R3, while the additive
inverse has the property that v + (−v) = 0, for all v ∈ R3. More generally, the following
properties hold for the vector space R3.

Topic 3.2: Axiomatic properties of the vector space R3

The following properties hold for all vectors u,v,w ∈ R3 and all scalars α, β ∈ R.

(i) (u+ v) +w = u+ (v +w) (associativity of vector addition)

(ii) u+ v = v + u (commutativity of vector addition)

(iii) v + 0 = v (property of the zero vector)

(iv) v + (−v) = 0 (property of the additive inverse)

(v) Scalar multiplication is distributive over vector addition, i.e.

α(u+ v) = αu+ αv.

(vi) Scalar multiplication is distributive over scalar addition, i.e.

(α+ β)v = αv + βv.

(vii) Multiplication of scalars and scalar multiplication of vectors is compatible, i.e.

α(βv) = (αβ)v.

(viii) 1 · v = v (property of the multiplicative identity)
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Because the operations of vector addition and scalar multiplication obey the axiomatic
properties (i) through (viii), the set R3, equipped with the operations of vector addition
and scalar multiplication, is called a vector space over the scalar field R.

Note that we have not derived (and thus cannot and will not prove) properties (i)–(viii)
from first principles. Instead, we take these properties as axioms characterizing the vector
space R3, similarly to how we used Axioms (A1) through (A13) as a way of characterizing
the real numbers. We will then use properties (i)–(viii) to derive all other properties of R3.

We now introduce the Cartesian unit vectors, which are a set of three vectors with the
special property that any vector in R3 can be written as a simple sum of the unit vectors.

Definition 3.3: The Cartesian unit vectors

The Cartesian unit vectors, denoted by ı̂, ȷ̂ and k̂, are defined as

ı̂ = (1, 0, 0) ∈ R3

ȷ̂ = (0, 1, 0) ∈ R3

k̂ = (0, 0, 1) ∈ R3.

An arbitrary vector v = (v1, v2, v3) ∈ R3 can be uniquely written as a sum of scalars
multiplied by the Cartesian unit vectors ı̂, ȷ̂, and k̂ in the form

v = v1 ı̂ + v2 ȷ̂ + v3 k̂.

This representation of v is called the expansion of v in terms of ı̂, ȷ̂, and k̂.

The Cartesian unit vectors are a special case of what mathematicians call a basis for the
vector space R3; a basis for a (finite-dimensional) vector space has the important property
that any vector in the space can be written as a linear combination of the basis vectors.
The vectors ı̂, ȷ̂, and k̂ point in the directions of the Cartesian unit axes and are called the
standard basis vectors of the vector space R3. You will learn more about bases in a course
on linear algebra.

Example 3.4: Translation of vectors to the origin

Let A and B be two points in R3 with associated position vectors

rA = (x, y, z) and rB = (x′, y′, z′),

and consider the directed line segment that points from A to point B.

If we translate (i.e. move) this line segment so that it starts at the origin O instead
of at the point A, in such a way that preserves the line’s direction in space, the result
of the translation is the vector in R3 given by

−−→
AB = rB − rA = (x′ − x, y′ − y, z′ − z).

We will assume a convention in which a directed line segment from point A to point
B is equivalent to the vector

−−→
AB = rB − rA ∈ R3. Every directed line segment

between two points in R3 thus corresponds to a vector, and two such directed line
segments correspond to the same vector if, and only if, one is a direction-preserving
translation of the other.
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3.2 The scalar, vector, and triple products

3.2.1 The scalar product in R3

Definition 3.5: The scalar product in R3

The scalar product of any two vectors u = (u1, u2, u3) ∈ R3 and v = (v1, v2, v3) ∈ R3

is a real number denoted by u · v and defined as

u · v = u1v1 + u2u2 + u3v3 ∈ R.

The scalar product is sometimes also called the dot product ; in more general vector spaces,
an operation analogous to the scalar product is called the inner product.

Proposition 3.6: Properties of the scalar product

The following properties hold for all vectors u,v,w ∈ R3 and all scalars α ∈ R3

(i) u · v = v · u (commutativity)

(ii) u · (v +w) = u · v + u ·w (distributivity over vector addition)

(iii) (u+ v) ·w = u ·w + v ·w (distributivity over vector addition)

(iv) α(u · v) = (αu) · v = u · (αv) (homogeneity)

(v) v · v ≥ 0 (positive definiteness)

(vi) v · v = 0 if, and only if, v = 0. (positive definiteness)

Proof. All properties can be directly verified by direct computation using the defini-
tion of the scalar product.

Because it obeys properties (ii)–(iv), the scalar product is a bilinear operation.

The scalar product can be used to equip R3 with a number of useful geometric notions,
including the length of a vector and the distances and angles between vectors. We explore
length and distance immediately below.

Topic 3.3: Length of a vector in R3

The length of any vector v = (v1, v2, v3) ∈ R3 is denoted by ∥v∥ and defined as

∥v∥ =
√
v · v =

√
v21 + v22 + v33 ∈ R.

The positive-definiteness of the scalar product (Proposition 3.6 (vi)), means that the
length of any vector v ∈ R3 obeys

v ≥ 0 and ∥v∥ = 0 ⇐⇒ v = 0.

Additionally, for all α ∈ R the length of any scaled vector obeys

∥αv∥ = |α|∥v∥ for all v ∈ R3.

Note: in R3 (and more generally in any Euclidean space) the length of a vector is
commonly denoted by either ∥v∥ or ∥v∥; we will use ∥v∥ to avoid ambiguity with
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the absolute value of a scalar. In more general vector spaces, an operation analogous
to taking the length of a vector is called the vector norm, and is also denoted by ∥v∥.

Topic 3.4: Distance between vectors in R3

The distance between any two vectors u,v ∈ R3 is denoted by d(u,v) and defined as

d(u,v) = ∥v − u∥ =
√
(v1 − u1)2 + (v2 − u2)2 + (v3 − u3)2.

Geometrically, viewing vectors as directed line segments in R3 as discussed in
Topic 3.1, the distance between two vectors is the distance between their endpoints.
In this view, for any two points A and B in R3 with associated position vectors
rA = (x, y, z) and rB = (x′, y′, z′), the distance between the points is

d(A,B) = ∥rB − rA∥ =
√
(x− x′)2 + (y − y′)2 + (z − z′)2.

Proposition 3.7: The Cauchy-Schwartz inequality

Every two vectors u,v ∈ R3 obey the Cauchy-Schwartz inequality

|u · v| ≤ ∥u∥∥v∥.

Proof. If either u = 0, v = 0, or u = v = 0, we can directly verify the inequality:

|v · u| = 0 ≤ ∥u∥∥v∥ = 0.

Now assume both u and v are nonzero, and for shorthand define the three terms

α = ∥v∥2, β = u · v, w = αu− βv.

We then make the calculation

w ·w (a)
= (αu− βv) · (αu− βv)

= α2u · u− αβu · v − βαv · u+ β2v · v
(b)
= α2u · u− 2αβu · v + β2v · v
= α2∥u∥2 − 2αβu · v + β2∥v∥2

(c)
= ∥v∥4∥u∥2 − 2∥v∥2(u · v)2 + (u · v)2∥v∥2

= ∥v∥4∥u∥2 − (u · v)2∥v∥2
(d)

≥ 0,

where (a) follows from the definition of w, (b) holds because of the dot product’s
commutativity, (c) follows from the definitions of α and β, and (d) holds because
w ·w ≥ 0 by Proposition 3.6 (v).

We then divide through by ∥v∥2 (which is allowed because ∥v∥2 > 0 under the
assumption that v ̸= 0), rearrange, and take the square root of the inequality to get

∥v∥2∥u∥2 − (u · v)2 ≥ 0 (after dividing through by ∥v∥2)
∥v∥2∥u∥2 ≥ (u · v)2 (rearranging)√

∥v∥2∥u∥2 = ∥v∥∥u∥ ≥
√
(u · v)2 = |u · v| (taking the square root).
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The result is the Cauchy-Schwartz inequality |u · v| ≤ ∥v∥∥u∥.

Strict equality, i.e. |u · v| = ∥v∥ · ∥u∥, occurs when w = 0. From the definition of
w, this occurs when αu = βv, i.e. (assuming u and v are nonzero) when u and v
point in the same direction in space (or, equivalently, when one vector is a scalar
multiple of the other).

Proposition 3.8: The triangle inequality

Every two vectors u,v ∈ R3 obey the triangle inequality

∥u+ v∥ ≤ ∥u∥+ ∥v∥.

Proof. We begin with the calculation

∥u+ v∥2 = (u+ v) · (u+ v) = u · u+ 2u · v + v · v,

then apply the Cauchy-Schwartz inequality to get

∥u+ v∥2 = u · u+ 2u · v + v · v
(a)

≤ ∥u∥∥u∥+ 2∥u∥∥v∥+ ∥v∥∥v∥
= (∥u∥+ ∥v∥)2,

where (a) uses the Cauchy-Schwartz inequality. We then take the square root of
both sides of the resulting inequality to get ∥u+ v∥ ≤ ∥u∥+ ∥v∥.

The triangle equality gets its name from interpreting the vectors u, v, and u+v as directed
line segments defining the sides of triangle, together with the fact that, from elementary
geometry, the sum of the lengths of any two sides of a triangle is greater than or equal to
the length of the remaining side.

Definition 3.9: Orthogonality

Two vectors u,v ∈ R3 are said to be orthogonal when

v · u = 0.

If u and v are orthogonal, we write u ⊥ v.

Orthogonality is generalization of the concept of perpendicularity to general vector spaces,
and the definition of orthogonality agrees with the notion of perpendicularity from elemen-
tary geometry. To show this, we first make the auxiliary calculation

∥u+ v∥2 = (u+ v) · (u+ v) = ∥u∥2 + 2u · v + ∥v∥2. (3.1)

We then note that any two vectors u,v ∈ R3 specify a triangle with sides u, v, and u+ v.
The sides u and v are perpendicular when the triangle obeys the Pythagorean theorem
∥u+ v∥2 = ∥u∥2 + ∥v∥2. But by Equation 3.1, this perpendicularity condition occurs if,
and only if, u · v = 0, i.e. when u and v are orthogonal.
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Definition 3.10: Orthogonal projection

The orthogonal projection of the vector u ∈ R3 onto the nonzero vector v ∈ R3 \ {0},
denoted by pr⊥v (u), is defined as the vector

pr⊥v (u) =
(u · v
v · v

)
v ∈ R3.

This definition, although perhaps intimidating at first sight, has a well-defined geometrical
interpretation: the orthogonal projection pr⊥v (u) of u onto v is the scaled multiple of v for
which u− pr⊥v (u) is perpendicular to v, i.e.[

u− pr⊥v (u)
]
· v = 0.

The formula for the orthogonal projection follows from denoting pr⊥v (u) = αv for some
α ∈ R, and then applying the above orthogonality condition to compute[

u− pr⊥v (u)
]
· v = (u− αv) · v = 0 =⇒ α =

u · v
v · v

.

Having solved for α, it then follows that

pr⊥v (u) = αv =
(u · v
v · v

)
v.

Note that pr⊥v (u) = 0 if u = 0.

Topic 3.5: Angle between vectors

The angle ϕ between any two nonzero vectors u,v ∈ R \ {0} is given by

cosϕ =
u · v

∥u∥∥v∥
.

One can derive this formula directly from geometrical considerations: if one defines
a triangle with side lengths u, pr⊥v (u), and u− pr⊥v (u) then by the definition of the
cosine function the angle between the vectors u and pr⊥v (u), and thus also the angle
between u and v ∥ pr⊥v (u), is

cosϕ =

∥∥pr⊥v (u)∥∥
∥u∥

=
u · v
∥v∥2

∥v∥
∥u∥

=
u · v

∥u∥∥v∥
.

The angle between two vectors is undefined if one (or both) of the vectors is 0.

The angle ϕ between any two nonzero vectors u,v ∈ R \ {0} is

• acute if u · v > 0,

• obtuse if u · v < 0, and

• a right angle if u · v = 0.

The definition of the angle between two vectors can be used to define the notions of parallel
and linearly dependent vectors—these concepts play an important role in the theory of
vector spaces, but we will use them only briefly in this book.
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Definition 3.11: Parallel and linearly dependent vectors

Two nonzero vectors in R3 are said to be parallel or colinear if the angle between
then is equal to either 0 or π. The zero vector 0 is thus parallel to all vectors in R3.

Two vectors in R3 are said to be linearly dependent if one is a scalar multiple of the
other. More formally (but equivalently) the vectors u,v ∈ R3 are linearly dependent if,
and only if, there exist scalars α,β ∈ R3 of which at least one is nonzero and for which

αu+ βv = 0.

Topic 3.6: Unit vectors and direction cosines

A vector u ∈ R3 is called a unit or normalized vector if

∥u∥ = 1 (condition that u is a unit vector).

A unit vector is typically written with a circumflex, for example û. An arbitrary
vector v ∈ R3 can be normalized, i.e. made into a unit vector, by dividing it by its
magnitude:

v̂ =
1

∥v∥
v (normalized version of v).

The vector v̂ points in the same direction as v but has unit magnitude.

Any normalized vector û can be written in the form

û = (cosα, cosβ, cos γ) = cosα ı̂ + cosβ ȷ̂ + cos γ k̂,

where α, β, and γ are the angles between û and the standard basis vectors ı̂, ȷ̂,
and k̂, respectively. The components cosα, cosβ, and cos γ are called the direction
cosines of the unit vector û.

We conclude this section with a routine exercise in computing vector lengths, dot products,
angles, and orthogonal projections.

Example 3.12: Practice with vector computations

Define the vectors u = (1, 2, 3) and v = (1, 0,−1), and let us compute the lengths
∥u∥, ∥v∥, and ∥u+ v∥; the angle ϕ between the vectors u and v, and the orthogonal
projection of u onto v.

We first note that u+ v = (2, 2, 2), and then compute the lengths of each vector:

∥u∥ =
√
1 + 4 + 9 =

√
14

∥v∥ =
√
1 + 0 + 1 =

√
2

∥u+ v∥ =
√
4 + 4 + 4 =

√
12.

We then compute the dot product

u · v = 1 + 0− 3 = −2,
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which we then use to compute the angle ϕ:

cosϕ =
u · v

∥u∥∥v∥
=

−2√
28

= − 1√
7
.

Finally, the orthogonal projection of u onto v is

pr⊥v (u) =
(u · v
v · v

)
· v =

(
−2

2

)
v = (−1, 0, 1).

3.2.2 The vector product in R3

Definition 3.13: The vector product

The vector product of any two vectors u = (u1, u2, u3) and v = (v1, v2, v3) is a vector
denoted by u× v and defined as

u× v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1) ∈ R3.

The vector product is also called the cross product, and can be written in the following
equivalent forms:

u× v = (u2v3 − u3v2) ı̂ + (u3v1 − u1v3) ȷ̂ + (u1v2 − u2v1) k̂

(a)
=

∣∣∣∣u2 u3
v2 v3

∣∣∣∣ ı̂ + ∣∣∣∣u3 u1
v3 v1

∣∣∣∣ ȷ̂ + ∣∣∣∣u1 u2
v1 v2

∣∣∣∣ k̂
(b)
=

∣∣∣∣∣∣
ı̂ ȷ̂ k̂
u1 u2 u3
v1 v2 v3

∣∣∣∣∣∣ ,
(3.2)

where (a) and (b) use a notation and concept from linear algebra called the determinant of
a square matrix. We mention this determinant form of the vector product only for the sake
of completeness—aside from a brief appearance in the calculation of the triple product in
Section 3.2.3, will not use determinants elsewhere in this book.

Proposition 3.14: Properties of the vector product I

The following properties hold for all vectors u,v,w ∈ R3 and all scalars α ∈ R:

(i) u× v = −(v × u) (anticommutativity)

(ii) u× (v +w) = u× v + u×w (distributivity over vector addition)

(iii) (u+ v)×w = u×w + v ×w (distributivity over vector addition)

(iv) α(u× v) = (αu)× v = u× (αv) (homogeneity)

(v) The vector u× v is orthogonal to both u and v, i.e.

u · (u× v) = v · (u× v) = 0

(vi) v × v = 0.
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Proof. Points (i)–(v) can be directly verified by direct computation using the defini-
tion of the vector product. Point (vi) is a direct consequence of the anticommutativity
in point (i).

Because it satisfies properties (ii)–(iv), the vector product is a bilinear operation.

The unit vectors ı̂, ȷ̂, and k̂ obey the cross product identities

ı̂ × ȷ̂ = k̂ ı̂ × ı̂ = 0

ȷ̂ × k̂ = ı̂ ȷ̂ × ȷ̂ = 0

k̂× ı̂ = ȷ̂ k̂× k̂ = 0.

In fact, because the vector product is a bilinear operation and every vector in R3 can be
written as a linear combination of the basis vectors ı̂, ȷ̂, and k̂, the vector product is fully
determined by properties (ii)–(iv) and the vector products of the unit vectors. Namely:

u× v = (u1 ı̂ + u2 ȷ̂ + u3 k̂)× (v1 ı̂ + v2 ȷ̂ + v3 k̂)

= u1v2( ı̂ × ȷ̂) + u1v3( ı̂ × k̂) + u2v1( ȷ̂ × ı̂)

+ u2v3( ȷ̂ × k̂) + u3v1( k̂× ı̂) + u3v2( k̂× ȷ̂)

= u1v2 k̂+ u1v3(− ȷ̂) + u2v1(− k̂) + u2v3 ı̂ + u3v1 ȷ̂ + u3v2(− ı̂)

= (u2v3 − u2v2) ı̂ − (u1v3 − u3v1) ȷ̂ + (u1v2 − u2v1) k̂,

which agrees with the definition of the vector product in Definition 3.13.

Proposition 3.15: Properties of the vector product II

The following properties hold for all vectors u,v,w ∈ R3:

(i) u · (v ×w) = (u× v) ·w

(ii) u× (v ×w) = (u ·w)v − (u · v)w

(iii) u × (v × w) + v × (w × u) + w × (u × v) = 0, which is called the Jacobi
identity for the cross product.

(iv) If u and v are both nonzero and ϕ is the angle between v and u, then

∥u× v∥ = ∥u∥∥v∥ sinϕ.

Proof. Points (i) through (iii) can be verified by direct computation using the
definition of the vector product. Before proving point (iv), we first quote the equality

∥u× v∥2 = ∥u∥2∥v∥2 − (u · v)2,

which can be verified by direct computation using the definition of the scalar and
vector product. Point (iv) then follows from the calculation

∥u× v∥2 = ∥u∥2∥v∥2 − (u · v)2

(a)
= ∥u∥2∥v∥2 − ∥u∥2∥v∥2 cos2 ϕ
= ∥u∥2∥v∥2(1− cos2 ϕ)

= ∥u∥2∥v∥2 sin2 ϕ.
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where (a) follows from the definition of the angle between two vectors. We then take
the square root of both sides to get ∥u× v∥ = ∥u∥∥v∥ sinϕ.

Topic 3.7: Geometric interpretation of the vector product

Let u and v be two nonzero vectors in R3 and let ϕ denote the angle between them.
We first note that the vectors u and v define a parallelogram with a base of length
∥u∥ and a height ∥v∥ sinϕ. The area of this parallelogram is

A
(a)
= ∥u∥∥v∥ sinϕ (b)

= ∥u× v∥,

where (a) follows from elementary geometry and (b) from Proposition 3.15 (iv). Note
that this area formula makes sense even if one of the vectors is zero, in which case
the area of the parallelogram is also zero.

The cross product u× v of two vectors u,v ∈ R3 is thus a third vector orthogonal
to both u and v with length equal to the area of the parallelogram spanned by u
and v.

Assuming u × v is nonzero, the direction of u × v is such that the vectors u, v,
and u× v, in that order, satisfy the right-hand rule. In particular, this means that
the mutual orientation of u, v, and u× v, in that order, is the same as the mutual
orientation of the standard basis vectors ı̂, ȷ̂, and k̂, in that order.

The vector product of two vectors is closely related to the vectors’ linear dependence (or
lack of it), as explored in the following proposition.

Proposition 3.16: Linear dependence in R3

The following properties are equivalent for any two vectors u,v ∈ R3.

(i) The vectors u and v are parallel.

(ii) The vectors u and v are linearly dependent.

(iii) The vectors satisfy the Cauchy-Schwartz equality |u · v| = ∥u∥∥v∥

(iv) The vectors’ cross product is zero, i.e. u× v = 0.

Proof. If either u, v, or both are zero, then all properties follow directly from the
definitions of parallel vectors, linear independence, etc.

Now assume u and v are both nonzero, and let ϕ denote the angle between them.
In this case:

• The equivalence of (ii) and (iii) follows from the definition of linear dependence
in Definition 3.11 and the fact that two vectors satisfy the Cauchy-Schwartz
equality only if one is a scalar multiple of the other (recall the comment at the
end of the proof of Proposition 3.7).

• Point (iv) follows from point (ii) and the calculation

u× v
(a)
= (γv)× v

(b)
= γ(v × v)

(c)
= 0,
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where (a) uses point (ii) and the definition of linear dependence to write u = γv,
(b) uses the homogeneity of the vector product, and (c) follows from the vector
product identity v × v = 0.

• Point (i) follows from (iv) and the calculation

u× v = 0 =⇒ 0 = ∥u× v∥ (a)
= ∥u∥∥v∥ sinϕ (b)

=⇒ sinϕ = 0,

where (a) uses Proposition 3.15 (iv) and (b) follows from the assumption that
both u and v are nonzero, requiring sinϕ = 0. The result sinϕ = 0 means that
ϕ equals either 0 or π, and so u and v are parallel by Definition 3.11.

• Point (iii) follows from point (i); namely, if u and v are parallel, i.e. if ϕ equals
0 or π, then cosϕ = ±1 and so

|u · v| (a)= ∥u∥∥v∥|cosϕ| (b)= ∥u∥∥v∥,

where (a) follows from the definition of the angle between two vectors and (b)
from cosϕ = ±1.

3.2.3 The triple product in R3

Definition 3.17: The triple product

The triple product of the vectors u,v,w ∈ R3 is a scalar denoted by (u,v,w) and
defined as

(u,v,w) = (u× v) ·w ∈ R.

Because the scalar product is commutative, because the vector product is anticommutative,
and because u · (v ×w) = (u× v) ·w by Proposition 3.15 (i), the triple product obeys

(u× v) ·w = (v ×w) · u = (w × u) · v
= −(v × u) ·w = −(w × v) · u = −(u×w) · v,

and so the triple product is invariant under cyclic permutation of its arguments.

The triple product can be computed in any of the following forms:

(u× v) ·w = u · (v ×w)

(a)
= u ·

(∣∣∣∣v2 v3
w2 w3

∣∣∣∣ ı̂ − ∣∣∣∣v1 v3
w1 w3

∣∣∣∣ ȷ̂ + ∣∣∣∣v1 v2
w1 w2

∣∣∣∣ k̂)
(b)
= u1

∣∣∣∣v2 v3
w2 w3

∣∣∣∣− u2

∣∣∣∣v1 v3
w1 w3

∣∣∣∣+ u3

∣∣∣∣v1 v2
w1 w2

∣∣∣∣
(c)
=

∣∣∣∣∣∣
u1 u2 u3
v1 v2 v3
w1 w2 w3

∣∣∣∣∣∣
= u1v2w3 + u2v3w1 + u3v1w2

− u1v3w2 − u2v1w3 − u3v2w1,

where (a), (b), and (c), like in Equation 3.2 for the vector product, are expressed in terms
of the determinant of a square matrix.
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Topic 3.8: Geometric interpretation of the triple product

Consider the parallelepiped spanned by the vectors u,v,w ∈ R3. If the vectors u×v
and w are both nonzero, let ϕ denote the angle between them; otherwise, let ϕ be an
arbitrary real number. The base of the parallelepiped is the parallelogram spanned
by u and v with area A and height h equal to

A = ∥u× v∥ and h = ∥w∥|cosϕ|.

We then make the calculation

|(u× v) ·w| = ∥u× v∥∥w∥|cosϕ| = Ah = V,

which implies that the absolute value of the triple product |(u,v,w)| equals the
volume V = Ah of the parallelepiped spanned by u, v, and w. Meanwhile, if
(u,v,w) = 0, the vectors u, v, and w are said to be coplanar. Interpreted geometri-
cally, this means that u, v, and w are all parallel to the same plane—we will discuss
planes in R3 in the next section.

We conclude this section by noting that the vectors u, v, and w, in that order,
satisfy the right-hand rule if, and only if, (u,v,w) > 0.

3.3 Lines and planes in R3

This section introduces the equation-based formulation of lines and planes in R3 and covers
the calculation of the their mutual positions and orientations.

3.3.1 Equation of a plane in R3

Definition 3.18: Planes in R3

Let r0 and n be two vectors in R3 and assume that n ≠ 0. In this case the plane in
R3 perpendicular to n and containing the point with position vector r0 is the set of
points Σ ⊂ R3 defined as

Σ = {r ∈ R3 ; (r − r0) ⊥ n} ⊂ R3.

The plane Σ is thus the set of all points r ∈ R3 solving the equation

(r − r0) · n = 0;

this equation is called the equation of the plane Σ. The nonzero vector n is called
the normal vector to the plane Σ; two planes are said to be parallel if their normal
vectors are parallel.

Topic 3.9: Point-normal and standard equation of a plane

Let r = (x, y, z), r0 = (x0, y0, z0) and n = (a, b, c). Using this notation, the equation
(r − r0) · n = 0, i.e. the equation of the plane with normal n passing through the
point r0, can be written in following two equivalent forms

67



(i) Point normal form:

a(x− x0) + b(y − y0) + c(z − z0) = 0.

(ii) Standard or general form:

ax+ by + cz = d.

At least one of the constants a, b, c must be nonzero for the plane to be well-defined,
in which case the two forms are related by the identity

d = ax0 + by0 + cz0.

Topic 3.10: Defining a plane with three points

Let r1, r2, and r3 be the position vectors of three points in R3. If the vectors r2− r1
and r3 − r1 are not parallel, there exists exactly one plane Σ ⊂ R3 that passes
through all three points. The normal vector to this plane is

n = (r2 − r1)× (r3 − r1), (3.3)

and the plane itself is the set of all r ∈ R3 solving the equation

(r − r1) ·
[
(r2 − r1)× (r3 − r1)

]
= 0, (3.4)

which is just a special case of the equation (r − r0) · n = 0 with normal vector n
given by Equation 3.3.

Note that Equation 3.4 is a triple product of the vectors (r − r1), (r2 − r1), and
(r3 − r1), and so the equation of a plane defined by three points can be written in
the determinant form. ∣∣∣∣∣∣

x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣ = 0.

3.3.2 Equation of a line in R3

Definition 3.19: Lines in R3

Let r0 and s be two vectors in R3 and assume s ̸= 0. In this case the line in R3

parallel to the vector s and passing through the point with position vector r0 is the
set of points ℓ ⊂ R3 defined as

ℓ = {r0 + ts ∈ R3 ; t ∈ R} ⊂ R3. (3.5)

The line ℓ thus consists of vectors of the form

r = r0 + ts, t ∈ R;

The formulation of a line in Equation 3.5 in terms of the quantity r0 + ts is called the
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parametric form of a line, and t is called the line’s parameter. The parameter t determines
the position along the line of a point with position vector r = r0 + ts. The vector s is
called the line’s direction vector.

Topic 3.11: Standard equation of a line

Let r = (x, y, z), r0 = (x0, y0, z0) and s = (α, β, γ), and assume at least one of
the constants α, β, γ must be nonzero. Using this notation, the vector equation
r = r0 + ts can be written as the system of scalar equations

x = x0 + tα

y = y0 + tβ

z = z0 + tγ.

Solving the equations for the parameter t and equating the results produces the
standard form of the equation of a line, which we divide into the following subcases
depending on the values of the components α, β, and γ:

(i) If α, β, and γ are all nonzero, the standard equation of a line is

x− x0
α

=
y − y0
β

=
z − z0
γ

.

(ii) If α = 0 and β, γ ̸= 0, then the standard equation of a line is

x = x0,
y − y0
β

=
z − z0
γ

.

(iii) If α = β = 0 and γ ̸= 0, the standard equation of a line is

x = x0, y = y0, z = z0 + tγ.

Analogous equations result if different combinations of α, β, and γ are zero/nonzero,
but at least one of these three constants must be nonzero for the line to be well-defined.

Topic 3.12: Specifying a line as an intersection of planes

A line in R3 can be specified as the intersection of two nonparallel planes Σ1 and Σ2.
Assume planes Σ1 and Σ2 are respectively given in standard form by the equations

a1x+ b1y + c1z = d1 and a2x+ b2y + c2z = d2;

and let the planes’ normal vectors be given respectively by

n1 = (a1, b1, c1) and n2 = (a2, b2, c2).

The intersection of the two planes then uniquely specifies a line ℓ = Σ1∩Σ2 consisting
of all points r = (x, y, z) ∈ R3 solving the system of equations

a1x+ b1y + c1z = d1

a2x+ b2y + c2z = d2.
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The point r0 used to specify the line ℓ = Σ1 ∩ Σ2 can be any solution to the above
equations, while the line’s direction vector can be taken to be

s = n1 × n2,

which is perpendicular to both n1 and n2 and nonzero under the assumption that
Σ1 and Σ2 are not parallel.

Topic 3.13: Reparameterizing a line in R3

We have mentioned that a line ℓ ⊂ R3 parallel to the vector s and containing the
point r0 is the set of all points

ℓ = {r0 + ts ∈ R3 ; t ∈ R}.

However, it is perfectly reasonable to specify the same line with a different direction
vector and point—any point r′0 in the line ℓ and any direction vector s′ parallel to s
specify the same line ℓ.

Because r′0 ∈ ℓ, there exists some t0 ∈ R for which r′0 = r0 + t0s, and because s′ is
parallel to s, there exists some nonzero scalar θ ∈ R for which s′ = θs. The new
point r′0 and direction vector s′ specify a new parameterization of the line ℓ, namely

ℓ = {r′0 + t′s′ ∈ R3 ; t′ ∈ R}.

The process of changing initial point and direction vector used to specify a given
line is called reparameterization. The original and new parameterizations are related
by the equality

r = r′0 + t′s
(a)
= (r0 + t0s) + t′θs = r0 + (t0 + t′θ)s = r0 + ts,

where (a) follows from the above expressions for r′0 and s′; the original and new
parameters are thus related by the equation

t = t0 + t′θ.

After reparameterization, the standard equation of a line in Topic 3.11 (i) becomes

x− (x0 + t0α)

θα
=
y − (y0 + t0β)

θβ
=
z − (z0 + t0γ)

θγ
,

or, after rearranging into a more interpretable form,

1

θ

(
x− x0
α

− t0

)
=

1

θ

(
y − y0
β

− t0

)
=

1

θ

(
z − z0
γ

− t0

)
. (3.6)

Equation 3.6 means that the new standard-form equation of the line ℓ can be obtained
from the original equation by a translation by t0 and a scaling by 1/θ. Thus two
standard-form equations correspond to the same line if one set of equations can be
obtained from the other by translation and scaling of the original.

We illustrate how the same line can have multiple standard-form equations in the following
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example.

Example 3.20: Two standard-form equations of the same line

Let the lines ℓ1 ∈ R3 and ℓ2 ∈ R3 be given respectively by the standard-form
equations

x− 5

2
=
y − 7

3
=
z

5
and

x− 1

4
=
y − 1

6
=
z + 10

10
.

From observing the fractions’ denominators, the two lines have direction vectors

s1 = (2, 3, 5) and s2 = (4, 6, 10);

since s1 is a scalar multiple of s2, the vectors s1 and s2, and thus the lines ℓ1 and
ℓ2, are parallel. The lines being parallel leaves two possibilities: either the two lines
are equal or they do not intersect at all, so it suffices to show that the lines contain
a single mutual point to show that the lines are in fact equal. By observing the
fractions’ numerators, the first line contains the point (5, 7, 0); substituting this point
into the equation of ℓ2 gives

5− 1

4
=

7− 1

6
=

0 + 10

10
= 1 = 1 = 1.

The point (5, 7, 0) thus solves the equation of, and thus lies on, the line ℓ2, implying
that ℓ1 and ℓ2 are the same line.

3.3.3 The mutual orientation of points, lines, and planes in R3

We conclude this chapter with a survey of techniques for computing the distances and
angles between points, lines, and planes.

Topic 3.14: Distance between two points

The distance between any two points with position vectors r1, r2 ∈ R3 is

d(r1, r2) = ∥r2 − r1∥.

Topic 3.15: Distance between a point and a line

Let r1 be any point in R3 and let ℓ ⊂ R3 be a line with the parameterization

r = r0 + ts, r0 ∈ R3 and s ∈ R3 \ {0}.

The distance between the point with position vector r1 and the line ℓ is defined as
the distance between r1 and the point on ℓ closest to r1. From geometric arguments,
this distance is the height d of a parallelogram with base s and side r1 − r0. Two
equivalent expressions for the area of the this parallelogram are

A = ∥s∥d = ∥s× (r1 − r0)∥ = A,

which we then rearrange to solve for the distance between r1 and ℓ

d(r1, ℓ) =
∥s× (r1 − r0)∥

∥s∥
.

71



Topic 3.16: Distance between a point and a plane

Let r1 be any point in R3 and let Σ ⊂ R3 be the plane given by

(r − r0) · n = 0, r0 ∈ R3 and n ∈ R3 \ {0}.

The distance between the point with position vector r1 and the plane Σ is defined
as the distance between r1 and the point in Σ closest to r1. This distance equals
the magnitude of the orthogonal projection of the vector r1 − r0 onto the plane’s
normal vector n, i.e.

d(r1,Σ) =
∥∥∥pr⊥n(r1 − r0)

∥∥∥ =

∥∥∥∥((r1 − r0) · n
n · n

)
n

∥∥∥∥
=

|(r1 − r0) · n|
∥n∥

.

Topic 3.17: Distance between parallel lines

Let ℓ1 and ℓ2 be two parallel lines in R3 given by the parameterizations

r = r1 + ts1 and r = r2 + ts2.

Recall that two lines are parallel if s1 × s2 = 0. In this case, the distance between
the lines equals the distance between the first line and any point on the second line,
or vice versa; using the formula in Topic 3.15 for the distance between a point and a
line, the distance between two parallel is thus

d(ℓ1, ℓ2) =
∥s2 × (r1 − r2)∥

∥s2∥
.

Topic 3.18: Distance between nonparallel lines

Let ℓ1 and ℓ2 be two nonparallel lines in R3 given by the parameterizations

r = r1 + ts1 and r = r2 + ts2;

recall that two lines are nonparallel if s1 × s2 ≠ 0. In this case, the distance between
the lines equals the height d of the parallelepiped with side r2 − r1 and whose base
is the parallelogram spanned by the direction vectors s1 and s2. The volume of the
parallelepiped is on the one hand equal to the absolute value of the triple product
of s1, s2, and r2 − r1 and on the other hand equal to the base-height product
A · h = ∥s1 × s2∥ · d. We first equate these two volume expressions:

V = ∥s1 × s2∥ · d = |(s1, s2, r2 − r1)| = V,

then solve for the distance d to get

d(ℓ1, ℓ2) =
|(s1, s2, r2 − r1)|

∥s1 × s2∥
=

|(s1 × s2) · (r2 − r1)|
∥s1 × s2∥

.
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Topic 3.19: Distance between a line and a plane

If a line and plane intersect, the distance between them is zero. If a line and plane
do not intersect, the distance between them is distance between the plane and any
point on the line as covered in Topic 3.16.

Topic 3.20: Distance between two planes

If two planes intersect, the distance between them is zero. If two planes do not
intersect, the distance between them is distance between the first plane and any
point on the second plane (or vice versa) as covered in Topic 3.16.

Topic 3.21: Angle between two lines

Let ℓ1 and ℓ2 be two lines in R3 given by the parameterizations

r = r1 + ts1 and r = r2 + ts2.

The angle ϕ between the lines falls in the range ϕ ∈ [0, π/2] and is determined by
the mutual orientation of the lines’ direction vectors. If the angle between s1 and
s2 is acute or a right angle, the angle between ℓ1 and ℓ2 equals the angle between
s1 and s2. If the angle between s1 and s2 is obtuse, the angle between ℓ1 and ℓ2
equals the angle between s1 and −s2. Using the expression for the angle between
two vectors from Topic 3.5, a single formula for the angle between two lines is

cosϕ =
|s1 · s2|
∥s1∥∥s2∥

.

Topic 3.22: Angle between a line and a plane

Let ℓ be a line in R3 with the parameterization

r = r1 + ts, r1 ∈ R3 and s ∈ R3 \ {0}.

and let Σ be the plane in R3 given by

(r − r2) · n = 0, r2 ∈ R3 and n ∈ R3 \ {0}.

The angle between the line ℓ and plane Σ falls in the range ϕ ∈ [0, π/2] and equals
the angle between the line ℓ and ℓ’s orthogonal projection onto the plane Σ. From
geometrical arguments, the angle between ℓ and a hypothetical line with direction
vector n equals π/2− ϕ. Using the trigonometric identity sinϕ = cos(π/2− ϕ) and
the formula for the distance between two lines, the angle between ℓ and Σ is then

sinϕ =
|s · n|
∥s∥∥n∥

.
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Topic 3.23: Angle between two planes

Let Σ1 and Σ2 be two plane in R3 defined by the equations

(r − r1) · n1 = 0 and (r − r2) · n2 = 0,

where r1, r2 ∈ R3 and n1,n2 ∈ R3 \ {0}. The angle between the planes falls in the
range ϕ ∈ [0, π/2] and equals the angle between two lines with direction vectors
equal to n1 and n2; referring to Topic 3.21, the angle between the planes is

cosϕ =
|n1 · n2|
∥n1∥∥n2∥

.
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4 Sequences of numbers

4.1 Basic concepts

Definition 4.1: Sequences and elements

• A sequence of complex numbers, or simply a complex sequence, is a function
of the form N → C mapping n 7→ an and is usually written with one of the
following notations

(a1, a2, a3, . . .) = (an)n∈N = (an)n = (an).

The individual numbers in the sequence (e.g. a1, a2, etc.) are called the
sequence’s elements. The n-th element of the complex sequence (an)n∈N is the
number an ∈ C.

• The image of a complex sequence (an)n∈N is the set of the sequence’s elements:

image (an)n∈N = {a1, a2, a3, . . .} = {an ; n ∈ N} ⊂ C.

If all elements in the sequence (an)n∈N are real (or rational, integer, or natural) numbers,
then (an)n∈N is called a sequence of real (or rational, integer, or natural) numbers and its
image is a subset of R (or Q, Z, or N). This section primarily concerns sequences of real
numbers.

We now extend the concepts of boundedness introduced in Section 2 to the description of
sequences.

Definition 4.2: Boundedness of real sequences

Let (an)n∈N be a sequence of real numbers. In this case

(i) The real sequence (an)n∈N is bounded if its image is a bounded subset of R.

(ii) The real sequence (an)n∈N is bounded above if its image is an above-bounded
subset of R. In this case the sequence’s supremum is the number

sup (an)n∈N = sup{an ; n ∈ N}.

(iii) The real sequence (an)n∈N is bounded below if its image is a below-bounded
subset of R. In this case the sequence’s infimum is the number

inf (an)n∈N = inf{an ; n ∈ N}.

The concept of general boundedness also applies to complex-valued sequences: a complex-
valued sequence is bounded if its image is a bounded subset of C. However, boundedness
above and below, and thus the supremum and infimum, cannot be naturally extended
to complex sequences because, as mentioned in the comments following Topic 2.14, the
complex numbers lack a natural ordering relation.
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Definition 4.3: Growth of real sequences

Let (an)n∈N be a sequence of real numbers. In this case

(i) The sequence (an)n∈N is said to be increasing if

an+1 ≥ an for all n ∈ N.

(ii) The sequence (an)n∈N is said to be decreasing if

an+1 ≤ an for all n ∈ N.

(iii) The sequence (an)n∈N is monotonic if it is either increasing or decreasing.

(iv) The sequence (an)n∈N is said to be strictly increasing if

an+1 > an for all n ∈ N.

(v) The sequence (an)n∈N is said to be strictly decreasing if

an+1 < an for all n ∈ N.

(vi) The sequence (an)n∈N is strictly monotonic if it is either strictly increasing or
strictly decreasing.

Remark 4.4: Indexing sequences

We have defined sequences as functions with the natural numbers N as the domain—
such sequences are said to be indexed by the natural numbers.

More generally, the set of indices can be any nonempty subset J ⊂ Z. A subset
of complex numbers indexed by the subset J is a function J → C mapping j → uj
and written in the form (uj)j∈J . Common examples of indexing sets are N, N ∪ {0},
and Z ∩ [p,∞) for some p ∈ Z. We will consider only sequences indexed by sets are
infinite and below-bounded subsets of the integers Z; the analysis of such sequences
is very similar to the analysis of sequences indexed by N.

We now offer a few examples of important sequences.

Example 4.5: Common sequences

(i) For all a ∈ C the constant sequence with value a is the sequence

(a, a, a, . . .);

every element in the constant sequence is equal to a.

(ii) The sequence of natural numbers (1, 2, 3, 4, 5, . . .) is given by the general
mapping an = n for all n ∈ N. This sequence is strictly increasing and bounded
below, but is not bounded above.

(iii) Let a, d ∈ C be two complex numbers. The arithmetic sequence with initial
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element a and difference d is the sequence

(a, a+ d, a+ 2d, a+ 3d, . . .), an = a+ (n− 1)d, n ∈ N.

The arithmetic sequence may also be defined recursively by specifying the
initial element a1 = a and formula an+1 = an + d for all n ∈ N.

(iv) Let a, q ∈ C be two complex numbers. The geometric sequence with initial
element a and ratio q is the sequence

(a, aq, aq2, aq3, . . .), an = aqn−1.

The geometric sequence may also be defined recursively by specifying the initial
element a1 = a and formula an+1 = anq for all n ∈ N. As a concrete example,
the sequence

(1, i,−1,−i, 1, i,−1,−i, 1, . . .)

with the generic element an = in−1 is a bounded geometric sequence with
initial element 1 and ratio i.

(v) For any nonnegative real number a, the sequence (a/n)n is a decreasing sequence
with infimum 0.

(vi) For any nonnegative real number q ∈ (0, 1), the sequence (aqn−1)n is also a
decreasing sequence with infimum 0.

4.2 Cluster points of sequences

Intuitively, cluster points are the points in the complex plane around which large numbers
of a sequence’s elements tend to accumulate. While cluster points themselves need not be
elements of a sequence, a sequence’s cluster points can be arbitrarily well-approximated
with an infinite number of elements from the sequence.

The definition of cluster points relies on the concepts of neighborhoods and interior points
introduced in Section 2.3.3; you might wish to review those concepts now.

Definition 4.6: Cluster point

The point a ∈ C is a cluster point of the complex sequence (an) if for every neigh-
borhood V ⊂ C of the point a, the set {n ∈ N ; an ∈ V } is infinite, i.e. if every
neighborhood of a contains infinitely many elements of the sequence.

In practice, one often uses the following condition to determine if a number is a cluster
point of a complex sequence.

Proposition 4.7: Condition for cluster points

The point a ∈ C is a cluster point of the sequence (an) if, and only if, for all ϵ ∈ R+

and for all N ∈ N there exists a natural number for which n ≥ N and

|an − a| < ϵ or, equivalently, an ∈ K(a, ϵ),

where K(a, ϵ) is the complex disk of radius ϵ centered at a ∈ C.
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Intuitively, this condition states that a is a cluster point of (an) if, and only if, it is
possible to make an arbitrarily good approximation of a with elements of (an). In
other words, for any ϵ, however small, there must exist some an for which an and a
are separated by less than ϵ.

Proof. (⇒) Let a be a cluster point of (an), and choose arbitrary ϵ ∈ R+ and N ∈ N.
The open disk K(a, ϵ) is a neighborhood of a by construction, so under the assumption
that a is a cluster point of (an), the set {n ∈ N ; an ∈ K(a, ϵ)} is infinite. Because
the set is infinite, it necessarily contains elements an with index n ≥ N for any finite
N ∈ N, i.e. there exists n ∈ N for which n ≥ N and an ∈ K(a, ϵ).

(⇐) Let V ∈ C be an arbitrary neighborhood of the point a, meaning that there
exists ϵ ∈ R+ for which K(a, ϵ) ⊂ V . By the proposition’s assumptions, for all
N ∈ N there exists n ∈ N for which n ≥ N and an ∈ K(a, ϵ). The set K(a, ϵ) thus
contains infinitely many elements of the sequence (an), and so the set V also contains
infinitely many elements of (an), meaning that a is a cluster point of (an).

We now make the important observation that cluster points of sequences of real numbers
can only be real numbers. To verify this, we first note that K(a, ϵ) ∩ R = (a− ϵ, a+ ϵ) for
all a ∈ R and all ϵ ∈ R+, i.e. the real component of an open disk of radius ϵ centered at a
equals the open interval (a− ϵ, a+ ϵ).

Thus, when verifying if a point a ∈ R is a cluster point of some sequence, one should only
consider neighborhoods of a that are open real intervals centered a. In other words, the
point a ∈ R is a cluster point of a sequence of real numbers if, and only if, for all ϵ ∈ R+

infinitely many elements of the sequence occur in the interval (a− ϵ, a+ ϵ).

Example 4.8: Cluster points

(1) The sequence (1, 2, 3, 4, . . .) with general term an = n has no cluster points,
since any bounded interval on the real line contains only finitely many elements
of the sequence.

(2) The constant sequence (a, a, a, . . .) with general term an = a, a ∈ C has one
cluster point—the point a.

(3) The geometric sequence (1, i,−1,−i, 1, i,−1,−i, 1, . . .) with general term an =
in−1 has four cluster points—the points 1, i, −1, and −i.

(4) If (an) is a sequence of rational numbers whose image is the entire set Q, then
every real number is a cluster point of (an), since an arbitrary interval of any
real number contains infinitely many rational numbers.

We now state the very important Bolzano-Weierstrass theorem, which will play a central
role in the analysis of sequences for the remainder of this book.

Theorem 4.9: Bolzano-Weierstrass theorem for real sequences

Every bounded sequence of real numbers has at least one cluster point.

Proof. Let (an) be a bounded sequence of real numbers. Since (an) is bounded, it
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must have a supremum and infimum—we denote these by

m = inf(an) and M = sup(an).

We then define the set U as follows:

U = {x ∈ R ; x > an for only finitely many n ∈ N}.

Geometrically, U is the set of all real numbers x for which there are only finitely
many elements of (an) to the left of x on the real line.

By its definition, the set U necessarily contains the sequence’s infimum m, since
no elements of (an) occur to the left of m. As a consequence, U is a nonempty set.
Similarly, U necessarily does not contain any points to the right of the sequence’s
supremum M , since all of (an)’s (infinitely many) elements occur to the left of M .
The set U is thus bounded above with M as an upper bound.

For shorthand, let a = sup(U). We will complete the proof by showing that a is a
cluster point of the sequence (an). By Proposition 4.7, it suffices to show that for all
ϵ ∈ R+, infinitely many elements of the sequence (an) lie in the interval (a− ϵ, a+ ϵ).

Because the point a is the supremum of U , there exists some x ∈ U for which
a−ϵ < x ≤ a. By the definition of U and because x ∈ U , only finitely many elements
of (an) occur to the left of x on the real line. Because a is the supremum of U , the
point a+ ϵ is certainly not in U , which again by the definition of U (and the fact
that (an) has infinitely many elements) means that infinitely many elements of (an)
occur to the left of a+ ϵ on the real line. Of the infinitely many elements of (an) to
the left of a+ ϵ, only finitely many occur to the left of x, so infinitely many must
lie in the interval [x, a+ ϵ). And because [x, a+ ϵ) is a subset of (a− ϵ, a+ ϵ), the
interval (a− ϵ, a+ ϵ) also contains infinitely many elements of (an), so a is a cluster
point of (an) by Proposition 4.7.

It is also possible to prove the Bolzano-Weierstrass theorem with the so-called bisection
method; we offer the proof in the following remark.

Remark 4.10: Alternate proof of the Bolzano-Weierstrass theorem

As in Theorem 4.9, let (an) be a bounded sequence of real numbers with infimum
m = inf(an) and supremum M = sup(an). We then define the real sequences (mn)
and (Mn) as follows:

(i) The sequence (mn) is increasing and the sequence (Mn) is decreasing.

(ii) Mn −mn = (1/2)n−1(M −m) for all n ∈ N. Geometrically, this condition
means that the distance between Mn and mn on the real line begins at (M−m)
and decreases by a factor of 1/2 for each additional n ∈ N.

(iii) For all n ∈ N, the closed interval [mn,Mn] contains infinitely many elements
of the sequence (an).

We will now construct the sequences (mn) and (Mn) recursively. The sequences
begin with m1 = m and M1 =M . Suppose we have already constructed the first k
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terms m1,m2, . . . ,mk and M1,M2, . . . ,Mk with the required properties, and let

ck = (Mk −mk)/2

denote the midpoint of Mk and mk on the real line. Then:

• If the interval [mk, ck] contains infinitely many elements of (an), we define
mk+1 = mk and Mk+1 = ck.

• Otherwise, i.e. if the interval [ck,Mk] contains finitely many elements of (an),
we define Mk+1 =Mk and mk+1 = ck.

The thus-constructed sequences (mn) and (Mn) satisfy items (i) through (iii) above.

For shorthand, let a = sup(mn) and b = inf(Mn). By construction, the sequence
(mn) is increasing and bounded above by every element of (Mn), and, reciprocally,
the sequence (Mn) is decreasing and bounded below by every element of (mn)—these
two properties imply a ≤ b. Particularly, mk ≤ a < b ≤Mk for all k ∈ N, which we
then rearrange to get

b− a ≤Mk −mk
(a)
= (1/2)k−1 · (M −m),

where (a) uses point (ii) in the construction of (mn) and (Mn). By its construction,
the sequence (

(1/2)k−1 · (M −m)
)
k

is a decreasing sequence of nonnegative real numbers with infimum 0, which together
with the definition of (mn) and (Mn) implies that a = b.

We will now show that the point a is a cluster point of the sequence (an). We first
define arbitrary ϵ ∈ R+. Because a = sup(mn) = inf(Mn) = b, the sequence (mn)
will fall arbitrarily close to a and (Mn) will grow arbitrarily close to b, so there exists
an index n ∈ N for which

a− ϵ < mn ≤Mn < a+ ϵ.

The interval (a− ϵ, a+ ϵ) thus contains all elements of (an) that fall in the interval
[mn,Mn], of which there are infinitely many by point (iii) in the construction of (mn)
and (Mn). Because infinitely many elements of (an) fall in the interval (a− ϵ, a+ ϵ),
a is a cluster point of the sequence (an).

4.3 The limit of a sequence

Definition 4.11: Limit of a sequence

The point a ∈ C is the limit of the sequence of complex numbers (an) if for every
neighborhood V ⊂ C of the point a, the set {n ∈ N ; an /∈ V } is finite.

In other words, the point a is the limit of the sequence (an) if, and only if, every
neighborhood V of the point a contains all of (an)’s elements, with the possible
exception of finitely many.

Analogously to testing if some point is a cluster point of a sequence, when testing if a point
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a is the limit of a sequence, it is sufficient to consider only neighborhoods of a that are
open disks centered at a. In other words, a is the limit of a sequence if, and only if, for
all ϵ ∈ R+ the open disk K(a, ϵ) contains all of the sequence’s elements with the possible
exception of finitely many.

We now state an analog of Proposition 4.7 applicable to limits of sequences.

Proposition 4.12: Condition for the limit of sequence

The point a ∈ C is the limit of the complex sequence (an) if, and only if, for all
ϵ ∈ R+ there exists a natural number N ∈ N for which

|an − a| < ϵ or, equivalently, an ∈ K(a, ϵ),

for all natural numbers n ∈ N for which n ≥ N . Loosely, this condition means that
all of the sequence’s elements—from some element onward—must grow arbitrarily
arbitrarily close the limit a.

Proof. (⇒) If a is the limit of the sequence (an), then for all ϵ ∈ R+ the open disk
K(a, ϵ) contains all of (an)’s elements with the possible exception of finitely many, so
there must exist some N ∈ N for which an ∈ K(a, ϵ) for all natural numbers n ≥ N .

(⇐) For any neighborhood V ⊂ C of the point a there exists some ϵ ∈ R+ for which
the open disk K(a, ϵ) is a subset of V . As in the proposition’s assumptions, assume
that for all ϵ ∈ R+ there exists N ∈ N for which

an ∈ K(a, ϵ) for all n ∈ N for which n ≥ N.

This means that infinitely many elements of (an) lie in the open disk K(a, ϵ). Since
K is a subset of V , infinitely many elements of (an) must also lie in the V , and so a
is the limit of (an).

Proposition 4.13: A sequence’s limit is its only cluster point

Any complex sequence has at most one limit, and if a ∈ C is the limit of the complex
sequence (an), then a is (an)’s only cluster point.

Proof. That a complex sequence can have at most one limit follows directly from the
definition of the limit of a sequence—it would be impossible for all of a sequence’s
elements, with the possible exception of finitely many, to occur in every neighborhood
of two distinct points.

Continuing on, by definition, the limit a of a sequence (an) is also a cluster point of the
sequence, since infinitely many elements of (an) occur in an arbitrary neighborhood
of a. Assume that b ∈ C is an arbitrary point different from a, and let

ϵ = |b− a|/2 > 0.

Since a is the limit of (an), the open disk K(a, ϵ) contains all elements of (an) possibly
except for finitely many. Because of the condition ϵ = |b− a|/2, the open disks
K(a, ϵ) and K(b, ϵ) are disjoint, and so the disk K(b, ϵ) necessarily contains only
finitely many elements of (an), implying that b is not a cluster point of (an). Since b
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was an arbitrary point other than a, it follows that no point other than a can be a
cluster point of (an).

Definition 4.14: Convergence and divergence of sequences

A complex sequence (an) is called convergent if it has a limit, and if a ∈ C is the
limit of the sequence (an), then (an) is said to converge to the point a. We denote
the limit of a convergent sequence (an) by

lim
n→∞

(an) = lim
n→∞

an ∈ C.

A sequence is said to be divergent if it is not convergent.

Proposition 4.15: Monotone convergence theorem

(i) Every increasing, above-bounded sequence of real numbers (an) converges to
the limit

lim
n→∞

an = sup{an ; n ∈ N}.

(ii) Every decreasing, below-bounded sequence of real numbers (an) converges to
the limit

lim
n→∞

bn = inf{bn ; n ∈ N}.

Proof.

(i) Let (an) be an increasing, above-bounded real sequence, let a = sup(an), and
choose arbitrary ϵ ∈ R+. Because the point a is the supremum of the sequence
(an), there exists N ∈ N for which

a− ϵ < aN ≤ a.

Because (an) is increasing, the condition a − ϵ < aN ≤ an ≤ a holds for all
n ≥ N , and the inequality a− ϵ < an ≤ a for all n ≥ N means that (an) grows
arbitrarily close to a with increasing n, and thus converges to a.

(ii) Analogous to the proof of (i).

Example 4.16: Limits of common sequences

(1) The constant sequence (a, a, a, . . .) with general term an = a ∈ C has the limit a.

(2) The sequence with general term an = 1/n is strictly decreasing with infimum
0, and so it converges with limit lim

n→∞
1/n = 0 by Proposition 4.15.

(3) For all positive real numbers q ∈ (0, 1), the sequence (qn) is strictly decreasing
with infimum 0, and so it converges with limit lim

n→∞
qn = 0.

(4) The sequence with general term an = (−1)n has two cluster points, −1 and 1,
which implies that the sequence does not have a limit and is thus divergent.
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(5) Let (an)n∈N be a sequence of complex numbers and let k ∈ N be an arbitrary
natural number. By the definition of a limit, the number a ∈ C is the limit of
the sequence (an)n∈N if, and only if, a is also the limit of the shifted sequence
(an+k)n∈N for all k ∈ N. In other words, a finite number of elements has no
effect on the convergence and limit of a sequence.

The following rules simplify the calculation of the limits of combinations of sequences.

Proposition 4.17: Rules for computing limits of sequences

Let (an) and (bn) be two convergent complex sequences and define the scalar α ∈ C.
In this case:

(i) The sequence (an + bn)n converges to the limit

lim
n→∞

(an + bn) = lim
n→∞

(an) + lim
n→∞

(bn).

(ii) The sequence (ααn)n converges to the limit

lim
n→∞

(αan) = α lim
n→∞

(an).

(iii) The sequence (anbn)n converges to the limit

lim
n→∞

(anbn) =
[
lim
n→∞

(an)
]
·
[
lim
n→∞

(bn)
]
.

(iv) If bn ̸= 0 for all n ∈ N and lim
n→∞

bn ̸= 0, the sequence (an/bn)n converges to

lim
n→∞

(an/bn) =
[
lim
n→∞

(an)
]
/
[
lim
n→∞

(bn)
]
.

(v) The sequence (an)n converges to the limit

lim
n→∞

(an) = lim
n→∞

(an),

where a denotes the complex conjugate of the number a ∈ C.

(vi) The sequence (|an|)n converges to the limit

lim
n→∞

(|an|) =
∣∣∣ lim
n→∞

(an)
∣∣∣.

Proof. For shorthand, let a = lim
n→∞

(an) and b = lim
n→∞

(bn).

(i) We aim to show that the number a+ b is the limit of the sequence (an + bn)n.
Choose arbitrary ϵ ∈ R+. Because a is the limit of (an), there exists Na ∈ N
for which |an − a| < ϵ/2 for all n ≥ Na. Similarly, because b is the limit of
(bn), there exists Nb ∈ N for which |bn − b| < ϵ/2 for all n ≥ Nb. Let N be the
larger of Na and Nb, i.e. N = max{Na, Nb}. In this case, for all n ≥ N ,

|(an + bn)− (a+ b)| = |an − a+ bn − b|
≤ |an − a|+ |bn − b|
< ϵ/2 + ϵ/2 = ϵ,

meaning that (a+ b) is the limit of (an + bn)n.
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(iii) Choose arbitrary ϵ ∈ R+ and let δ be smaller of the numbers 1 and ϵ/(1+|a|+|b|),
i.e.

δ = min{1, ϵ/(1 + |a|+ |b|)};

note that δ > 0 by construction. As in the proof of item (i), there exists N ∈ N
for which |an − a| < δ and |bn − b| < δ for all n ≥ N , from which follows

|anbn − ab| = |(an − a)(bn − b) + a(bn − b) + b(an − a)|
≤ |an − a||bn − b|+ |a||bn − b|+ |b||an − a|
< δ2 + |a|δ + |b|δ
(a)

≤ δ + |a|δ + |b|δ
= δ(1 + |a|+ |b|) ≤ ϵ

where (a) holds because δ ∈ (0, 1) =⇒ δ2 < δ. The number ab is thus the
limit of the sequence (anbn)n.

(ii) Point (ii) follows from point (iii) if for (bn) we choose the constant sequence
with general term bn = α.

(v) Choose arbitrary ϵ ∈ R+. Because a is the limit of (an), there exists N ∈ N
for which |an − a| < ϵ for all natural numbers n ≥ N . Using the elementary
properties of the complex conjugate, for all n ≥ N it then holds that

|an − a| =
∣∣an − a

∣∣ = |an − a| < ϵ,

and so a is the limit of the conjugated sequence (an)n.

(vi) Choose arbitrary ϵ ∈ R+. Because a is the limit of (an), there exists N ∈ N
for which |an − a| < ϵ for all natural numbers n ≥ N . For all n ≥ N it then
holds that

||an| − |a|| ≤ |an − a| < ϵ,

and so |a| is the limit of the sequence (|an|)n.

(iv) Let m = inf(|bn|); because of the absolute value and the assumptions that
limn→∞ bn ̸= 0 and bn ̸= 0 for all n ∈ N, the infimum m must be a positive
number, and by item (vi) above, the positive number |b| is the limit of the
sequence of positive numbers (|bn|)n. There thus exists natural number l ∈ N
for which

|b|/2 < |bn| for all n ≥ l,

which implies the inequality

0 < min{|b1|, |b2|, . . . , |bl|, |b|/2} ≤ m.

We then choose arbitrary ϵ ∈ R+ and define δ = ϵ|b|m. There then exists
N ∈ N for which |bn − b| < δ for all natural numbers n ≥ N , and so∣∣∣∣1b − 1

bn

∣∣∣∣ = ∣∣∣∣bn − b

bbn

∣∣∣∣ < δ

|b||bn|
≤ δ

|b|m
= ϵ,

which means that 1/b is the limit of the sequence (1/bn).
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Since (1/bn) converges, by point (iii) the product of (an) and (1/bn) also
converges and obeys

lim
n→∞

(
an
bn

)
= lim

n→∞

(
an ·

1

bn

)
(a)
= lim

n→∞
(an) · lim

n→∞

(
1

bn

)
=
a

b
,

where (a) follows from point (iii).

As a direct implication of the above rules for computing the limits of complex sequences,
convergent complex sequences may be interpreted as pairs of convergent real sequences.

Corollary 4.18: Real and complex parts of a convergent sequence

A complex sequence (zn) converges if, and only if, the sequences
(
Re(zn)

)
n

and(
Im(zn)

)
n

are both convergent. In this case

lim
n→∞

(zn) = lim
n→∞

(
Re(zn)

)
n
+ i lim

n→∞

(
Im(zn)

)
n
.

Proof. (⇐) If the sequences
(
Re(zn)

)
n

and
(
Im(zn)

)
n

are both convergent, then(
zn = Re(zn) + i Im(zn)

)
n

also converges by Proposition 4.17 (i) and (ii).

(⇒) Assume that the sequence zn converges. In this case the sequence (zn) converges
by Proposition 4.17 (v), while Proposition 4.17 (i) and (ii) implies the convergence of(

(zn + zn)/2
)
n
=
(
Re(zn)

)
n

and
(
(zn − zn)/2i

)
n
=
(
Im(zn)

)
n
.

Note that if a sequence (an) converges, then by Proposition 4.17 (vi) the sequence (|an|)
also converges. The inverse statement, i.e. that the convergence of (|an|) implies the
convergence of (an), is not in general true. This inverse statement is true, however, in the
case of a sequence converging to 0, as stated in the following proposition.

Proposition 4.19: Sequence with a limit of zero

The number 0 is the limit of a complex sequence (an) if, and only if, the number 0 is
the limit of the sequence of absolute values (|an|).

Proof. (⇒) If 0 is the limit of (an), then 0 is also the limit of (|an|) by Proposi-
tion 4.17 (vi).

(⇐) Assume 0 is the limit of (|an|). Then for all ϵ ∈ R+ there exists N ∈ N for which

|0− |an|| = |an| = |0− an| < ϵ for all n ∈ N for which n ≥ N,

and so 0 is also the limit of the sequence (an).

We will now cover the important geometric sequence in some detail.
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Example 4.20: The geometric sequence

Consider the geometric sequence with general term aqn−1, where a, q ∈ C are
arbitrary complex numbers. The geometric sequence obeys the recursive relation

an+1 = anq for all n ∈ N.

If the geometric sequence (an) converges, then the shifted sequence (an+1)n also
converges, and, via the geometric recursive relation, obeys

lim
n→∞

(an) = lim
n→∞

(an+1) = lim
n→∞

(anq) = q lim
n→∞

(an).

We then rearrange the above equation to get

(1− q) lim
n→∞

(an) = 0. (4.1)

As a result, any convergent geometric sequence (aqn−1)n with ratio q ̸= 1 must
necessarily converge to 0 (this is the only way for Equation 4.1 to hold).

We now consider the possible values of a and q:

(i) If a = 0, the sequence (aqn−1)n is constant, with all elements equal to 0. The
sequence thus converges to 0.

(ii) If a ̸= 0 and q = 1, then (aqn−1)n is constant, with all elements equal to a.
The sequence thus converges to a.

(iii) If a ̸= 0, q ̸= 1, and |q| ≥ 1, then the sequence (aqn−1)n is divergent. To verify
this, first note that∣∣aqn−1

∣∣ = |a||q|n−1 ≥ |a| > 0 for all n ∈ N.

It follows that
(∣∣aqn−1

∣∣)
n

does not converge to 0, and so (aqn−1)n also does
not converge to 0 by Proposition 4.19. Since, by Equation 4.1, (aqn−1)n cannot
converge to any point other than 0, it must be divergent.

(iv) If a ̸= 0 and |q| < 1, then the sequence (aqn−1)n converges to the limit

lim
n→∞

(
aqn−1

)
= 0.

To verify this, first note that

|aqn| = |a||qn| < |a||q|n−1 =
∣∣aqn−1

∣∣ for all n ∈ N.

The sequence
(∣∣aqn−1

∣∣)
n

is thus a strictly decreasing sequence of positive
real numbers and must be convergent (since it is bounded below by 0) by
Proposition 4.15. Because

(∣∣aqn−1
∣∣)
n

is a geometric sequence with |q| ̸= 1,
by Equation 4.1 the limit of the sequence must be 0, and so the limit of the
sequence (aqn−1) must also be 0 by Proposition 4.19.
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Example 4.21: Computing limits analytically

In this exercise we will analytically compute two limits; the first limit is

lim
n→∞

(
n

n+ 1
− n+ 1

n

)
= lim

n→∞

(
1

1 + 1
n

−
1 + 1

n

1

)

= lim
n→∞

1

1 + (1/n)
− lim
n→∞

(
1 +

1

n

)
=

1

1 + lim
n→∞

(1/n)
− 1− lim

n→∞

1

n

=
1

1 + 0
− 1− 0 = 0.

And the second limit is

lim
n→∞

n2 + 3n− 2

5n2
= lim

n→∞

1 + (3/n)− (2/n2)

5

=
1

5

(
1 + 3 lim

n→∞

1

n
− 2 lim

n→∞

1

n2

)
=

1

5

(
1 + 3 · 0− 2

(
lim
n→∞

1

n

)2
)

=
1

5

(
1− 2 · 02

)
=

1

5
.

Remark 4.22: Real sequences diverging without bound

A special example of a divergent sequence of real numbers is a sequence in which the
elements grow either arbitrarily positive or arbitrarily negative from some element
onward. In such cases, letting (an) denote a sequence of real numbers, the notation

lim
n→∞

(an) = ∞ (4.2)

means that for all M ∈ R there exists some natural number N ∈ N for which
an ≥M for all indices n ∈ N for which n ≥ N , i.e. that the sequence’s elements are
unbounded above from some index onward. In this case we may say the sequence
diverges to positive infinity.

Analogously, the notation
lim
n→∞

(an) = −∞ (4.3)

means that for all m ∈ R there exists some natural number N ∈ N for which an ≤ m
for all indices n ∈ N for which n ≥ N . In this case we may say the sequence diverges
to negative infinity.

Here are two example uses of this notation:

• lim
n→∞

(n3 − n+ 2) = ∞

• lim
n→∞

(
1−n2

1+n

)
= −∞.
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This notation makes it tempting to say that a sequence’s limit “equals” infinity or
negative infinity, but it is more precise to recall that Equations 4.2 and 4.3 are simply
shorthand ways of stating that a sequence is unbounded from some index onward.

We include this section with a detail treatment of Euler’s number, which is among the most
important transcendental numbers in mathematics.

Example 4.23: Euler’s number

Consider the sequences (an)
∞
n=1 and (bn)

∞
n=1 with general terms given by

an =

(
1 +

1

n

)n
and bn =

(
1− 1

n

)−n
.

We will show that (an)
∞
n=1 is strictly increasing, that (bn)

∞
n=1 is strictly decreasing,

and that both sequence are convergent to the same limit, a transcendental number
called Euler’s number, denoted by e, and defined as

e = lim
n→∞

(
1 +

1

n

)n
= lim

n→∞

(
1− 1

n

)−n
.

We divide the derivation into multiple parts.

(i) We will first use induction show to that

(1 + x)k > 1 + kx (4.4)

for all x ∈ R for which 0 < |x| < 1 and for all integers k ∈ Z for which |k| ≥ 2.

The base case k = 2 evidently holds, since 1+2x+x2 > 1+2x for all |x| ∈ (0, 1).
In the induction step, if Equation 4.4 holds for k ≥ 2, then it also holds that

(1 + x)k+1 = (1 + x)k(1 + x)
(a)
> (1 + kx)(1 + x)

= 1 + (k + 1)x+ kx2

(b)
> 1 + (k + 1)x,

where (a) uses the induction step and (b) holds under the assumption k ≥ 2.
The inequality in Equation 4.4 thus holds for all integers k ≥ 2 and all real
numbers x obeying 0 < |x| < 1.

Now let k be a negative integer for which k ≤ −2. For all x ∈ R for which
0 < |x| < 1, it then holds that

(1 + x)(1− x) = 1− x2 < 1 =⇒ 1

1 + x
> 1− x,

from which follows that

(1 + x)k =

(
1

1 + x

)−k
> (1− x)−k

(a)
= 1 + (−k)(−x) = 1 + kx.

where (a) follows from Equation 4.4, which we have already proven for −k ≥ 2.
We have thus shown that Equation 4.4, holds for all integers k for which k ≤ −2
and all x for which 0 < |x| < 1.
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(ii) From the inequality in Equation 4.4, it follows that(
1 +

1

k

)k (
1− 1

k

)k
=

(
1− 1

k2

)k
(a)
> 1 + k

(
− 1

k2

)
= 1− 1

k
.

where (a) follows from Equation 4.4. We then divide the above result through
by
[
1− (1/k)

]k to get the inequality(
1 +

1

k

)k
>

(
1− 1

k

)1−k
, (4.5)

which holds for all k ∈ Z for which |k| ≥ 2.

(iii) By the inequality in Equation 4.5, for all natural numbers n ≥ 2 it holds that

an =

(
1 +

1

n

)n (a)
>

(
1− 1

n

)1−n

=

(
n− 1

n

)1−n
=

(
n

n− 1

)n−1

=

(
1 +

1

n− 1

)n−1

= an−1,

where (a) follows from Equation 4.5. The result an > an−1 means that the
sequence (an)

∞
n=1 is strictly increasing.

(iv) Similarly, again using Equation 4.5, for all natural numbers n ≥ 2 it holds that

bn =

(
1− 1

n

)−n
=

(
1 +

1

(−n)

)−n

(a)
>

(
1− 1

(−n)

)1−(−n)
=

(
1 +

1

n

)1+n

=

(
n+ 1

n

)1+n

=

(
n

n+ 1

)−(1+n)

=

(
1− 1

n+ 1

)−(n+1)

= bn+1.

where (a) follows from Equation 4.5. The result bn > bn+1 means that the
sequence (bn)

∞
n=2 is strictly decreasing.

(v) For each natural number n ∈ N, the sequences (an)
∞
n=1 and (bn)

∞
n=2 are related

according to

bn+1 =

(
1− 1

n+ 1

)−(n+1)

=

(
n

n+ 1

)−(n+1)

=

(
n+ 1

n

)n+1

=

(
1 +

1

n

)n+1

=

(
1 +

1

n

)
an,

(4.6)
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and so an < bn+1. From this, and from points (iii) and (iv)

2 = a1 < a2 < . . . < an < bn+1 < bn < . . . < b2 = 4 for all n ∈ N.

The sequence (an)
∞
n=1 is strictly increasing and bounded, and thus convergent.

Similarly, the sequence (bn)
∞
n=2 is strictly decreasing and bounded, and thus also

convergent. We complete the derivation with the calculation

lim
n→∞

(bn) = lim
n→∞

(bn+1)
(a)
= lim

n→∞

[(
1 +

1

n

)
an

]
= lim

n→∞

(
1 +

1

n

)
· lim
n→∞

(an) = lim
n→∞

(an),

where (a) follows from Equation 4.6.

The sequences (an)
∞
n=1 and (bn)

∞
n=2 thus converge to the same limit, called Euler’s

number and given by

e = lim
n→∞

(
1 +

1

n

)n
= lim

n→∞

(
1− 1

n

)−n
.

Euler’s number e is irrational, and its approximation to 12 decimal points is

e ≈ 2.718281828459.

4.4 Subsequences

A subsequence of a given sequence (an)n∈N results from keeping infinitely many elements
of (an)n∈N, but removing all other elements. We define this more precisely as follows:

Definition 4.24: Subsequence of a complex sequence

Let (an)n∈N be an arbitrary complex sequence and let (nk)k∈N be an arbitrary strictly
increasing sequence of natural numbers. The subsequence of (an)n∈N determined
by the index sequence (nk)k∈N is the sequence (ank)k∈N. Different subsequences of
(an)n∈N are determined by different indexing sequences (nk)k∈N.

Example 4.25: Subsequences

Let (an) be the real-valued sequence with general term an = 1/n, i.e.

(an) =

(
1,

1

2
,
1

3
,
1

4
,
1

5
, . . .

)
.

The subsequence of (an) determined by the strictly increasing sequence of natural
numbers (2k)k∈N is the sequence (

1

2
,
1

4
,
1

6
, . . .

)
.
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Meanwhile, the subsequence of (an) determined by the strictly increasing sequence
of natural numbers (2k−1)k∈N is the sequence(

1,
1

2
,
1

4
,
1

8
,
1

16
. . .

)
.

Finally, the sequence
(
1
2 , 1,

1
3 ,

1
4 ,

1
5 , . . .

)
formed by rearranging the first two terms of

(an) is not a subsequence of (an), since the indexing sequence used to generate it is
not strictly increasing.

If (an) be a sequence of complex numbers, then (a2k)k∈N is the subsequence of (an)
containing all elements of (an) with even indices, while (a2k−1)k∈N is the subsequence of
(an) containing all elements of (an) with odd indices. From the definition of the limit of
a sequence it follows that a ∈ C is the limit of (an) if, and only if, a is the limit of both
(a2k)k∈N and (a2k−1)k∈N. We state this idea more formally in the following proposition.

Proposition 4.26: Limits and boundedness of subsequences

Let (an) be a sequence of complex numbers.

(i) If a ∈ C is a cluster point of any subsequence of (an), then a is also a cluster
point of (an).

(ii) If a ∈ C is the limit of the sequence (an), then a is also the limit of all of (an)’s
subsequences. In particular, this means that every subsequence of a convergent
sequence is itself convergent.

(iii) If the sequence (an) is bounded, then every subsequence of (an) is also bounded.

Proof. The proposition follows directly from the definition of a sequence’s cluster
point, limit, and boundedness.

Proposition 4.27: Cluster points and subsequences

Let (an) be a sequence of complex numbers. The number b ∈ C is a cluster point of
(an) if, and only if, there exists a subsequence of (an) that converges to b.

Proof. (⇐) If there exists a subsequence of (an) that converges to b, then every neigh-
borhood of b contains all (specifically, infinitely many) elements of the subsequence
(with the possible exception of finitely many, which is irrelevant in this context).
The original sequence (an) includes all elements of the subsequence, and so every
neighborhood of b must also contain infinitely many elements of (an), meaning that
b is a cluster point of an.

(⇒) Let b be a cluster point of the sequence (an). We will recursively construct a
strictly increasing sequence of natural numbers (nk)k∈N for which ank ∈ K(b, 1/k)
for all k ∈ N, meaning that the subsequence (ank)k converges to b.

To begin, we choose any natural number n1 ∈ N for which

an1 ∈ K(b, 1).
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Such a number n1 certainly exists, since, because b is a cluster point of (an), every
open disk K(b, 1) centered on b contains infinitely many elements of (an). Now
assume we have already found indices n1, n2, . . . , nk with the desired property that

anj ∈ K(b, 1/j) for j = 1, 2, . . . , k.

Because the open disk K(b, 1/(k+1)) contains infinitely many elements of (an), there
certainly exists some nk+1 ∈ N for which

nk+1 > nk and ank+1
∈ K

(
b, 1/(k + 1)

)
.

In this way we have construct the desired subsequence (ank)k∈N of the sequence (an).

Now choose arbitrary ϵ ∈ R+, and let l ∈ N be a natural number for which 1/l < ϵ.
For all natural numbers k ≥ l it holds that

ank ∈ K(b, 1/k) ⊂ K(b, 1/l) ⊂ K(b, ϵ),

which, by Proposition 4.12, means that the subsequence (ank)k∈N converges to b.

We are now prepared to extend the Bolzano-Weierstrass theorem (Theorem 4.9) to complex-
valued sequences.

Theorem 4.28: Bolzano-Weierstrass theorem for complex sequences

Every bounded sequence of complex numbers has at least one cluster point.

Proof. Let (zn) be a bounded sequence of complex numbers. For shorthand, let

an = Re(zn) and bn = Im(zn) for all n ∈ N.

Since (zn) is bounded, the real sequences (an) and (bn) are also bounded, since
|an| ≤ |zn| and |bn| ≤ |zn| for all n ∈ N. We will now prove the theorem with
two successive applications of the Bolzano-Weierstrass theorem for real sequences
(Theorem 4.9).

By Theorem 4.9, the bounded real sequences (an) has at least one cluster point,
which we denote by a. By Proposition 4.27, there then exists a subsequence (ank)k∈N
of the sequence (an) that converges to a.

By Proposition 4.26 (iii), the subsequence (bnk)k∈N of the bounded sequence (bn) is
itself bounded, so we can apply Theorem 4.9 to the subsequence (bnk)k∈N to conclude
that (bnk)k∈N has at least one cluster point, which we denote by b. By Proposition 4.27,
there then exists a subsequence (bnkl )l∈N of the subsequence (bnk)k∈N that converges
to b. In other words, there exists some subsequence (nkl)l∈N of the strictly increasing
sequence of natural numbers (nk)k∈N for which the subsequence (bnkl )l∈N of the
subsequence (bnk)k∈N converges to b.

We then note that, because (ankl )l∈N is a subsequence of (ank)k∈N and because
(ank)k∈N converges to a, the subsequence (ankl )l∈N must also converges to a by
Prop 4.26 (ii). We have thus found a strictly increasing sequence of natural numbers
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(nkl)l∈N for which
lim
n→∞

(ankl ) = a and lim
n→∞

(bnkl ) = b,

and so by the limit computation rules in Proposition 4.17, the subsequence(
znkl = ankl + ibnkl

)
l∈N

of the sequence (zn) converges to a+ ib. By Prop 4.27, a+ ib is then a cluster point
of (zn), and because the complex sequence (zn) was arbitrary, it follows that every
bounded complex sequence has at least one cluster point.

Proposition 4.29: Relating convergence and boundedness

(i) Every convergent sequence of complex numbers is bounded.

(ii) Every bounded sequence of complex numbers with exactly one cluster point
converges to the cluster point.

Proof.

(i) Let (an) be a complex sequence that converges to the point a ∈ C, meaning
there exists some N ∈ N for which

an ∈ K(a, 1) for all natural numbers n ≥ N.

Using the triangle inequality for complex numbers, the open disk K(a, 1) is a
subset of the disk K(0, |a|+ 1), and so an ∈ K(0, |a|+ 1) for all n ≥ N . We
must also consider elements of (an) for n < N ; to this end, define

M = max{|a1|, |a2|, . . . , |aN |, |a|+ 1}.

In this case all elements of (an) lie in the closed disk K(0,M), which means
that (an) is bounded by M .

(ii) Let (an) be a bounded complex sequence with exactly one cluster point a ∈ C.
We will show, by contradiction, that a is the limit of the sequence (an).

Assume that a is not the limit of (an). In this case there would exist some ϵ ∈ R+

for which infinitely many elements of (an) would lie outside the open disk K(a, ϵ).
There would then exist a subsequence (ank)k∈N of (an) for which all elements of
the subsequence would lie outside the disk K(a, ϵ), which, by Proposition 4.27,
would imply that a is not a cluster point of the subsequence (ank)k∈N. But
because all cluster points of the subsequence (ank)k∈N are necessarily also
cluster points of (an) by Proposition 4.26, and because a is assumed to be the
only cluster point of (an), we would conclude that the subsequence (ank)k∈N
does not have any cluster points. The bounded subsequence (ank)k∈N not
having cluster points contradicts the Bolzano-Weierstrass theorem, and so we
conclude that a must the limit of the sequence (an).
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4.5 The Cauchy criterion for convergence of sequences

Definition 4.30: Cauchy sequences

A sequence of complex numbers (an) is a Cauchy sequence if for all ϵ ∈ R+ there
exists some natural number N ∈ N for which

|am − an| < ϵ for any two natural numbers m,n ≥ N.

In other words, a sequence is a Cauchy sequence if all elements of the sequence grow
arbitrarily close to each other from some element onward.

Proposition 4.31: Convergence of Cauchy sequences

A sequence of complex numbers converges if, and only if, it is a Cauchy sequence.

Proof. (⇒) Let (an) be a complex sequence that converges to a ∈ C, and so for all
ϵ ∈ R+ there exists some N ∈ N for which

|an − a| < ϵ/2 for all natural numbers n ≥ N.

For any two natural numbers m,n ≥ N it then holds that

|am − an| = |am − a+ a− an| ≤ |am − a|+ |a− an| <
ϵ

2
+
ϵ

2
= ϵ,

and so (an) is a Cauchy sequence.

(⇐) Assume (an) is a Cauchy sequence of complex numbers—we must show then
show that (an) converges.

We will first show that (an) is bounded. Because (an) is a Cauchy sequence, there
exists natural number l ∈ N for which

|am − an| < 1 for all natural numbers n,m ≥ l,

which implies that

an ∈ K(al, 1) for all natural numbers n ≥ l.

Similarly to the proof of Proposition 4.29, we note that the open disk K(a, 1) is a
subset of the open disk K(0, |a|+ 1) as a consequence of the triangle inequality, and
also define

M = max{|a1|, |a2|, . . . , |aN |, |a|+ 1}.

In this case all elements of (an) lie in the closed disk K̄(0,M), which means that
(an) is bounded. Because (an) is bounded, it has at least one cluster point by the
Bolzano-Weierstrass theorem (Theorem 4.28).

We will now show, by contradiction, that (an) has exactly one cluster point, and is
thus convergent by Proposition 4.29 (ii). Assume (an) has multiple cluster points,
let a and b denote two of (an)’s cluster points, and define

ϵ =
|b− a|

3
> 0.
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Because (an) is a Cauchy sequence, there exists N ∈ N for which

|am − an| < ϵ for all natural numbers m,n ≥ N.

However, because a and b are cluster points of (an), there exists a natural number
n ≥ N for which |an − a| < ϵ and a natural number m ≥ N for which |am − b| < ϵ.
This implies that

|b− a| = |b− am + am − an + an − a|
≤ |b− am|+ |am − an|+ |an − a|
< ϵ+ ϵ+ ϵ = 3ϵ

(a)
= |b− a|,

where (a) follows from the definition of ϵ. The result |b− a| < |b− a| is impossible,
and so the assumption that (an) has multiple cluster points is incorrect. Thus (an)
has exactly one cluster point and thus converges by Proposition 4.29 (ii).
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5 Series of numbers

5.1 The sum of a series of numbers

Definition 5.1: Series, series elements, and partial sums

A series of complex numbers is a function of the form N → C mapping n 7→ an and
is usually written using one of the following notations:∑

(an)
∞
n=1 =

∑
(an)n∈N.

For all n ∈ N, the number an is called the n-th element of the series
∑

(an)
∞
n=1, and a

arbitrary series of numbers is fully specified by the sequence of its elements, (an)n∈N.

For all series
∑

(an)n∈N and all natural numbers k ∈ N, the k-th partial sum of the
series

∑
(an)n∈N is the complex number

k∑
n=1

an = a1 + a2 + · · ·+ ak ∈ C.

Finally, the sequence of partial sums associated with a complex series
∑

(an)n∈N is
the complex sequence (

k∑
n=1

an

)
k∈N

.

Definition 5.2: Convergent and divergent series

A series of complex numbers
∑

(an)n∈N said to converge if its associated sequence of
partial sums

(∑k
n=1 an

)
k∈N converges. If a series converges, the limit of the series’s

sequence of partial sums is called the series’s sum and is denoted by

∞∑
n=1

an = a1 + a2 + a3 + · · · = lim
k→∞

(
k∑

n=1

an

)
∈ C.

A series of complex numbers that does not converge is said to diverge.

Note the subtle but important difference in notation between a series and its sum:

• We will write a series, e.g.
∑

(an)
∞
n=1, by writing summation symbol to the left of the

sequence of series elements (an)
∞
n=1 specifying the series; a series will always appear

in this book without subscripts or superscripts on the summation symbol.

• We will write the sum of a series, e.g.
∑∞

n=1 an, with subscripts (and possibly
superscripts) on the summation symbol.

There is one more important subtlety: a sum is well-defined only for a convergent series.
However, in the wider mathematical and scientific literature (but not in this book) one
regularly sees the series itself (and not just its sum) denoted by

∑∞
n=1 an, even in cases

when the series itself diverges. In such cases, it must be determined from context if the
notation

∑∞
n=1 an refers to a series of numbers or just the series’s sum.
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Remark 5.3: Notation for divergent real series

If the sequence of partial sums of a series of real number
∑

(an)
∞
n=1 diverges to

positive infinity (in the sense of Remark 4.22), i.e. if

lim
k→∞

(
k∑

n=1

an

)
= ∞,

we abbreviate this with the shorthand notation
∞∑
n=1

= ∞.

Similarly, if the series’s sequence of partial sums diverges to negative infinity, we
may write

lim
k→∞

(
k∑

n=1

an

)
= −∞︸ ︷︷ ︸

full notation

⇐⇒
∞∑
n=1

= −∞︸ ︷︷ ︸
shorthand notation

.

Example 5.4: The geometric series

Let a and q be two arbitrary complex numbers. The geometric series with initial
element a and quotient q is the series∑

(aqn−1)∞n=1.

For all k ∈ N, the k-th partial sum of the geometric series is
k∑

n=1

aqn−1 = a+ aq + aq2 + · · ·+ aqk−1

= a(1 + q + q2 + · · ·+ qk−1),

and if q ̸= 1, the series’s k-th partial sum may also be written in the form
k∑

n=1

aqn−1 =
a(1− qk)

1− q
.

The geometric series’s convergence depends on the values of a and q:

(i) If a = 0, then all elements of the geometric series are zero, and so all of the
series’s partial sums are also zero. In this case the geometric series converges,
and its sum is zero.

(ii) If a ̸= 0 and q = 1, then all elements of the geometric series are a, and so the
series’s k-th partial sum is ka for all k ∈ N. In this case the sequence of partial
sums diverges, and so the series diverges.

(iii) If a ̸= 0, q ̸= 1, and |q| ≥ 1, we first note that the sequence (qk)k diverges, and
so in this case the sequence of partial sums(

a(1− qk)

1− q

)
k

,
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and thus the geometric series, also diverge.

(iv) If |q| < 1, the geometric series converges to the sum

∞∑
n=1

aqn−1 = lim
k→∞

k∑
n=1

aqn−1 = lim
k→∞

a(1− qk)

1− q
=

a

1− q
.

Proposition 5.5: Cauchy criterion for convergence of series

A series of complex numbers
∑

(an)
∞
n=1 converges if, and only if, for all ϵ ∈ R+ there

exists a natural number N ∈ N for which

|an + an+1 + · · ·+ am| < ϵ

for all natural numbers m,n ∈ N for which m ≥ n ≥ N .

Loosely, the Cauchy criterion states that a series converges when any contiguous,
finite-length sum of the series elements is arbitrarily small from some index onwards.

Proof. Let (Sk)k∈N be the sequence of partial sums of the series
∑

(an)
∞
n=1. By the

definition of a series’s convergence, the series converges if, and only if, the sequence
(Sk) converges, which (by Proposition 4.31) occurs if, and only if, (Sk) is a Cauchy
sequence.
For review from Definition 4.30, the sequence (Sk) is a Cauchy sequence if, and only
if, for all ϵ ∈ R+ there exists N ′ ∈ N for which

|Sk − Sl| < ϵ for all natural numbers k, l ≥ N ′.

We assume without loss of generality that k > l, and then introduce the new notation

m = k, n = l + 1, N = N ′ + 1.

In terms of this notation, (Sk) is a Cauchy sequence if, and only if, for all ϵ ∈ R+

there exists a natural number N ≥ 2 for which

|Sm − Sn−1| < ϵ for all natural numbers m ≥ n ≥ N.

By the definition of a partial sum, it holds that

Sm − Sn−1 = an + an+1 + · · ·+ am,

and so the Cauchy criterion for the convergence of series in this proposition is
equivalent to the sequence of partial sums (Sk) being a Cauchy sequence and thus
being convergent, proving the proposition.

Corollary 5.6: Convergence of a series’s elements

If a series of complex numbers
∑

(an)
∞
n=1 converges, then the sequence of its elements

must converge to zero, i.e.
lim
n→∞

an = 0.
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Proof. Choose arbitrary ϵ ∈ R+. Since the series
∑

(an)
∞
n=1 converges, by the Cauchy

criterion for series convergence there exists N ∈ N for which

|an + an+1 + · · ·+ am| < ϵ for all natural numbers m ≥ n ≥ N.

In particular, we may choose m = n, and write

|an + · · ·+ am| = |an| = |an − 0| < ϵ for all n ≥ N,

and so the sequence of elements (an) converges to zero by Proposition 4.12.

The sequence of a series’s elements converging to zero is thus a necessary condition for the
series itself to converge. It is not a sufficient condition, however—a series whose sequence
of elements converges to zero may still diverge, as illustrated by the following example.

Example 5.7: The harmonic series diverges

The harmonic series is the series ∑(
1

n

)∞

n=1

.

The series’s elements converge to zero, i.e. limn→∞ 1/n = 0, but the series itself
diverges. To show that the harmonic series diverges, we first define the number ck as

ck =
1

2k + 1
+

1

2k + 2
+ · · ·+ 1

2k+1
∈ R for all k ∈ N.

The number ck is the sum of 2k successive elements of the harmonic series. Each of
these elements can be bounded above by 1/(2k+1), from which follows the bound

ck >
1

2k+1
+

1

2k+1
+ · · ·+ 1

2k+1
= 2k

1

2k+1
=

1

2
.

Because for all N ∈ N there exists sufficiently large k ∈ N such that 2k+1 ≥ N , and
because ck, the sum of the series’s large-index elements, does not grow arbitrarily
small for any k (but instead obeys ck > 1/2), the harmonic series diverges by the
Cauchy criterion for series convergence.

Definition 5.8: Absolute and conditional convergence

A series of complex numbers
∑

(an)
∞
n=1 said to converge absolutely if its associated

series of absolute value elements
∑

(|an|)∞n=1 converges. A series is said to converge
conditionally if it converges but is not absolutely convergent.

Proposition 5.9: Absolutely convergence implies convergence

If the series
∑

(an)
∞
n=1 converges absolutely, it converges and obeys∣∣∣∣∣

∞∑
n=1

an

∣∣∣∣∣ ≤
∞∑
n=1

|an|.
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Proof. Let
∑

(an)
∞
n=1 be an absolutely convergent series of complex numbers and

choose arbitrary ϵ ∈ R+. By the Cauchy criterion for series convergence there exists
N ∈ N for which∣∣|an|+ |an+1|+ · · ·+ |am|

∣∣ (a)= |an|+ |an+1|+ · · ·+ |am| < ϵ

for all natural numbers m,n ∈ N for which m ≥ n ≥ N , where (a) holds because
each absolute value term is nonnegative. We then apply the triangle inequality to get

|an + an+1 + · · ·+ am| ≤ |an|+ |an+1|+ · · ·+ |am| < ϵ,

and so the series
∑

(an)
∞
n=1 converges by the Cauchy criterion.

To prove proposition’s inequality, for all k ∈ N let Sk denote the k-th partial sum of
the series

∑
(an)

∞
n=1 and let Tk denote the k-th partial sum of the series

∑
(|an|)∞n=1.

By the triangle inequality and the definition of a partial sum, it holds that

|Sk| ≤ Tk for all k ∈ N,

which in turn implies that∣∣∣∣∣
∞∑
n=1

an

∣∣∣∣∣ =
∣∣∣∣ limk→∞

Sk

∣∣∣∣ = lim
k→∞

|Sk| ≤ lim
k→∞

Tk =
∞∑
n=1

|an|.

Proposition 5.10: Properties of convergent series

Let
∑

(an)
∞
n=1 and

∑
(bn)

∞
n=1 be two convergent series of complex numbers and let

α ∈ C be an arbitrary scalar. In this case:

(i) The series
∑

(an + bn)
∞
n=1 converges to the sum

∞∑
n=1

(an + bn) =
∞∑
n=1

an +
∞∑
n=1

bn.

(ii) The scaled series
∑

(αan)
∞
n=1 converges to the sum

∞∑
n=1

(αan) = α
∞∑
n=1

an.

(iii) The complex-conjugated series
∑

(an)
∞
n=1 converges to the sum

∞∑
n=1

(an) =

∞∑
n=1

an.

(iv) If
∑

(an)
∞
n=1 and

∑
(bn)

∞
n=1 both converge absolutely, then the three series∑

(an + bn)
∞
n=1,

∑
(αan)

∞
n=1, and

∑
(an)

∞
n=1 converge absolutely as well.

Proof. To prove points (i)–(iii), let (Sk) and (Rk) denote the sequences of partial
sums of the series

∑
(an)

∞
n=1 and

∑
(bn)

∞
n=1, respectively. In this case (Sk +Rk) is
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the sequences of partial sums of the series
∑

(an + bn)
∞
n=1, (αSk) is the sequences of

partial sums of the series
∑

(αan)
∞
n=1, and (Sk) is the sequences of partial sums of

the series
∑

(an)
∞
n=1.

Because the sequences (Sk) and (Rk) are assumed to be convergent, the sequences
(Sk +Rk), (αSk) and (Sk) are also convergent by Proposition 4.17, and their limits
are

∞∑
n=1

(an + bn) = lim
k→∞

(Sk +Rk) = lim
k→∞

Sk + lim
k→∞

Rk

=

∞∑
n=1

an +

∞∑
n=1

bn,

∞∑
n=1

αan = lim
k→∞

αSk = α lim
k→∞

Sk = α
∞∑
n=1

an,

∞∑
n=1

an = lim
k→∞

Sk = lim
k→∞

Sk =

∞∑
n=1

an.

To prove point (iv), assume the series
∑

(an)
∞
n=1 and

∑
(bn)

∞
n=1 both converge

absolutely. If α = 0, the series
∑

(αan)
∞
n=1 evidently also converges absolutely to

the sum 0, so we will assume that α ̸= 0. Choose arbitrary ϵ ∈ R+ and define

δ = min

{
ϵ

2
,
ϵ

|α|

}
.

Because
∑

(an)
∞
n=1 and

∑
(bn)

∞
n=1 both converge, by the Cauchy criterion for series

convergence there exists N ∈ N for which

|an + an+1 + · · ·+ am| ≤ |an|+ |an+1|+ · · ·+ |am| < δ (5.1a)
|bn + bn+1 + · · ·+ bm| ≤ |bn|+ |bn+1|+ · · ·+ |bm| < δ (5.1b)

for all m,n ∈ N for which m ≥ n ≥ N . Equations 5.1 in turn imply:

(i) The absolute convergence of the series
∑

(an + bn)
∞
n=1 from

|an + bn|+|an+1 + bn+1|+ · · ·+ |am + bm|
≤ |an|+ |bn|+ |an+1|+ |bn+1|+ · · ·+ |am|+ |bm|
(a)
< δ + δ ≤ ϵ

2
+
ϵ

2
= ϵ,

where (a) follows from Equation 5.1.

(ii) The absolute convergence of the series
∑

(αan)
∞
n=1 from

|αan|+ |αan+1|+ · · ·+ |αam| = |a|(|an|+ |an+1|+ · · ·+ |am|) < |α|δ ≤ ϵ.

(iii) The absolute convergence of the series
∑

(an)
∞
n=1 from

|an|+ |an+1|+ · · ·+ |am| = |an|+ |an+1|+ · · ·+ |am| < δ < ϵ.
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Proposition 5.11: Summation of absolutely convergent series

Let
∑

(an)
∞
n=1 be an absolutely convergent series of complex numbers and let the

function σ : N → N be any bijection between the natural numbers. In this case the
rearrange series

∑
(aσ(n))

∞
n=1 also converges absolutely and obeys

∞∑
n=1

aσ(n) =
∞∑
n=1

an.

In other words, the terms in an absolutely convergent series can be summed in any
order without changing the result.

Proof. For all k ∈ N define the following partial sums:

Sk = a1 + a2 + · · ·+ ak,

Sσk = aσ(1) + aσ(2) + · · ·+ aσ(k),

Rk = |a1|+ |a2|+ · · ·+ |ak|,
Rσk =

∣∣aσ(1)∣∣+ ∣∣aσ(2)∣∣+ · · ·+
∣∣aσ(k)∣∣.

Choose arbitrary ϵ ∈ R+. Because the series
∑

(an)
∞
n=1 converges, by the Cauchy

criterion for series convergence there exists N ∈ N for which

|an|+ |an+1|+ · · ·+ |am| < ϵ for all m,n ∈ N for which m ≥ n ≥ N.

Because the set {1, 2, . . . , N} is finite, there exists a natural number p > N for which

{1, 2, . . . , N} ⊂ {σ(1), σ(2), . . . , σ(p)}.

By the definitions of Sk and Sσk , for all natural numbers k ≥ p it holds that

|Sk − Sσk | =
∣∣(a1 + · · ·+ aN + · · ·+ ak)− (aσ(1) + · · ·+ aσ(k))

∣∣ (5.2)

For all k ≥ p, the set {σ(1), . . . , σ(k)} contains all indices in the set {1, . . . , N}, so
the terms a1, . . . , aN cancel from the right-hand side of Equation 5.2. The remaining
terms in the right-hand side of Equation 5.2 have indices greater than N and less than
or equal to the number M = max{σ(1), σ(2), . . . , σ(k)}. By the triangle inequality,
we can then make the bound

|Sk − Sσk | ≤
M∑

n=N+1

|an| < ϵ, (5.3)

which implies that the sequence (Sk − Sσk )k converges to zero. Because the sequence
(Sk) converges, the sequence (Sσk )k also converges to the same limit as (Sk), and so
the series

∑
(aσ(n))

∞
n=1 converges to the same sum as the series

∑
(an)

∞
n=1.

Simultaneously, it holds that

|Rk −Rσk | =
∣∣(|a1|+ · · ·+ |aN |+ · · · |ak|)− (|aσ(1)| + · · ·+ |aσ(k)| )

∣∣,
and an analogous argument to that applied above produces the bound

|Rk −Rσk | ≤
M∑

n=N+1

|an| < ϵ, (5.4)

which shows that the sequence (Rk −Rσk )k converges to zero. Because the sequence
(Rk) converges, the sequence (Rσk )k also converges, and so the series

∑
(aσ(n))

∞
n=1 is

absolutely convergent.
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Remark 5.12: Summation of conditionally convergent series

Conditionally convergent series behave quite differently from absolutely convergent
series when the order in which their terms are summed is rearranged. Namely,
if
∑

(an)
∞
n=1 is a conditionally convergent series of real numbers and α ∈ R is

an arbitrary real number, it is possible to find a bijection σ : N → N for which∑∞
n=1 aσ(n) = α.

In other words, it is possible to rearrange the terms in a conditionally convergent
series such that the series’s sum comes out to any real number. However, for the
rearrangement σ to change the sum of a series, σ must rearrange an infinite number
of the series’s terms; rearranging only a finite number of a conditionally convergent
series’s terms does not change the series’s sum, since the addition of a finite number
of real or complex numbers is commutative.

5.2 Tests for convergence of series

In this section we survey a collection of tests that can be used to confirm if a series of
complex numbers converges or diverges. These tests do not, however, provide a means of
determining a convergent series’s sum, which is generally a much more difficult task than
simply verifying convergence.

Proposition 5.13: Comparison test

Let
∑

(an)
∞
n=1 be a series of complex numbers. If there exists a convergent series of

nonnegative real numbers
∑

(cn)
∞
n=1 and a natural number N ∈ N for which

|an| ≤ cn for all n ≥ N,

then the series
∑

(an)
∞
n=1 converges absolutely.

Proof. Choose arbitrary ϵ ∈ R+. Because the series
∑

(cn)
∞
n=1 converges, by the

Cauchy criterion there exists natural number N ′ ≥ N for which

|cn + cn+1 + · · ·+ cm| < ϵ for all m,n ∈ N for which m ≥ n ≥ N ′.

Under the assumption that |an| ≤ cn for all n ≥ N , it follows that

|an|+ |an+1|+ · · ·+ |am| ≤ cn + cn+1 + · · ·+ cm
(a)
= |cn + cn+1 + · · ·+ cm| < ϵ,

where (a) holds under the assumption that
∑

(cn)
∞
n=1 is nonnegative, proving the

series
∑

(|an|)∞n=1 converges by the Cauchy criterion (Proposition 5.5).

The comparison test formalizes the intuitive notion that, if a given series converges, then
any other series with element-wise smaller terms should also converge. We stress that the
convergent series used in the comparison test must be nonnegative and real-valued.

The comparison test can also be used, in reverse, to verify divergence.
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Proposition 5.14: Comparison test for divergence

Let
∑

(cn)
∞
n=1 be a series of nonnegative real numbers. If there exists a divergent

series of complex numbers
∑

(an)
∞
n=1 and a natural number N ∈ N for which

|an| ≤ cn for all n ≥ N,

then the series
∑

(cn)
∞
n=1 diverges.

Proof. We will prove the proposition by contradiction. Choose arbitrary ϵ ∈ R+ and
assume that

∑
(cn)

∞
n=1 converges. By the Cauchy criterion for series convergence,

there would then exists N ′ ≥ N for which

|cn + cn+1 + · · ·+ cm| < ϵ for all m,n ∈ N for which m ≥ n ≥ N ′.

We then make the computation

|an + an+1 + · · ·+ am|
(a)

≤ |an|+ |an+1|+ · · ·+ |am| ≤ cn + cn+1 + · · ·+ cm
(b)
= |cn + cn+1 + · · ·+ cm| < ϵ,

where (a) follow from the triangle inequality and (b) holds under the assumption
that

∑
(cn)

∞
n=1 is nonnegative. The above result implies that

∑
(an)

∞
n=1 converges,

which is a contradiction; thus
∑

(cn)
∞
n=1 diverges.

Definition 5.15: Majorant and minorant of a series

Consider a series of complex numbers
∑

(an)
∞
n=1 and a series of nonnegative real

numbers
∑

(cn)
∞
n=1. The series

∑
(cn)

∞
n=1 is called a majorant of the series

∑
(an)

∞
n=1

from the N -th term onward if there exists natural number N ∈ N

|an| ≤ cn for all n ≥ N.

Equivalently, the series
∑

(cn)
∞
n=1 may be said to dominate the series

∑
(an)

∞
n=1

from the N -th term onward. In this case the series
∑

(an)
∞
n=1 is called the minorant

of the series
∑

(cn)
∞
n=1 from the N -th term onward.

Using this terminology, proving a series converges using the comparison test amounts to
finding a convergent majorant of the series. Inversely, again by the comparison test, proving
a nonnegative real series diverges amounts to finding a divergent minorant for the series.

We now demonstrate the use of the comparison test with two concrete examples.

Example 5.16: Using the comparison test

(1) We have already shown in Example 5.7 that the harmonic series
∑

(1/n)∞n=1

diverges. Using this fact, we can apply the comparison test to show that the
series ∑(

1

nα

)∞

n=1

, α ∈ R
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diverges for all α ≤ 1. To verify this, note that

1

n
≤ 1

nα
for all n ∈ N and α ≤ 1,

meaning that the divergent harmonic series
∑

(1/nα)∞n=1 is a minorant of∑
(1/nα)∞n=1, which thus itself diverges by the comparison test.

(2) By Example 5.4, the geometric series
∑(

1
5n−1

)∞
n=1

converges. The series

∑(
1

n5n−1

)∞

n=1

also converges by comparison with the above geometric series, since

1

n5n−1
≤ 1

5n−1
for all n ∈ N.

Proposition 5.17: The root test

Let
∑

(an)
∞
n=1 be a series of complex numbers. In this case:

(1) If there exists real number q ∈ [0, 1) and natural number N ∈ N for which

n
√
|an| ≤ q for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 converges absolutely.

(2) If there exists natural number N ∈ N for which

n
√
|an| ≥ 1 for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 diverges.

(3) If the limit L = lim
n→∞

n
√
|an| exists, then:

(i) if L < 1, the series
∑

(an)
∞
n=1 converges absolutely,

(ii) if L > 1, the series
∑

(an)
∞
n=1 diverges, and

(iii) if L = 1, the root test cannot determine the convergence of
∑

(an)
∞
n=1.

Proof.

(1) By the proposition’s assumptions,

n
√
|an| ≤ q for all n ≥ N.

We then raise both sides of the inequality to the n-th power to get the
relation |an| ≤ qn, which means that the geometric series

∑
(qn)∞n=1 is a

majorant of the series
∑

(an)
∞
n=1. Because of the assumption q < 1, the

geometric series converges by Example 5.4, and so
∑

(an)
∞
n=1 converges

by the comparison test (Proposition 5.13).

(2) By the proposition’s assumptions,

n
√
|an| ≥ 1, and thus |an| ≥ 1, for all n ≥ N.
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The sequence (an) thus does not converge to zero, and so the series∑
(an)

∞
n=1 diverges by Corollary 5.6.

(3) (i) Assume L < 1 and let q = (L+ 1)/2. Then

L = lim
n→∞

n
√

|an| < q < 1.

Since L is the limit of the sequence
(
n
√

|an|
)
n
, by Proposition 4.12

for all ϵ ∈ R+ there exists N ∈ N for which∣∣∣ n√|an| − L
∣∣∣ < ϵ for all natural numbers n ≥ N,

Since L < 1 and because n
√
|an| and L grow arbitrarily close for large

n, there must exist N ∈ N for which

n
√

|an| < q < 1 for all n ≥ N.

The series
∑

(an)
∞
n=1 then converges absolutely by point (1).

(ii) Assuming L = lim
n→∞

> 1, by Proposition 4.12 there exists N ∈ N for
which

n
√
|an| > 1 for all n ≥ N.

The series
∑

(an)
∞
n=1 then diverges by point (2).

Proposition 5.18: The ratio test

Let
∑

(an)
∞
n=1 be a series of nonzero complex numbers. In this case:

(1) If there exists a real number q ∈ [0, 1) and natural number N ∈ N for which∣∣∣∣an+1

an

∣∣∣∣ ≤ q for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 converges absolutely.

(2) If there exists natural number N ∈ N for which∣∣∣∣an+1

an

∣∣∣∣ ≥ 1 for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 diverges.

(3) If the limit L = lim
n→∞

∣∣∣an+1

an

∣∣∣ exists, then:

(i) if L < 1, the series
∑

(an)
∞
n=1 converges absolutely,

(ii) if L > 1, the series
∑

(an)
∞
n=1 diverges, and

(iii) if L = 1, the ratio test cannot determine the convergence of
∑

(an)
∞
n=1.

Proof.
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(1) Because finitely many terms in a series do not affect the series’s convergence,
we can assume without loss of generality that N = 1. By the proposition’s
assumptions, it then holds that∣∣∣∣an+1

an

∣∣∣∣ ≤ q =⇒ |an+1| ≤ q|an| for all n ∈ N.

By repeatedly shifting the index n, this relationship implies that

|an+1| ≤ q|an| ≤ q2|an−1| ≤ · · · ≤ qn|a1|.

Assuming q ∈ (0, 1], the series
∑

(an)
∞
n=1 is thus dominated by the convergent

geometric series
∑

(|a1|qn−1)∞n=1 and is itself convergent by the comparison
test.

(2) By the proposition’s assumptions, it holds that∣∣∣∣an+1

an

∣∣∣∣ ≥ 1 =⇒ |an+1| ≥ |an| for all natural numbers n ≥ N.

The inequality |an+1| ≥ |an| for all n ≥ N means the sequence (|an|)n increases
in absolute value with increasing n, thus cannot converge to zero, and in turn
diverges by Corollary 5.6.

(3) (i) Assume L < 1 and let q = (L+1)/2. Analogously to the proof of point (3)
in the root test (Proposition 5.17), it then holds that L < q < 1, and
in turn, by the sequence limit condition in Proposition 4.12, that there
exists N ∈ N for which ∣∣∣∣an+1

an

∣∣∣∣ < q for all n ≥ N.

The series
∑

(an)
∞
n=1 then converges absolutely by point (1).

(ii) Assume L > 1. Analogously to the proof of point (3) in the root test
(Proposition 5.17), by the sequence limit condition in Proposition 4.12
there exists N ∈ N for which∣∣∣∣an+1

an

∣∣∣∣ > 1 for all n ≥ N.

The series
∑

(an)
∞
n=1 then diverges by point (2).

Proposition 5.19: Raabe’s test

Let
∑

(an)
∞
n=1 be a series of nonzero complex numbers. In this case:

(1) If there exists a real number q > 1 and natural number N ∈ N for which

n ·
(∣∣∣∣ anan+1

∣∣∣∣− 1

)
≥ q for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 converges absolutely.
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(2) If there exists natural number N ∈ N for which

n ·
(∣∣∣∣ anan+1

∣∣∣∣− 1

)
≤ 1 for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 does not converge absolutely.

(3) If there exists natural number N ∈ N for which

n ·
(∣∣∣∣ anan+1

∣∣∣∣− 1

)
≤ 0 for all natural numbers n ≥ N,

then the series
∑

(an)
∞
n=1 diverges.

(4) If the limit L = lim
n→∞

n
(∣∣∣ an

an+1

∣∣∣− 1
)

exists, then:

(i) if L > 1, the series
∑

(an)
∞
n=1 converges absolutely,

(ii) if 0 ≤ L < 1, the series
∑

(an)
∞
n=1 does not converge absolutely, and

(iii) if L < 0, the series
∑

(an)
∞
n=1 diverges.

Proof.

(1) Because finitely many terms in a series do not affect the series’s convergence,
we can assume without loss of generality that N = 1. By the proposition’s
assumptions, it then holds that

n

(
an
an+1

− 1

)
≥ q for all n ∈ N. (5.5)

Let r = q − 1. By Equation 5.5, it then follows that

n|an| − n|an+1| ≥ (1 + r)|an+1|,

or, after rearranging

n|an| − (n+ 1)|an+1| ≥ r|an+1|.

For all n ∈ N we then define the terms

b1 = 0 and bn+1 = n|an| − (n+ 1)|an+1|,

which implies

bn+1 = n|an| − (n+ 1)|an+1| ≥ r|an+1|
(a)
> 0,

where (a) holds under the assumption that q > 1 in point (1).

We then note that the series of real numbers
∑

(bn)
∞
n=1 is a majorant for∑

(an)
∞
n=1. Thus, by the comparison test, proving that

∑
(bn)

∞
n=1 converges

will also prove that
∑

(an)
∞
n=1 converges absolutely. To show that the series
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∑
(bn)

∞
n=1 converges, we first let Sk let the series’s k-th partial sum, then make

the calculation

Sk = b1 + b2 + · · ·+ bk

= 0 + (|a1| − 2|a2|) + (2|a2| − 3|a3|) +
[
(k − 1)|ak−1| − k|ak|

]
= |a1| − k|ak| ≤ |a1|.

The sequence of partial sums (Sk) is thus bounded above by |a1|. Because
the sequence (Sk) is increasing (since by construction

∑
(bn)

∞
n=1 is a series

of nonnegative real numbers) in addition to being bounded above, the it
converges by Proposition 4.15 (i). The series

∑
(bn)

∞
n=1 thus converges because

its sequence of partial sums converges, and so, as noted above,
∑

(an)
∞
n=1

converges by the comparison test.

(2) As point (1), we assume N = 1 without loss of generality. By the proposition’s
assumptions, it then holds that

n

(∣∣∣∣ anan+1

∣∣∣∣− 1

)
≤ 1 for all n ≥ N,

which we then rearrange to get

n|an| ≤ (n+ 1)|an=1|.

By repeatedly shifting the index n, it follows that

|a1| ≤ 2|a2| ≤ · · · ≤ n|an| ≤ (n+ 1)|an+1| ≤ · · · ,

which in particular implies that |a1|/n ≤ |an|.

The inequality |a1|/n ≤ |an| means that the series
∑

(|a1|/n)∞n=1 (i.e. a
harmonic series scaled by the constant factor |a1|) is a minorant of the series∑

(|an|)∞n=1. Because the harmonic series diverges, the series
∑

(|an|)∞n=1 also
diverges by the comparison test, and so

∑
(an)

∞
n=1 does not converge absolutely.

(3) We again assume N = 1 without loss of generality. By the proposition’s
assumptions, it then holds that∣∣∣∣ anan+1

∣∣∣∣ ≤ 1 =⇒
∣∣∣∣an+1

an

∣∣∣∣ ≥ 1 for all n ∈ N,

and so
∑

(an)
∞
n=1 diverges by the ratio test (Proposition 5.18).

(4) (i) Assume L > 1 and let q = (L+ 1)/2, which leads to the inequality

1 < q < L.

Following the same logic as in the proof of point (3) of the root test
(Proposition 5.17), because L is the limit of the sequence with general
term n

[
|(an)/(an+1)| − 1

]
, by Proposition 4.12 there must exist N ∈ N

for which
n

(∣∣∣∣ anan+1

∣∣∣∣− 1

)
> q for all n ≥ N.

Since q > 1, the series
∑

(an)
∞
n=1 converges absolutely by point (1).
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(ii) Assume 0 ≤ L ≤ 1. Because L is the limit of the sequence with general
term n

(∣∣∣ an
an+1

∣∣∣− 1
)
, by Proposition 4.12 there must exist N ∈ N for

which
n
(∣∣∣ an

an+1

∣∣∣− 1
)
< 1 for all n ≥ N . Thus the series

∑
(an)

∞
n=1 does not

converge absolutely by point (2).

(iii) Assume L < 1. Because L is the limit of the sequence with general term
n
[
|(an)/(an+1)| − 1

]
, by Proposition 4.12 there exists N ∈ N for which

n

(∣∣∣∣ anan+1

∣∣∣∣− 1

)
< 0 for all n ≥ N.

The series
∑

(an)
∞
n=1 thus diverges by point (3).

We now give some examples of using the above tests in practice.

Example 5.20: Using the root, ratio, and Raabe tests

(1) By the root test (Proposition 5.17), the series of positive real numbers∑(
e−n

2
)∞
n=1

converges, which follows from the calculation

lim
n→∞

n
√

e−n2 = lim
n→∞

e−n = lim
n→∞

(
1

e

)n
= 0 < 1.

(2) By the ratio test (Proposition 5.18) the series of positive real numbers∑(
n!

nn

)∞

n=1

converges, which follows from the calculation

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n+ 1)!

(n+ 1)n+1
· n

n

n!

(a)
= lim

n→∞

(n+ 1)n!

(n+ 1)n(n+ 1)
· n

n

n!

= lim
n→∞

nn

(n+ 1)n
(b)
= lim

n→∞

(
1

1 + 1
n

)n
= lim

n→∞

1(
1 + 1

n

)n (c)
=

1

e
< 1,

where (a) follows from the definition of the factorial operation, (b) from dividing
the numerator and denominator by n, and (c) from the definition of Euler’s
number in Example 4.23.

(3) By the ratio test the sequence of positive real numbers∑(
(n!)2

(2n)!

)∞

n=1

,
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converges, which follows from the calculation

L = lim
n→∞

[
(n+ 1)!

]2
(2n+ 2)!

· (2n)!
(n!)2

= lim
n→∞

(n+ 1)! · (n+ 1)!

(2n)!(2n+ 1)(2n+ 2)

(2n)!

n! · n!

= lim
n→∞

(n+ 1)2

(2n+ 1)(2n+ 2)
= lim

n→∞

n+ 1

4n+ 2

= lim
n→∞

1 + 1
n

4 + 2
n

=
1

4
< 1.

(4) Let α ∈ R be an arbitrary real number, and let us use Raabe’s test (Proposi-
tion 5.19) to analyze the convergence of the series of positive real numbers∑(

1

nα

)∞

n=1

.

First define a function f : R+ → R with the mapping formula f(x) = xα.
Although it predates our definition of the derivative (which we will study in
Chapter 7), we note that the derivative f ′ of the above function f is

f ′(x) = αxα−1.

We then make the calculation

L = lim
n→∞

n

(
(1/nα)

1/
[
(n+ 1)α

] − 1

)
= lim

n→∞
n
[(
n+1
n

)α − 1
]

= lim
n→∞

n
[(
1 + 1

n

)α − 1
]

(a)
= lim

h→0

1

h

[
(1 + h)α − 1

]
(b)
= lim

h→0

f(1 + h)− f(1)

h
(c)
= f ′(1) = α1α−1 = α.

where in (a) we have defined h = 1/n, (b) follows from the definition f(x) = xα,
and (c) follows from the definition of the derivative (Definition 7.1).

By point (4) of Raabe’s test, the series
∑(

1
nα

)∞
n=1

thus converges if α > 1
and diverges if α < 1. Point (4) of Raabe’s test cannot conclusively determine
the series’s convergence in the case α = 1, but point (2) can. Namely, if
α = 1 (which satisfies point (2) of Raabe’s test), the series

∑(
1
nα

)∞
n=1

does not
converge absolutely; however, because all elements in the series are positive,
which means that

1

nα
=

∣∣∣∣ 1nα
∣∣∣∣ for all n ∈ N,

if the series does not converge absolutely it does not converge at all, and
thus diverges if α = 1. (Of course, if α = 1 the series is the harmonic series∑

( 1n)
∞
n=1, which we already know diverges from Example 5.7.)
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Note that each of the series in the above example was real-valued with positive terms, in
which case convergence and absolute convergence are equivalent. More generally, series can
have negative terms, and an important case of a real-valued series with negative terms is
an alternating series, which we define below.

Definition 5.21: Alternating series

An alternating series is a real-valued series of the form∑(
(−1)n+1an

)∞
n=1

or
∑(

(−1)nan
)∞
n=1

,

where an ≥ 0 for all n ∈ N.

Leibniz’s test, which we state below, is commonly used to test the convergence of alternating
series.

Proposition 5.22: Leibniz’s alternating series test

For any alternating series of real numbers∑(
(−1)n+1an

)∞
n=1

,

if the sequence (an) is decreasing and converges to the number zero, then the series∑(
(−1)n+1an

)∞
n=1

also converges and obeys the inequality∣∣∣∣∣
∞∑
n=1

(−1)n+1an −
k∑

n=1

(−1)n+1an

∣∣∣∣∣ ≤ ak+1 for all k ∈ N.

Proof. For all k ∈ N we first define the partial sum

Sk =

k∑
n=1

(−1)n+1an.

The sequence (an) is decreasing and positive by the proposition’s assumptions, so
for each m ∈ N we can make the bound

S2m ≤ S2m + (a2m+1 − a2m+2) = S2m+2

= S2m+1 − a2m+2 ≤ S2m+1

= S2m−1 − (a2m − a2m+1) ≤ S2m−1.

The result S2m ≤ S2m+2 means that the sequence (S2m)m is increasing, while
S2m ≤ S2m−1 means that the sequence (S2m−1)m is decreasing. Because (an)
converges to zero, both sequences must also be bounded, so both the sequences
(S2m)m and (S2m−1)m converge by Proposition 4.15.

More so, the sequences (S2m)m and (S2m−1)m also converge to the same limit, since

lim
m→∞

S2m = lim
m→∞

(S2m−1 − a2m)

(a)
= lim

m→∞
S2m−1 − lim

m→∞
a2m

(b)
= lim

m→∞
S2m−1,
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where (a) follows from the limit operation’s distributivity over addition (Proposi-
tion 4.17 (i)) and (b) from the assumption that (an) converges to zero. Because both
the even-indexed and odd-indexed subsequences of (Sk) converge to the same limit,
the full sequence of partial sums (Sk) must also converge to that limit by a reverse-
engineered version of Proposition 4.26. The alternating series

∑(
(−1)n+1an

)∞
n=1

thus converges because its sequence partial sums (Sk) converges.

To prove the proposition’s inequality, let S denote the sum of the series∑(
(−1)n+1an

)∞
n=1

.

Because the subsequence of partial sums with even indices (S2m)m increases towards
S and the subsequence of partial sums with odd indices (S2m−1)m decreases towards
S, the partials sums obey the inequality

S2m ≤ S ≤ S2m+1 ≤ S2m−1 for all m ∈ N.

This inequality in turn implies that∣∣∣∣∣
∞∑
n=1

(−1)n+1an −
k∑

n=1

(−1)n+1an

∣∣∣∣∣ = |S − Sk| ≤ |Sk+1 − Sk| = ak+1

for all k ∈ N, which proves the second part of the proposition.

We conclude this chapter with two examples of using Leibniz’s test to verify the convergence
of alternating series.

Example 5.23: Alternating series

(1) Let us verify the convergence of the series∑(
(−1)n+1 1

n

)∞

n=1

.

The series is an alternating series, and because its terms monotonically decrease
and converge to zero by absolute value, the series converges by Leibniz’s test
(Proposition 5.22). Later, we will show the series’s sum equals the natural
logarithm of the number 2.

Note that the series formed from the above series’s absolute value elements is
the divergent harmonic series ∑

(1/n)∞n=1,

so the alternating series
∑(

(−1)n+1/n
)∞
n=1

converges only conditionally.

(2) The series in point (1) is a special case of the alternating series∑(
(−1)n+1 1

nα

)∞

n=1

, α ∈ R.

If α > 0, the series’s elements decrease monotonically to zero, and so the series
converges by Leibniz’s test. More specifically, the series converges absolutely if
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α > 1 and converges conditionally if 0 < α ≤ 1. If α ≤ 0, the series’s terms do
no converge to zero, and so the series diverges by Corollary 5.6.
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6 Functions of a single real variable

The functions used most often to describe physical quantities are scalar-valued and vector-
valued functions of one or more real variables. In this chapter we will study the simplest
case: scalar-valued functions of a single real variable.

Definition 6.1: Real-valued function of one real variable

A real-valued function of a single real variable is a function of the form

f : U → R, x 7→ f(x),

whose domain U ⊂ R is some subset of the real numbers. For shorthand, real-valued
functions of a single real variable are often called scalar functions, since the elements
of such a function’s domain and codomain are scalar numbers. We will regularly
use the term “scalar function” throughout the remainder of this book. The graph
(Definition 1.12) of a scalar function is a subset of the plane R× R = R2.

Recall, from Remark 1.11, that a function is fully specified by the combination of its domain,
codomain, and mapping formula. However, it is common practice to state scalar functions
with explicitly stating their mapping formulae. When the domain and codomain of a scalar
function are not stated explicitly, by convention one implicitly assumes the codomain is R
and the domain is the set of all real numbers for which the function’s mapping formula is
well defined, i.e. those x ∈ R for which it is possible to compute the function value f(x)
using the given mapping formula.

Definition 6.2: Zero of a scalar function

A zero of a scalar function f : U → R defined on the real subset U ⊂ R is any point
ξ ∈ U for which

f(ξ) = 0,

i.e. any point in the function’s domain that is mapped to zero.

We describe the growth of scalar functions using analogous terminology and definitions to
those used to describe the growth of real sequences in Definition 4.3.

Definition 6.3: Describing the growth of functions

Let f : U → R be a scalar function defined on the subset U ⊂ R.

(i) The function f is said to be increasing if

f(y) ≥ f(x) for all x, y ∈ U for which y > x.

(ii) The function f is said to be decreasing if

f(y) ≤ f(x) for all x, y ∈ U for which y > x.

(iii) The function f is monotonic if it is either increasing or decreasing.

(iv) The function f is said to be strictly increasing

f(y) > f(x) for all x, y ∈ U for which y > x.
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(v) The function f is said to be strictly decreasing

f(y) < f(x) for all x, y ∈ U for which y > x.

(vi) The function f is said to be strictly monotonic if it is either strictly increasing
or strictly decreasing.

The terminology and definitions used to describe the boundedness of scalar functions are
again analogous to their scalar analogs, in this case from Definition 4.2.

Definition 6.4: Describing the boundedness of functions

Let f : U → R be a scalar function defined on the subset U ⊂ R.

(i) The function f is said to be bounded above if its image f(U) is an above-bounded
subset of R.

(ii) The function f is said to be bounded below if its image f(U) is a below-bounded
subset of R.

(iii) The function f is bounded if it is both bounded above and bounded below.

Definition 6.5: The supremum, infimum, and extrema of a function

Let f : U → R be a scalar function defined on a nonempty real subset U ⊂ R.

(i) If the function f is bounded above, then f ’s supremum is defined as the
supremum of its image f(U) ⊂ R and is denoted by

sup(f) = sup
(
f(U)

)
.

If in addition f ’s image contains its supremum, i.e. if sup(f) ∈ f(U), then the
maximum of the function f , denoted by max(f), is defined as

max(f) = sup(f) (if sup(f) ∈ f(U)).

(ii) If the function f is bounded below, then f ’s infimum is defined as the infimum
of its image f(U) ⊂ R and is denoted by

inf(f) = inf
(
f(U)

)
.

If in addition f ’s image contains its infimum, i.e. if inf(f) ∈ f(U), then the
minimum of the function f , denoted by min(f), is defined as

min(f) = inf(f) (if inf(f) ∈ f(U)).

Example 6.6: Basic concepts related to scalar functions

(1) The identity function (see Definition (i)) on R, defined as idR : R → R with
the mapping formula x 7→ x, is an example of a scalar function. The identify
function is strictly increasing and is neither bounded above nor bounded below.
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(2) Let f : U → R be a scalar function defined on the subset U ⊂ R. In this case
the restriction (see Definition (ii)) f |V of the function f to an arbitrary subset
V ⊂ U of f ’s domain is also a scalar function.

(3) Let U ∈ R be a subset of R. The function f : U → R is called the constant
function with value c ∈ R if

f(x) = c for all x ∈ U.

Every constant scalar function is bounded and simultaneously increasing and
decreasing. However, if U has at least two elements, then any constant scalar
function is neither strictly increasing nor strictly decreasing.

(4) A linear function of a single real variable is a function of the form

f : R → R, f(x) = kx+ n

for any two constants k, n ∈ R. A linear function is strictly increasing if k > 0
and strictly decreasing if k < 0. A linear function f is bounded if, and only if,
k = 0, in which case f is a constant function with value n.

As background for defining even and odd functions, we first introduce the concept of
symmetry about the origin. For any real subset U ⊂ R, the subset −U is defined as

−U = {−x ; x ∈ U}.
If U = −U , then the set U is said to be symmetric about the origin.

Definition 6.7: Even and odd functions

Let f : U → R be a scalar function defined on a real subset U ⊂ R that is symmetric
about the origin. In this case:

(i) The function f is even if f(−x) = f(x) for all x ∈ U .

(ii) The function f is odd if f(−x) = −f(x) for all x ∈ U .

The graph of an even function is geometrically symmetric about the ordinate axis, while
the graph of an odd function is geometrically symmetric about the origin.

We stress that the properties of evenness and oddness are well-defined only for functions
whose domains are symmetric about the origin. However, because the set of real numbers
R is symmetric about the origin, and because R is a common domain for scalar functions,
this restriction is rarely a problem in practice.

Example 6.8: Sums of even and odd functions

Let f : U → R be a scalar function defined on the origin-symmetric subset U = −U ,
and define the two functions fe, fo : U → R as

fe(x) =
1

2

[
f(x) + f(−x)

]
and fo(x) =

1

2

[
f(x)− f(−x)

]
;

Note that fe is even by construction, that fo is odd by construction, and that

f = fe + fo.
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Because f was arbitrary except for the symmetric-domain condition U = −U , this
example is a proof by construction that any scalar function defined on a domain
with origin symmetry can be written as the sum of an even and odd function.

We now state some definitions of how functions can be combined under common operations.
We will regularly use these definitions throughout the remainder of this book.

Definition 6.9: Operations involving scalar functions

Let f : U → R and g : V → R be two scalar functions defined on the real subsets
U, V ⊂ R. In this case:

(i) The sum of f and g is denoted by f + g and defined as

f + g : U ∩ V → R, x 7→ (f + g)(x) = f(x) + g(x).

(ii) The product of f and g is denoted by either f · g or fg and is defined as

fg : U ∩ V → R, x 7→ (fg)(x) = f(x)g(x).

(iii) The quotient of f and g is denoted by f/g and defined as

f/g : U ∩ g−1(R \ {0}) → R, x 7→ (f/g)(x) =
f(x)

g(x)
.

The function f/g is defined on the intersection of f and the set of all x in g’s
domain V that are not mapped to zero.

(iv) The composition of f and g is denoted by f ◦ g and defined as

f ◦ g : g−1(U) → R, x 7→ (f ◦ g)(x) = f(g(x)).

The function f ◦ g is defined on the set of all x in g’s domain V that map to
f ’s domain U . You may also be interested in review Definition 1.18, which
defines the composition of arbitrary functions (not just scalar functions).

One must proceed with some caution when specifying the domains of the above functions.
In each of the above points, the domain of the defined function is the set of all points in
which the corresponding mapping formula is possible to calculate.

Remark 6.10: Scalar functions and group theory

From Definition 6.9 (i) and (ii), if two scalar functions f and g are defined on
the same real subset U ⊂ R, then their sum f + g and product fg are also scalar
functions defined on U ; the set of all scalar functions mapping from U to R is thus
closed under addition and multiplication. This set is in fact an Abelian group under
addition (recall Remark 2.2 in the context of the real numbers) for which the additive
identity is the zero function, and the additive inverse for the function f : U → R is
the function −f : U → R, (−f)(x) = −f(x).

We defined the inverse of a general function in Definition 1.20 of Section 1.2.3; we now give

118



the more specific definition of the inverse of a scalar function.

Remark 6.11: Inverse of a scalar function

Let f : U → R be a scalar function defined on the nonempty subset U ⊂ R. If f is
injective, then we define its inverse f−1 as

f−1 : f(U) → R, f−1(y) ∈ f−1({y}),

where f−1({y}) is the preimage of the point y ∈ f(U); this preimage has exactly one
point for every y ∈ f(U) under the assumption that f is injective, and so f−1(y) is
well-defined for all y ∈ f(U).

We must be careful, though. If f(U) ̸= R and f(U) does not contain all elements in
R, then f : f(U) → R is not surjective and does not have a right inverse (and thus
does not have an inverse). In this case by f−1 we implicitly denote the inverse of
the function

f |f(U) : U → f(U), x 7→ f(x),

which is simply the function f with the original codomain R replaced by f(U). The
function f |f(U) is surjective by construction, injective because f is injective, and
thus bijective; we denote its inverse by

(
f |f(U)

)−1
: f(U) → U .

In this case the notation f−1 used loosely formally refers to the function

idR|U ◦
(
f |f(U)

)−1
.

Proposition 6.12: Growth and injectivity of scalar functions

Let f : U → R be a scalar function defined on the real subset U ⊂ R. In this case:

(i) If f is strictly increasing then f is also injective, and its inverse function
f−1 : f(U) → R is also a strictly increasing function.

(ii) If f is strictly decreasing then f is also injective, and its inverse function
f−1 : f(U) → R is also a strictly decreasing function.

Proof.

(i) Assume f is strictly increasing, and let x, x′ ∈ U be any two elements in f ’s
domain for which x ̸= x′. Because f is strictly increasing, if x > x′ then
f(x) > f(x′); similarly if x < x′ then f(x) < f(x′). In either case x′ ̸= x
implies f(x) ̸= f(x′), and so f is injective.

Now consider any two function values u, v ∈ f(U), and note by the definition
of the inverse function in Definition 1.20 that

u = f(f−1(u)) and v = f(f−1(v)).

Because f is strictly increasing, if f−1(u) > f−1(v) then

u = f(f−1(u)) > f(f−1(v)) = v.

Reversing this result then means that if u > v, then f−1(u) > f−1(v), and so
f−1 is increasing.
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(ii) Analogous to the proof of item (i), just with inequalities reversed.

6.1 The limit of a scalar function

Definition 6.13: Cluster point and isolated point of a real subset

The point a ∈ R is a cluster point of the real subset A ⊂ R if

(a− δ, a+ δ) ∩ (A \ {a}) ̸= ∅ for all δ ∈ R+.

In words, a is a cluster point of A if any arbitrarily small real interval centered at a
contains elements of A other than a.

Meanwhile, a point b ∈ R is said to be an isolated point of A if b is an element of A
but not a cluster point of A.

Any interior point (Definition 2.29 (i)) of a real subset is necessarily a cluster point of the
set, while any exterior point (Definition 2.29 (ii)) is necessarily not a cluster point of the
set. Each of a real subset’s boundary points (Definition 2.29 (iii)) is either a cluster point
or an isolated point of the set.

In practice, one often uses the following condition to verify if a given point is a cluster point
of a real subset.

Proposition 6.14: Condition for a cluster point of a subset

The point a ∈ R is a cluster point of the real subset A ⊂ R if, and only if, there
exists a sequence of real numbers (an) for which an ∈ A \ {a} for all n ∈ N and

lim
n→∞

an = a.

In words, a ∈ R is a cluster point of A if it is possible to approximate a arbitrarily
closely using a sequence of points taken from the set A \ {a}.

Proof. (⇒) Assume a is a cluster point of A, which means that the set(
a− 1

n
, a+

1

n

)
∩ (A \ {a})

is nonempty for all n ∈ N. Because this set is nonempty, for every n ∈ N we can
choose from it a point an to form a sequence (an) that converges to (a) with that
property that an ∈ A \ {a} for all n ∈ N.

(⇐) Let (an) be a sequence of real numbers for which

lim
n→∞

an = a and an ∈ A \ {a} for all n ∈ N.

By the definition of the limit of a sequence (Definition 4.11), for all δ ∈ R+ the
neighborhood (a − δ, a + δ) of the point a contains all elements of (an) with the
possible exception of finitely many. Since (an)’s elements are elements of A, the set
(a− δ, a+ δ) ∩ (A \ {a}) is nonempty, and so a is a cluster point of A.
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Example 6.15: Interior, exterior, and cluster points

(i) The real subset A = {1/n ; n ∈ N} ⊂ R does not contain any nonempty open
intervals and thus does not have any interior points. All points in R \A are
exterior points of A except for 0; in fact 0 is the only cluster point of A, while
all elements of A are isolated points.

(ii) Consider the subset A = [0, 1)∪{2} ⊂ R. The points in the open interval (0, 1)
are A’s interior points, and A’s boundary points are the numbers 0, 1, and 2.
All points in the closed interval [0, 1] are A’s cluster points (included 1, which
itself is not an element of A). The number 2 is the only isolated point of the
subset A.

We are now prepared to define the limit of a scalar function, which will feature centrally
throughout the remainder of this book.

Definition 6.16: Limit of a scalar function

Let f : U → R be a scalar function defined on the real subset U ⊂ R and let a ∈ R
be a cluster point of the subset U . The number L ∈ R is the limit of the function f
at the point a if for all ϵ ∈ R+ there exists sufficiently small δ ∈ R+ for which

|f(x)− L| < ϵ for all x ∈ (a− δ, a+ δ) ∩ (U \ {a});

or, equivalently, for which

f(x) ∈ (L− ϵ, L+ ϵ) for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}).

In either case, the limit of f is said to exist at a and is written

L = lim
x→a

f(x).

Intuitively, L is the limit of the function f at the point a if it is possible to approximate L
arbitrarily closely with function values f(x) as the function argument x comes arbitrarily
close to a. Note that f need not be defined at a for the f ’s limit to exist at a; in fact, the
value of f at a is completely irrelevant to the definition of the limit of f at a.

Proposition 6.17: A function’s limit is unique

A function f : U → R can have at most one limit at any cluster point a of the subset
U ⊂ R.

Proof. Let L be the limit of f at a and let L′ be any real number different from L.
Next, define ϵ ∈ R+ for which

ϵ <
|L− L′|

2
,

in which case, by the triangle inequality, the intervals (L−ϵ, L+ϵ) and (L′−ϵ, L′+ϵ)
are disjoint. Since L is the limit of f at a, there exists δ ∈ R+ for which

|f(x)− L| < ϵ for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}).

121



Since (L− ϵ, L+ ϵ) and (L′ − ϵ, L′ + ϵ) are disjoint, for each such x it also holds that∣∣f(x)− L′∣∣ ≥ ϵ.

It then follows that for arbitrary positive real number δ′ < δ there exists some

x ∈ (a− δ′, a+ δ′) ∩ (U \ {a})

for which |f(x)− L′| ≥ ϵ, and so L′ cannot be the limit of f at the point a. Thus
no real number than L can be f ’s limit at a.

Definition 6.18: Left- and right-sided limit

Let f : U → R be a scalar function defined on the real subset U ⊂ R.

• If a ∈ R is a cluster point of the subset U ∩ (a,∞) and if the limit of the
restricted function f |U∩(a,∞) exists at the point a, this limit is called the
right-sided limit of f at the point a and is variously denoted by

lim
x→a+

f(x) = lim
x↓a

f(x) = lim
x→a

(fU∩{(a,∞)})(x).

• If a ∈ R is a cluster point of the subset U ∩ (−∞, a) and if the limit of the
restricted function f |U∩(−∞,a) exists at the point a, this limit is called the
left-sided limit of f at the point a and is variously denoted by

lim
x→a−

f(x) = lim
x↑a

f(x) = lim
x→a

(fU∩{(−∞,a)})(x).

From the above definition, if a ∈ R is a cluster point of both U ∩ (a,∞) and U ∩ (−∞, a),
then L ∈ R is the limit of the function f at a if, and only if, L is both the left-sided and
right-sided limit of f and a.

In addition to considering a function’s limit behavior a particular point a ∈ R, one is often
interested in the function’s behavior as its argument increases without bound—we explore
this situation in the following pages.

Definition 6.19: Limits at infinity

• Let f : U → R be a scalar function defined on the above-unbounded real subset
U ⊂ R. The real number L ∈ R is called the limit of f at infinity if for all
ϵ ∈ R+ there exists sufficiently large B ∈ R for which

|f(x)− L| < ϵ for all x ∈ (B,∞) ∩ U.

In this case the limit of f at infinity is said to exist and is denoted by

L = lim
x→∞

f(x) (notation: limit of f at infinity).

• Let f : U → R be a scalar function defined on the below-unbounded real subset
U ⊂ R. The real number L ∈ R is called the limit of f at negative infinity if
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for all ϵ ∈ R+ there exists sufficiently negative b ∈ R for which

|f(x)− L| < ϵ for all x ∈ (−∞, b) ∩ U.

In this case the limit of f at negative infinity is said to exist and is denoted by

L = lim
x→−∞

f(x) (notation: limit of f at negative infinity).

If the limit L = limx→∞ f of a scalar function f : U → R exists at infinity, then for any
(ϵ, B) pair the entire graph of f on the set (B,∞) ∩U lies between the two horizontal lines
with heights L − ϵ and L+ ϵ. The horizontal line with height L is called the horizontal
asymptote of f at infinity. Similarly, if the limit L = limx→−∞ of f at negative infinity
exists, then for any (ϵ, b) pair the entire graph of f on the set (−∞, b) ∩ U lies between
the two horizontal lines with heights L− ϵ and L+ ϵ. The horizontal line with height L is
called the horizontal asymptote of f at negative infinity.

Remark 6.20: Limits at infinity as limits at zero

By defining a new variable t = 1/x, the limits at positive infinity and negative infinity
of a function f : U → R can be interpreted as a special case of a function at the
point zero, since

lim
x→∞

f(x) = lim
t→0+

f(1/t) (at positive infinity)

lim
x→−∞

f(x) = lim
t→0−

f(1/t) (at negative infinity).

For this reason, limits at infinity obey the same properties as limits at a finite point.

Example 6.21: Limits of monotonic functions at interval endpoints

Let f : U → R be a scalar function defined on the real subset U ⊂ R, and define the
constant c ∈ U .

(i) If f is increasing and c is a cluster point of the subset U ∩ (−∞, c), then f(c)
is an upper bound of the set {f(x) ; x ∈ U, x < c}, and this set’s supremum is
the left-sided limit of f at c, i.e.

lim
x→c−

f(x) = sup{f(x) ; x ∈ U, x < c} ≤ f(c).

(ii) If f is increasing and c is a cluster point of the subset U ∩ (c,∞), then f(c) is
a lower bound of the set {f(x) ; x ∈ U, x > c}, and this set’s infimum is the
right-sided limit of f at c, i.e.

lim
x→c+

f(x) = inf{f(x) ; x ∈ U, x > c} ≥ f(c).

(iii) If f is decreasing and c is a cluster point of the subset U ∩ (−∞, c), then f(c)
is a lower bound of the set {f(x) ; x ∈ U, x < c}, while the set’s infimum is the
left-sided limit of f at c, i.e.

lim
x→c−

f(x) = inf{f(x) ; x ∈ U, x < c} ≥ f(c).
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(iv) If f is decreasing and c is a cluster point of the subset U ∩ (c,∞), then f(c) is
an upper bound of the set {f(x) ; x ∈ U, x > c}, while the set’s supremum is
the right-sided limit of f at c, i.e.

lim
x→c+

f(x) = sup{f(x) ; x ∈ U, x > c} ≤ f(c).

The following proposition characterizes limits of functions in terms of limits of sequences.

Proposition 6.22: Relating limits of functions and sequences

Let f : U → R be a scalar function defined on the real subset U ⊂ R, and let a ∈ R
be a cluster point of U . In this case the number L ∈ R is the limit of f at the point
a if, and only if, for all sequences (xn) from the set U \ {a} that converge to a, the
corresponding sequence of function values (f(xn))n converges to L, i.e. if

L = lim
n→∞

f(xn).

Proof. (⇒) Let L be the limit of f at the point a, and let (xn) be an arbitrary
sequence from the set U \ {a} that converges to a; we must show that the sequence
of function values (f(xn))n converges to L. To do so, first choose arbitrary ϵ ∈ R+.
By the definition of the limit of a function, there exists δ ∈ R+ for which

|f(x)− L| < ϵ for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}). (6.1)

Because the sequence (xn) converges to a, by Proposition 4.12 there exists N ∈ N
for which

xn ∈ (a− δ, a+ δ) ∩ (U \ {a}) for all n ≥ N.

Thus for all such sufficiently-large n, the sequence elements xn fall in the subset
x ∈ (a− δ, a+ δ) ∩ (U \ {a}) for which Equation 6.1 is valid; this means

|f(xn)− L| < ϵ for all n ≥ N,

and so the sequence of function values (f(xn))n converges to L by Proposition 4.12.

(⇐) Assume that L = limn→∞ f(xn) for all sequences (xn) from the set U \ {a} that
converge to a. We will then show, by contradiction, that L must be the limit of the
function f at the point a.

To do so, assume that L is not the limit of f at a. Since L is not the limit of f at a,
for any δ ∈ R+ there exists some ϵ ∈ R+ for which

|f(x)− L| ≥ ϵ for some x ∈ (a− δ, a+ δ) ∩ (U \ {a}).

Thus, for all n ∈ N there exists a point

xn ∈
(
a− 1

n
, a+

1

n

)
∩ (U \ {a})

for which |f(xn)− L| ≥ ϵ. We have thus constructed a sequence (xn) from U \ {a}
that converges to a, but for which L is not the limit of the sequence (f(xn))n. This
contradicts the assumption L = limn→∞ f(xn) for all sequences (xn) from the set
U \ {a} that converge to a, and so L must be the limit of f at a.
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By relating limits of sequences to limits of functions, Proposition 6.22 makes it possible to
use sequence-related propositions from Chapter 4 to prove analogous propositions applied
to the limits of scalar functions. We will make heavy use of this convenient fact in the
following pages.

Remark 6.23: Limits of functions at infinity

Because, as mentioned in Remark 6.20, limits of functions at infinity are a special
case of limits of functions at the point zero and thus obey the same properties as
limits of functions at points in R, a similar proposition to Proposition 6.22 holds for
limits at infinity, i.e.:

(i) If f : U → R is a scalar function defined on an above-unbounded subset U ⊂ R,
then the number L ∈ R is the limit of f at infinity if, and only if,

L = lim
n→∞

f(xn)

for all sequences (xn) from the subset U for which limn→∞ xn = ∞.

(ii) If f : U → R is a scalar function defined on an below-unbounded subset U ⊂ R,
then the number L ∈ R is the limit of f at negative infinity if, and only if,

L = lim
n→∞

f(xn)

for all sequences (xn) from the subset U for which limn→∞ xn = −∞.

The following rules are useful in practice for computing the limits of combinations of
functions; these rules are analogs of the rules given in Proposition 4.17 for computing the
limits of functions of sequences.

Proposition 6.24: Rules for computing limits of functions

Let f : U → R and g : V → R be two scalar functions defined on the real subsets
U, V ⊂ R, let a ∈ R be a cluster point of the subset U ∩ V ⊂ R, and assume both f
and g have a limit at the point a. In this case:

(i) The function f + g has a limit at a equal to

lim
x→a

(
f(x) + g(x)

)
= lim

x→a
f(x) + lim

x→a
g(x).

(ii) The function f · g has a limit at a equal to

lim
x→a

[
f(x)g(x)

]
= lim

x→a
f(x) · lim

x→a
g(x).

(iii) If the limit of g at the point a ∈ R is nonzero, then a is a cluster point of the
subset U ∩ g−1(R \ {0}) ⊂ R, and the function f/g has a limit at a equal to

lim
x→a

f(x)

g(x)
=

lim
x→a

f(x)

lim
x→a

g(x)
.

Proof. The proof follows from the rules for computing limits of sequences in Proposi-
tion 4.17, and from Proposition 6.22, which allows one to formulate the limit of a
function in terms of the limit of a sequence.
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(iii) Under the assumption limx→a g(x) ̸= 0, by the definition of the limit of a
function (Definition 6.16) there exists δ ∈ R+ for which

g(x) ̸= 0 for all x ∈ (a− δ, a+ δ) ∩ (V \ {a}).

Because a is assumed to be a cluster point of U ∩ V , it must also a cluster
point of U ∩ g−1(R \ {0}). We then choose an arbitrary sequence (xn) from
the set

(
U ∩ g−1(R \ {0})

)
\ {a} that converges to a. By Proposition 6.22 it

holds that

lim
n→∞

f(xn) = lim
x→a

f(x) and lim
n→∞

g(xn) = lim
x→a

g(x).

The rules for computing limits of sequences in Proposition 4.17 then imply that

lim
n→∞

f(xn)

g(xn)
=

lim
n→∞

f(xn)

lim
n→∞

g(xn)

(a)
=

lim
x→a

f(x)

lim
x→a

g(x)
,

where (a) follows from Proposition 6.22, for any sequence (xn) from the set(
U ∩ g−1(R \ {0})

)
\ {a} that converges to a.

Items (i) and (ii) are proved analogously but in a simpler manner, since one need
not worry about technicalities arising from division by zero.

Since left-sided limits, right-sided limits, and limits at positive and negative infinity are
just special cases of the limit of a function at a point (see e.g. Remark 6.20), the rules for
computing limits in Proposition 6.24 also hold for one-sided limits and limits at infinity.

In certain cases, a scalar function does not have a limit at a given point a ∈ R, but
the function’s value increases or decreases without bound in a predictable manner as the
argument approaches a. We denote such cases with the notation in the following remark.

Remark 6.25: Notation for divergent limits

For any scalar function f : U → R defined on the real subset U ⊂ R and point a ∈ R,
we introduce the following notation:

(i) If a is a cluster point of U and if for all M ∈ R there exists δ ∈ R+ for which
M ≤ f(x) for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}), we write

lim
x→a

f(x) = ∞.

For analogous situations involving one-sided limits, we use the notation

lim
x→a+

f(x) = ∞ and lim
x→a−

f(x) = ∞.

(ii) If a ∈ R is a cluster point of U and if for all m ∈ R there exists δ ∈ R+ for
which f(x) ≤ m for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}), we write

lim
x→a

f(x) = −∞,

or, for analogous cases involving one-sided limits,

lim
x→a+

f(x) = −∞ and lim
x→a−

f(x) = −∞.
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(iii) If U is unbounded above and if for all M ∈ R there exists B ∈ R for which
M ≤ f(x) for all x ∈ (B,∞) ∩ U , we write

lim
x→∞

f(x) = ∞.

(iv) If U is unbounded above and if for all m ∈ R there exists B ∈ R for which
f(x) ≤ m for all x ∈ (B,∞) ∩ U , we write

lim
x→∞

f(x) = −∞.

(v) If U is unbounded below and if for all M ∈ R there exists b ∈ R for which
M ≤ f(x) for all x ∈ (−∞, b) ∩ U , we write

lim
x→−∞

f(x) = ∞.

(vi) If U is unbounded below and if for all m ∈ R there exists b ∈ R for which
f(x) ≤ m for all x ∈ (−∞, b) ∩ U , we write

lim
x→−∞

f(x) = −∞.

6.2 Continuity

Definition 6.26: Continuity of a scalar function

Let f : U → R be a scalar function defined on the real subset U ⊂ R. The function f
is said to be continuous at the point a ∈ U if for all ϵ ∈ R+ there exists corresponding
δ ∈ R+ for which

|f(x)− f(a)| < ϵ for all x ∈ (a− δ, a+ δ) ∩ U ;

or, equivalently, for which

f(x) ∈
(
f(a)− ϵ, f(a) + ϵ

)
for all x ∈ (a− δ, a+ δ) ∩ U.

The function f is said to be continuous if it is continuous at all points in its domain.

The definition of the continuity of a function f : U → R at a point a ∈ R is very similar to
the definition of the limit of a function at a point—the main difference is that the definition
of continuity depends crucially on f ’s value at a, while f ’s value at a is completely irrelevant
to the definition of a limit. In fact, if a ∈ U is a cluster point of the set U ⊂ R, if follows
directly from Definitions 6.16 and 6.26 that a function f : U → R is continuous at a if, and
only if, the function value f(a) equals the function’s limit at a.

Note that a function’s continuity at a point is well-defined only at points at which the
function itself is defined—it does not make sense to speak of a function’s continuity at
points outside its domain. We illustrate this technicality in the following example.
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Example 6.27: Continuity of the sign function

Let us consider the sign (or signum) function sgn: R → R, defined as

sgn(x) =


1 x > 0,

0 x = 0,

−1 x < 0.

The sign function is defined at all points on the real line and is continuous at all
points except at zero, where its graph has a jump discontinuity.

However, the restricted function sgn |R\{0} is continuous on its entire domain. Al-
though this restricted function’s graph consists of two distinct parts, the function
satisfies the definition of continuity at all points in its domain, and hence is con-
tinuous; the behavior at zero, at which the restricted function is not defined, is
immaterial.

Proposition 6.28: Conditions for continuity

Let f : U → R be a scalar function defined on the real subset U ⊂ R, and let a ∈ U
be an arbitrary point in f ’s domain.

(i) If a is an isolated point of U , then f is continuous at a.

(ii) If a is a cluster point of U , then f is continuous at a if, and only if

f(a) = lim
x→a

f(x).

(iii) The function f is continuous at a if, and only if,

f(a) = lim
x→∞

f(xn)

for all sequences (xn) from U that converge to a.

Proof. Although these conditions follow almost directly from the definition of the
limit and continuity, we prove them here for the sake of completeness.

(i) If a ∈ U is an isolated point of the subset U , the condition for continuity of the
function f : U → R at a is fulfilled automatically, since with a small enough
choice of δ the set x ∈ (a− δ, a+ δ) ∩ U can be made to contain only a, and
|f(x)− f(a)| = 0 < ϵ for all ϵ ∈ R+ when x = a.

(ii) (⇒) Assume f is continuous at U , which means that for all ϵ ∈ R+ there exists
δ ∈ R+ for which

|f(x)− f(a)| < ϵ for all x ∈ (a− δ, a+ δ) ∩ U (6.2)

The definition of a limit uses the same equation as Equation 6.2, but uses the
more restricted subset (a−δ, a+δ)∩(U\{a}). But since (a−δ, a+δ)∩(U\{a}) is
a subset of (a−δ, a+δ)∩U , Equation 6.2 certainly holds for (a−δ, a+δ)∩(U\{a})
as well, and so f(a) is the limit of f at a.
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(⇐) Now assume that f(a) = limx→a f(x), which means that for all ϵ ∈ R+

there exists δ ∈ R+ for which

|f(a)− f(x)| < ϵ for all x ∈ (a− δ, a+ δ) ∩ (U \ {a}).

We can then separately verify that, when x = a,

|f(a)− f(x)| = |f(a)− f(a)| = 0 < ϵ,

which means that

|f(a)− f(x)| < ϵ for all x ∈ (a− δ, a+ δ) ∩ U,

and so f is continuous at a.

(iii) (⇒) Assume that f is continuous at a. By point (ii), f(a) is the limit of f at
a; point (iii) then follows immediately from Proposition 6.22.

(⇐) Assume that f(a) = limx→∞ f(xn) for all sequences (xn) from U that
converge to a. By Proposition 6.22, f(a) is then the limit of f at a, and so f
is continuous at a by point (ii).

We now make two important statements about interchanging the order of limit and function
evaluation that we will regularly make use of in the remainder of this book.

Remark 6.29: Changing the order of limits

Let f : U → R be a scalar function defined on the real subset U ⊂ R, let a ∈ U be an
arbitrary point in f ’s domain, and let (xn) be an arbitrary sequence of points from
U that converges to a. The equality in Proposition 6.28 (iii) can then be written in
the form

f(a)
(a)
= f

(
lim
n→∞

xn

)
= lim

n→∞
f(xn), (6.3)

where (a) uses the assumption that a = limx→∞ xn.

Equation 6.3 motivates the following important observation: the order in which a
continuous function and the limit of a sequence are evaluated can be interchanged.
A similar result holds for interchanging the evaluation of a continuous function and
the limit of a function, as formalized in the following proposition.

Proposition 6.30: Changing the order of function and limit evaluation

Let f : U → R and g : V → R be two scalar functions defined on the subsets U, V ⊂ R,
let a ∈ R be a cluster point of the set g−1(U) ⊂ R, and assume the limit of g at a
exists. If limx→a g(x) ∈ U and if f is continuous at the point limx→a g(x), then limit
of the composite function f ◦ g also exists at a and obeys

lim
x→a

f
(
g(x)

)
= f

(
lim
x→a

g(x)
)
.

Proof. Since the limit of g at a exists, by Proposition 6.22, for any sequence (xn)
from the set g−1(U)\{a} that converges to a, the corresponding sequence of function
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values
(
g(xn)

)
n

must converge to the limit limx→a g(x).

Because the function f is continuous at the point limx→a g(x) ∈ U , and because we
have already shown that the sequence

(
g(xn)

)
n

converges to the limit limx→a g(x),
by Proposition 6.28 (iii),

f
(
lim
x→a

g(x)
)
= lim

n→∞
f
(
g(xn)

)
.

We have shown that for all sequences
(
g(xn)

)
n

from the set U that converge to
limx→a g(x), the corresponding sequence of function values

(
f
(
g(xn)

))
n

converges
to f

(
limx→a g(x)

)
. Thus, by Proposition 6.22, the number f

(
limx→a g(x)

)
is the

limit of the function f(g(x)) as x approaches a, i.e.

lim
x→a

f
(
g(x)

)
= f

(
lim
x→a

g(x)
)
.

Example 6.31: Rearranging limits and function evaluation

Let f : U → R and g : V → R be two scalar functions defined on the subsets U, V ⊂ R,
let a ∈ R be a cluster point of the set g−1(U) ⊂ R, and let b ∈ R \ U be the limit of
g at the point a.

In this case, b = limx→a g(x) is a cluster point of f ’s domain U . To verify this, note
that, because a is assumed to be a cluster point of g−1(U), by Proposition 6.14 there
exists a sequence (xn) from the set g−1(U) \ {a} that converges to a. Because b is
limit of g at the point a, the sequence of function values

(
g(xn)

)
n

converges to b by
Proposition 6.22. Because the sequence

(
g(xn)

)
n

converges to b, and because

g(xn) ∈ U and g(xn) ̸= b for all n ∈ N,

the point b is a cluster point of U by Proposition 6.14.

Next, we note that if the limit of f at b exists, the limit of the composite function
f ◦ g also exists at a and obeys

lim
x→a

f
(
g(x)

)
= lim

t→b
f(t).

To verify this, we first define the function h : U ∪ {b} → R given by

h|U = f and h(b) = lim
t→b

f(t).

The thus-construction function h is continuous at b, and so the limit limx→a h(g(x))
exists by Proposition 6.30. More so, the number limx→a h(g(x)) is also the limit of
the function f ◦ g at a, which follows from the calculation

lim
x→a

f
(
g(x)

) (a)
= lim

x→a
h
(
g(x)

) (b)
= h

(
lim
x→a

g(x)
)

(c)
= h(b)

(d)
= lim

t→b
f(t),

where (a) follows from the definition of h, (b) from Proposition 6.30, (c) from the
definition b = limx→a g(x), and (d) again from the definition of h.

We will now examine the behavior of continuity under common function operations.
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Corollary 6.32: Continuity under function addition, multiplication, and
division

Let f : U → R and g : V → R be two scalar functions defined on the real subsets
U, V ⊂ R, and define the constant a ∈ U ∩ V .

(i) If f and g are continuous at a, then the function f + g is also continuous at a.

(ii) If f and g are continuous at a, then the function f · g is also continuous at a.

(iii) If f and g are continuous at a and g(a) ̸= 0, then f/g is also continuous at a.

Proof. This corollary follows directly from the rules for computing limits of functions
in Proposition 6.24 together with the conditions for continuity in Proposition 6.28.

Corollary 6.33: Continuity under function composition

Let f : U → R and g : V → R be two scalar functions defined on the real subsets
U, V ⊂ R, and define the constant a ∈ g−1(U). If g is continuous at a and f is
continuous at g(a), then the composite function f ◦ g is also continuous at a.

Proof. Let (xn) be an arbitrary sequence of points from the set g−1(U) that converges
to a. Because g is assumed to be continuous at a, the sequence

(
g(xn)

)
n

converges to
g(a) ∈ U by Proposition 6.28 (iii). Similarly, because f is assumed to be continuous
at g(a), the sequence

(
f(g(xn))

)
n

converges to f(g(a)), and so the function f ◦ g is
continuous at a, again by Proposition 6.28 (iii).

We conclude this section with a discussion of continuity in the context of common functions.

Example 6.34: Common continuous functions

(1) The constant function f : R → R with constant value c (see Example 6.6 (3))
is continuous, since, for all ϵ ∈ R+,

|f(x)− f(a)| = |c− c| = 0 < ϵ for all a, x ∈ R.

(2) Any linear function f : R → R of the form f(x) = kx+ n (Example 6.6 (4)) is
continuous for all k, n ∈ R. This holds trivially for the case k = 0, in which
case f is a constant function and is continuous by point (1). Now assume
k ̸= 0, choose arbitrary ϵ ∈ R+, and define δ = ϵ/|k|. For all a, x ∈ R for which
|x− a| < δ, f ’s continuity follows from the calculation

|f(x)− f(a)| = |kx+ n− (ka+ n)| = |kx− ka|
= |k||x− a| < |k|δ = ϵ.

(3) The restriction of a continuous function to an arbitrary subset of its domain is
again a continuous function. In symbols, let f : U → R be a scalar function
defined on the real subset U ⊂ R, and let V ⊂ U be a subset of U ; if f is
continuous at a ∈ V , then f |V is evidently also continuous at a by the definition
of continuity (Definition 6.26) and function restriction (Definition (ii)).
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(4) The power function f : R → R, f(x) = xn is continuous for all n ∈ N. To show
this, we write the function in the form

f(x) = x · x · · · ·︸︷︷︸
n

· x

and then note that the identity function x 7→ x is a linear function and
continuous by point (2), and the product of continuous functions is again
continuous by Corollary 6.32. The number n is called the power function’s
power or exponent.

(5) A real polynomial of degree n ∈ N ∪ {0} is a scalar function for the form

P : R → R, P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

for some constants a0, a1, . . . , an ∈ R, an ≠ 0. A polynomial is thus a sum of
the products of power functions and constants, i.e. the sum of the products of
continuous functions, and is thus continuous by Corollary 6.32.

(6) The rational function is quotient of two polynomials, and is thus continuous
by point (5) and Corollary 6.32.

6.3 Properties of continuous functions

In this section we cover some important theorems describing the behavior of continuous
scalar functions—many of these theorems form the foundation of real analysis.

Theorem 6.35: Zeros of continuous functions

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be a continuous
function. If f(a)f(b) < 0 (i.e. if f(a) and f(b) have opposite signs) there exists at
least one point ξ ∈ (a, b) for which f(ξ) = 0.

Loosely, the proposition states that if a continuous function’s value changes in sign
between two points on the x axis, the function’s graph must have crossed the x axis
at least once somewhere between those two points.

Proof. We will prove the proposition by construction, using the bisection method
to find a zero of f between the points a and b. If the process produces a zero of
f in finitely many iterations, the proof is complete; otherwise, we will inductively
construct two real sequences (an) and (bn) with the following properties:

(i) The sequence (an) is increasing and the sequence (bn) is decreasing.

(ii) The general elements an and bn satisfy the inequalities

a ≤ an < bn ≤ b and bn − an = (b− a)/2n−1 for all n ∈ N.

In words, a is a lower bound of (an), b is an upper bound of (bn), all terms in
(bn) are greater than the corresponding term in (an), and the distance between
an and bn decreases by a factor of 2 with each increasing value of n.
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(iii) The general terms an and bn are such that

f(an)f(bn) < 0 for all n ∈ N,

i.e. f ’s values at an and bn have opposite sign for all n.

We first define a1 = a and b1 = b. Assume we have already constructed the terms
a1, a2, . . . , an and b1, b2, . . . , bn so as to satisfy the above properties, and define

cn = (an + bn)/2.

If f(cn) = 0, we have found a zero ξ = cn of the function f in the interval (a, b),
completing the proof. If f(cn) ̸= 0, we construct the next sequence terms as follows:

(1) If f(an)f(cn) < 0, let an+1 = an and bn+1 = cn, in which case

f(an+1)f(bn+1) = f(an)f(cn) < 0.

(2) If f(an)f(cn) > 0, let an+1 = cn and bn+1 = bn, in which case

f(an)
2f(cn)f(bn) =

[
f(an)f(cn)

][
f(an)f(bn)

]
< 0,

and so again f(an+1)f(bn+1) = f(cn)f(bn) < 0.

By construction, the sequence (an) is increasing and bounded above by b, and is thus
convergent by Proposition 4.15. Similarly, (bn) is decreasing and bounded below by
a, and is thus also convergent by Proposition 4.15. We then make the calculation

lim
n→∞

bn − lim
n→∞

an
(a)
= lim

n→∞
(bn − an)

(b)
= lim

n→∞

b− a

2n−1
= 0,

where (a) follows from the limit rule in Proposition 4.17 (i) and (b) from the definition
of the sequences (an) and (bn). The result implies that limn→∞ bn = limn→∞ an, i.e.
that (an) and (bn) have the same limit, which we denote by

ξ = lim
n→∞

an = lim
n→∞

bn.

It remains to show that ξ is a zero of the function f . Using the assumption that f is
continuous, we make the calculation

f(ξ)2 = f(ξ)f(ξ) = f
(
lim
n→∞

an

)
· f
(
lim
n→∞

bn

)
(a)
= lim

n→∞
f(an) · lim

n→∞
f(bn)

(b)
= lim

n→∞

[
f(an)f(bn)

]
,

where (a) follows from the continuity condition in Proposition 6.28 (iii) and (b) from
the rules for computing limits in Proposition 6.24 (ii). Since f(an)f(bn) < 0 for all
n ∈ N by the definition of the sequences (an) and (bn), it follows that

lim
n→∞

f(an)f(bn) = f(ξ)2 ≤ 0.

Since f is a real-valued function, the result f(ξ)2 ≤ 0 implies that f(ξ) = 0.
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Theorem 6.36: Continuous functions are bounded on closed intervals

Every continuous scalar function f : U → R defined on a bounded, closed subset
U ⊂ R is itself bounded.

Proof. We will first prove by contradiction that f is bounded above. Assume f is
not bounded above, which would mean that for every natural number n ∈ N there
exists a point xn ∈ U for which

f(xn) ≥ n. (6.4)

Because the set U is bounded, the sequence (xn), which consists only of points from
U , must also be bounded. Because the sequence (xn) is bounded, it must have at
least one cluster point by the Bolzano-Weierstrass theorem (Theorem 4.9); we denote
this cluster point by c, and note that, because U is closed, c must be an element of
U . Because the function f is continuous at c, there exists δ ∈ R+ for which

|f(x)− f(c)| < 1 for all x ∈ (c− δ, c+ δ).

The number c is a cluster point of (xn), so every neighborhood of c contains infinitely
many elements of (xn) by Definition 4.6. In particular, this means there exists a
natural number n ∈ N for which

n > f(c) + 1 and xn ∈ (c− δ, c+ δ).

Because xn ∈ (c− δ, c+ δ) and because f is continuous at c, it follows that

|f(xn)− f(c)| < 1.

But at the same time, assuming f is not bounded above, it holds that

f(xn)− f(c)
(a)

≥ n− f(c)
(b)
> f(c) + 1− f(c) = 1,

where (a) follows from Equation 6.4 and (b) from the earlier conclusion that n >
f(c) + 1; the result f(xn) − f(c) > 1 contradicts the fact that |f(xn)− f(c)| < 1
under the assumption that f is continuous at c. It follows that f must be bounded
above.

It remains to show that f is bounded below. To do so, note that the function −f , as
the product of a constant and a continuous function, is also continuous. Since −f is
continuous, we can repeat an analogous procedure to that used above to show that
−f is also bounded above, which means that f is bounded below. The function f is
then bounded above and below, and is thus bounded.

Theorem 6.37: Continuous functions attain a minimum and maximum on
closed intervals

Let f : U → R be a continuous scalar function defined on a nonempty, bounded,
closed subset U ⊂ R. In this case there exist points u, v ∈ U for which

f(u) = sup(f) = max(f) and f(v) = inf(f) = min(f).
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In words, every continuous scalar function attains a maximum and minimum value
on a closed, bounded, nonempty real subset.

Proof. We first note that the function f is bounded by Theorem 6.36, and so it must
have a supremum, which we denote by M = sup(f). We then define the continuous,
nonnegative function

g : U → R, g(x) =M − f(x).

Our plan is to show, by contradiction, that the function g has at least one zero
u ∈ U ; in this case f(u) =M , meaning that f attains its supremum and thus has a
maximum on U .

Assume that g does not have any zeros. In this case, by Corollary 6.32, the function
1/g is continuous and defined on the entire set U , and is thus bounded by Theo-
rem 6.36. Because g is bounded and nonnegative, there exists a positive real number
A ∈ R for which

1/g(x) = 1/[M − f(x)] ≤ A for all x ∈ U,

which in turn implies the bound

f(x) ≤M − 1

A
.

This means that M − 1/A is an upper bound of the function image f(U), which
contradicts the earlier assumption that M is the supremum (i.e. least upper bound)
of f(U). It follows by contradiction that g must have at least one zero u ∈ U , in
which case

g(u) = 0 =M − f(u) =⇒ f(u) =M = sup(f).

It follows that f(x) attains its supremum on U , and thus has a maximum on U .

We could then repeat an analogous argument for the function −f , which is also
continuous as the product of a constant and a continuous function. We would find
that there exists v ∈ U for which −f(v) = sup(−f) = − inf(f), meaning that f also
attains a minimum on U , completing the proof.

Proposition 6.38: Continuous functions on closed intervals attain all values
between their minimum and maximum

Let a, b ∈ R be two real numbers for which a ≤ b, and let f : [a, b] → R be a
continuous scalar function. In this case

f([a, b]) =
[
inf(f), sup(f)

]
.

In other words, f attains both a minimum and maximum value on [a, b] and assumes
precisely all values between its minimum and maximum.

Proof. We first note that f([a, b]) ⊂ [inf(f), sup(f)] by the definition of a function’s
image and its infimum and supremum. It remains to show that f([a, b]) contains all
values in the interval [inf(f), sup(f)]. By Theorem 6.37, there exist points u, v ∈ [a, b]
for which

f(u) = sup(f) and f(v) = inf(f),
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which means that inf(f), sup(f) ∈ f([a, b]). We then choose an real number A ∈ R
for which inf(f) < A < sup(f) and define the continuous function

g : [a, b] → R, g(x) = f(x)−A.

We then make the calculation

g(u)g(v)
(a)
=
[
f(u)−A

][
f(v)−A

]
=
[
sup(f)−A

][
inf(f)−A

] (b)
< 0,

where (a) follows from the definition of the function g and (b) from the requirement
that inf(f) < A < sup(f). Since g is continuous, by Theorem 6.35 there exists
a point x ∈ (u, v) for which g(x) = 0 and thus f(x) = A. But because A was
chosen arbitrarily the interval (inf(f), sup(f)), it follows that f must attain all
values in the open interval (inf(f), sup(f)). Since we have already shown that
inf(f), sup(f) ∈ f([a, b]), it follows that f also attains all values in the closed interval
[inf(f), sup(f)], proving the proposition.

Proposition 6.38 implies that for any continuous function f : [a, b] → R, where a, b ∈ R and
a ≤ b, the equation f(x) = A has a solution if, and only if, A ∈ [inf(f), sup(f)].

Corollary 6.39: Continuity conditions for monotonic functions

Let a, b ∈ R be two real numbers for which a ≤ b. In this case:

(i) Any increasing function f : [a, b] → R is continuous if, and only if,

f([a, b]) = [f(a), f(b)].

(ii) Any decreasing function g : [a, b] → R is continuous if, and only if,

g([a, b]) = [g(b), g(a)].

Proof. Both points follow from Proposition 6.38 and Example 6.21.

Corollary 6.40: The image of a continuous function is an interval

If f : U → R is a continuous scalar function defined on a real interval U ⊂ R, then
f ’s image f(U) is also a real interval.

Proof. Because f ’s domain U is an interval, for any two points a, b ∈ U for which
a < b it holds that [a, b] ⊂ U . By Proposition 6.38, the continuous function f must
take on all values between f(a) and f(b) on the interval [a, b]. It follows that for any
two points in the image f(U), the entire interval between the two points is contained
in f(U); because these two points were chosen arbitrarily, the image f(U) must be
an interval.

Corollary 6.40 can be used to show the existence of the root of nonnegative real numbers.
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Corollary 6.41: Roots of nonnegative real numbers

Let n ∈ N be an arbitrary natural number and let A ∈ R be any nonnegative real
number. In this case there exists exactly one nonnegative real number x ∈ R for
which

xn = A;

we denote this number by n
√
A and call it the n-th root of A.

Proof. The power function f : [0,∞) → R defined as

f(x) = xn

is continuous (see Example 6.34 (4)), strictly increasing, and unbounded above. By
Corollary 6.39, f ’s image is the interval [0,∞), so for each A ∈ [0,∞) there must
exist some x ∈ [0,∞) for which f(x) = A. And because f is strictly increasing, it
is injective by Proposition 6.12, and so the solution to the equation f(x) = A is
unique.

Remark 6.42: Solutions of power equations

Let A ∈ R be an arbitrary real number.

(1) Let n ∈ N be an even natural number. If A ≥ 0, the equation xn = A has two
real solutions; these are n

√
A and − n

√
A. (Note that this does not contradict

the uniqueness statement in Corollary 6.41, which applies only to nonnegative
solutions of xn = A.)

If A < 0, the equation xn = A does not have any real solutions.

For even n, the n-th root function [0,∞) → R mapping t 7→ n
√
t is strictly

increasing, and its image is the interval [0,∞) → R.

(2) Let n be an odd natural number. In this case the equation xn = A has a single
real solution. If A ≥ 0, the solution is the nonnegative real number n

√
A; if

A < 0, the solution is the negative real number − n
√
−A, in which case we write

− n
√
−A =

n
√
A.

For odd n, the n-th root function R → R mapping t 7→ n
√
t is a strictly

increasing bijection.

Proposition 6.43: Growth and invertibility of continuous, injective func-
tions

If f : U → R is a continuous scalar function defined on the real subset U → R, then:

(i) The function f is injective if, and only if, it is strictly monotonic.

(ii) If f is injective, then its inverse function f−1 : f(U) → R is continuous.

Proof.

(i) If f is injective, it is also strictly monotonic by Proposition 6.38, since f being
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monotonic is the only way it can be both injective and satisfy f([a, b]) =
[inf(f), sup(f)].

(ii) The function f must be strictly monotonic by item (i), and so its inverse f−1

is also a strictly monotonic function by Proposition 6.12. More so, the function
image f(U) is an interval by Corollary 6.40.

Assume that f is strictly increasing, and choose two arbitrary points u, v ∈ f(U)
for which u < v. Because f is continuous, Corollary 6.39 implies that

f
(
f−1(u), f−1(v)

)
=
[
f
(
f−1(u)

)
, f
(
f−1(v)

)]
= [u, v],

which in turn implies that

f−1
(
[u, v]

)
=
[
f−1(u), f−1(v)

]
.

Corollary 6.39 then implies that the function f−1 is continuous on the interval
[u, v]. Since this result holds for all u, v ∈ f(U) for which u < v, the inverse
function f−1 : f(U) → R must be continuous.

We could then apply an analogous argument to the case in which f is strictly
decreasing, and again conclude that f−1 is continuous.

6.4 Uniform continuity

Definition 6.44: Uniform continuity

A scalar function f : U → R defined on the real subset U ⊂ R is said to be uniformly
continuous if for all ϵ ∈ R+ there exists corresponding δ ∈ R+ for which

|f(x)− f(y)| < ϵ for all x, y ∈ U for which |x− y| < δ.

Note that continuity (Definition 6.26) is defined at individual points, while uniform continuity
is defined for a function’s entire domain. In the definition of continuity at a point a ∈ R,
the value of δ may depend on both the choice of ϵ and the choice of a. In the definition of
uniform continuity, the value of δ can depend only on the choice of ϵ.

Every uniformly continuous function is also continuous, while the converse is not true in
general—continuous functions are not necessarily uniformly continuous, as we show in the
following example.

Example 6.45: A continuous function that is not uniformly continuous

The rational function f(x) = 1/x, defined on the domain R \ {0}, is continuous but
not uniformly continuous.

Specifically, the rational function is not uniformly continuous because of its two
vertical asymptotes as x approaches zero from the right and left. As the function’s
graph becomes steeper and steeper, for any fixed ϵ, the definition of uniform continuity
would require ever smaller values of δ as x approaches 0; in fact there is no ϵ ∈ R+

for which there exists a fixed value of δ for which the graph of f above an interval of
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length 2δ would fall in a rectangle of width 2ϵ.

The above example—of a continuous function that is not uniformly continuous—arose
because the rational function was defined on an open domain. On closed and bounded
domains, every continuous function is also uniformly continuous.

Proposition 6.46: Uniform continuity on closed, bounded domains

Every continuous scalar function f : U → R defined on a closed, bounded subset
U ⊂ R is uniformly continuous.

Proof. We will prove the proposition by contradiction. Assume that a continuous
function f with a closed, bounded domain U ⊂ R is not uniformly continuous. In
this case there would exist ϵ ∈ R+ for which, for all n ∈ N, there would exist points
xn, yn ∈ U for which

|xn − yn| <
1

n
and |f(xn)− f(yn)| ≥ ϵ. (6.5)

Any such sequence of points (xn) is bounded because it comes from the bounded
set U , and so by Proposition 4.9 (xn) has at least one cluster point; we denote this
cluster point by c and note that, because U is closed and all elements of the sequence
(xn) lie in U , the cluster point c must also lie in U .

Because f is continuous at c, there exists δ ∈ R+ for which

|f(x)− f(c)| < ϵ

2
for all x ∈ (c− δ, c+ δ) ∩ U. (6.6)

Because c is a cluster point of xn, by Proposition 4.7 there exists n ∈ N for which

n ≥ 2

δ
and |xn − c| < δ

2
. (6.7)

We then make the calculation

|yn − c| = |yn − xn + xn − c|
(a)

≤ |yn − xn|+ |xn − c|
(b)
<

1

n
+
δ

2

(c)

≤ δ.

where (a) follows from the triangle inequality, (b) from Equations 6.5 and 6.7, and
(c) from the bound n ≥ 2/δ. The points xn and yn are thus both separated from c
by less than δ, so the continuity of f at c in Equation 6.6 implies that

|f(xn)− f(c)| < ϵ

2
and |f(yn)− f(c)| < ϵ

2
.

We then conclude the proof with the calculation

|f(xn)− f(yn)| = |f(xn)− f(c) + f(c)− f(yn)|
≤ |f(xn)− f(c)|+ |f(c)− f(yn)|

<
ϵ

2
+
ϵ

2
= ϵ.

The result |f(xn)− f(yn)| < ϵ contradicts Equation 6.5, and so f must be uniformly
continuous.
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6.5 The exponential function

In this section we will formally define the exponential function and explore some of
its important properties. We will proceed in small steps, beginning with the exponential
function with natural-number powers and slowly progressing toward the exponential function
with real-valued exponents.

6.5.1 The exponential function for rational exponents

In this section we will progress from natural number to integer to rational-value exponents.

Topic 6.1: The exponential function with natural-valued exponents

For review from Definition 2.6, for arbitrary a ∈ R and n ∈ N we define a1 = a and
then recursively define an+1 = ana. The number an ∈ R is defined as the product of
n copies of a, i.e.

an = a · a · · · · · a︸ ︷︷ ︸
n

It then follows from the properties of real multiplication that

anam = an+m (6.8a)
anbn = (ab)n (6.8b)

(an)m = anm (6.8c)

for all a, b ∈ R and all n,m ∈ N.

Topic 6.2: The exponential function with integer-valued exponents

Again consider a real number a ∈ R, and assume a ̸= 0. We first must define the
number a0. Equation 6.8a holds for the zero exponent if ana0 = an+0 = an, which
motivates the definition

a0 = 1.

Note that defining a0 = 1 also satisfies the remaining properties in Equations 6.8.

We now aim to define a−n for n ∈ N, i.e. a real number raised to a negative integer
power. Equation 6.8a holds for the negative powers if

ana−n = an−n = a0 = 1,

which we solve for a−n to get

a−n =
1

an
;

note that the definition a−n = an is also consistent with Property 6.8c.

We have now defined the number ak for all a ∈ R\{0} and all k ∈ Z such that the following
properties hold for all a, b ∈ R \ {0} and all k, l ∈ Z.

akam = ak+l (6.9a)

akbk = (ab)k (6.9b)

(ak)l = akl. (6.9c)
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We then combine Equations 6.9 with the definition of the n-th root in Corollary 6.41 to
deduce the following properties, which hold for all a, b ∈ R+, all m,n ∈ N, and all k ∈ Z:

n
√
a m
√
a =

nm
√
an+m (6.10a)

n
√
ab = n

√
a
n
√
b (6.10b)

n

√
m
√
a = nm

√
a (6.10c)

n
√
ak =

(
n
√
a
)k
. (6.10d)

We now aim to expand the definition of powers so that the properties in Equations 6.9 hold
for rational exponents. Concretely, we wish, for arbitrary a ∈ R+ and n ∈ N, to define the
power 1/n and the number a1/n in a way that satisfies Equations 6.9.

Topic 6.3: The exponential function with rational-valued exponents

Let us choose any nonnegative real number a ∈ R+, and note that Equation 6.9c
holds only if (

a1/n
)n

= a(1/n)n = a1 = a.

Recalling the definition of the n-th root, the result (a1/n)n = a motivates the
definition

a1/n = n
√
a.

New let r ∈ Q be an arbitrary rational number, which we will write in the form
r = p/q where p ∈ Z and q ∈ N. Equation 6.9c holds for the exponent p/q if(

ap/q
)q

= a(p/q)q = ap,

which we then solve for ap/q to get

ap/q = q
√
ap

(a)
=
(
q
√
a
)p
,

where (a) uses Equation 6.10d.

There is a slight complication: a rational number’s fraction representation is not unique.
Namely, the above derivation relied on writing the rational number r in the form r = p/q,
but since this representation is not unique, we must confirm that the above definition of
rational-valued exponents is well-defined. To verify this, suppose

r =
p

q
=
p′

q′

for some p′ ∈ Z and q′ ∈ N. We rearrange to get pq′ = p′q, and then make the calculation[(
q
√
a
)p]qq′ (a)

=
(
q
√
a
)pqq′

=
(
q
√
a
)qp′q (b)

= ap
′q

(c)
=
(
q′√a
)q′p′q

(d)
=

[(
q′√a
)p′]qq′

.

where (a) follows from Equation 6.9c, (b) and (c) from Equation 6.9c and the definition of
the n-th root, and (d) again from Equation 6.9c. We then compare the beginning and end
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of the equality to conclude that(
q
√
a
)p

=
(
q′√a
)p′

if
p

q
=
p′

q′
,

which means the definition of a rational power as ar = ap/q is well-defined for any p ∈ Z
and q ∈ N for which r = p/q.

We may now extend the properties in Equations 6.9 to apply to rational powers. Namely,
by Equations 6.9 and 6.10 and the definition of the exponential function for rational powers,
the following properties hold for all a, b ∈ R+ and all r, s ∈ Q:

aras = ar+s

arbr = (ab)r

(ar)s = ars.

Definition 6.47: The exponential function with rational exponents

For all a ∈ R+, an exponential function with power r ∈ Q is a function of the form

ϕa : Q → R, ϕa(r) = ar.

This function is positive and monotonic for all r ∈ Q, and obeys the following properties:

(i) If a = 1, then ϕa is constant with the value 1.

(ii) If a > 1, then ϕa is strictly increasing.

(iii) If 0 < a < 1, then ϕa is strictly decreasing.

The function ϕa is also continuous, as we now show.

Proposition 6.48: Continuity of the rational exponential function

The exponential function ϕa : Q → R is continuous for all a ∈ R+ and r ∈ Q.

Proof. If a = 1, the function ϕa is constant and thus continuous by Example 6.34 (1).

Now assume that a > 1. We will first show that ϕa is continuous at the point 0. To
do so, we choose arbitrary ϵ ∈ R+ and note that

lim
n→∞

n
√
a = lim

n→∞
a1/n = 1 = lim

n→∞
(1/a)1/n = lim

n→∞
n
√

1/a,

which means there exists N ∈ N for which∣∣ n√a− 1
∣∣ < ϵ and

∣∣∣ n√1/a− 1
∣∣∣ < ϵ for all n ≥ N.

The function ϕa is strictly increasing, so for any h ∈ Q ∩ [0, 1/N ] it holds that∣∣∣ah − 1
∣∣∣ ≤ ∣∣∣a1/N − 1

∣∣∣ = ∣∣ N√a− 1
∣∣ < ϵ. (6.11)

Similarly, for any h ∈ Q ∩ [−1/N, 0], it holds that∣∣∣ah − 1
∣∣∣ ≤ ∣∣∣a−1/N − 1

∣∣∣ = ∣∣∣ N√1/a− 1
∣∣∣ < ϵ. (6.12)
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We then combine the result of Equations 6.11 and 6.12 to conclude that∣∣∣ah − 1
∣∣∣ < ϵ for all h ∈ Q ∩ [−1/N, 1/N ],

which means that ϕa is continuous at the point 0.

We will now show that when a > 1, the function ϕa is continuous at all points s ∈ Q.
Again choose arbitrary ϵ ∈ R+. Because ϕa is continuous at 0, there exists δ ∈ R+

for which ∣∣∣ah − 1
∣∣∣ < ϵ

as
for all h ∈ Q ∩ (−δ, δ),

which in turn implies that∣∣∣as+h − as
∣∣∣ = as

∣∣∣ah − 1
∣∣∣ < as

ϵ

as
= ϵ.

In other words,
|ar − as| < ϵ for all r ∈ Q ∩ (s− δ, s+ δ),

and so ϕa is continuous at the point s.

We now consider the case 0 < a < 1. In this case we may write

ϕa(r) = ar = (1/a)−r = ϕ1/a(−r).

We have written ϕa as the composition of two functions: a linear function r 7→ −r
and the exponential function ϕ1/a with base 1/a > 1. Both of these functions
are continuous, and so the composition ϕa with 0 < a < 1 is also continuous by
Corollary 6.33.

6.5.2 The exponential function for real-valued exponents

We will now extend the definition of the exponential function to arbitrary real-valued
exponents. In other words, for arbitrary base a ∈ R, we wish to define a continuous function

fa : R → R, f(x) = ax.

We will do this by constructing a function for which, for every sequence of rational numbers
(rn) that converges to a real number x, the sequence (arn)n converges to ax.

Proposition 6.49: Sequences of rational exponents

Let a ∈ R+ be any nonnegative real number.

(i) If (rn) is a sequence of rational numbers that converges to any real number,
then the sequence of rational numbers (arn)n also converges.

(ii) If (rn) and (sn) are two rational sequences that both converge to the same real
number, then

lim
n→∞

(arn) = lim
n→∞

(asn).

Proof.

(i) Because the rational sequence (rn) converges, it is also bounded, so there exist
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rational numbers p, q ∈ Q for which

p ≤ rn ≤ q for all n ∈ N.

Define M = max{ap, aq} and choose arbitrary ϵ ∈ R+. Because the function

ϕa : Q → R, r 7→ ar

is monotonic, arn ≤M for all n ∈ N. Because ϕa is continuous at the point 0
by Proposition 6.48, there exists δ ∈ R+ for which∣∣∣ah − 1

∣∣∣ < ϵ

M
for all h ∈ Q ∩ (−δ, δ).

Next, because the sequence (rn) converges, it must be a Cauchy sequence by
Proposition 4.31, and so there exists N ∈ N for which

|rm − rn| < δ for all m,n ≥ N,

which in turn implies that

|arm − arn | =
∣∣arn(arm−rn − 1)

∣∣ (a)= arn
∣∣arm−rn − 1

∣∣
(b)
< M

ϵ

M
= ϵ,

where (a) holds because a is positive, and (b) uses the two bounds developed
earlier in the proof. The result, i.e. |arm − arn | < ϵ for all m,n ≥ N , means
that (arn)n is also a Cauchy sequence and is thus convergent.

(ii) The sequences (rn) and (sn) converge to the same real number, and so

lim
n→∞

(rn − sn) = 0.

Because the function ϕa is continuous, Remark 6.29 allows us to change to
order of limit and function evaluation to get

lim
n→∞

arn−sn = alimn→∞(rn−sn) = a0 = 1. (6.13)

This result in turn implies that

lim
n→∞

arn = lim
n→∞

(
arn−snasn

)
(a)
= lim

n→∞
arn−sn · lim

n→∞
asn

(b)
= lim

n→∞
asn ,

where (a) holds by Proposition 4.17 (iii), and (b) by result of Equation 6.13.

We are now prepared to define the real-valued exponential function.
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Definition 6.50: The exponential function

For any a ∈ R+ and all x ∈ R, we define the number ax as

ax = lim
n→∞

(arn),

where (rn) is an arbitrary sequence of real numbers that converges to x, and define
the exponential function with base a as the function

ψa : R → R, ψa(x) = ax.

The above definition is sensible because for all x ∈ R, there exists at least one sequence of
rational numbers (rn) that converges to x, and by Proposition 6.49 the sequence (arn)n
converges to the same limit for any rational sequence (rn) that converges to x. More so, if
x is a rational number, Definition 6.50 agrees with the definition of the number ϕa(x) from
Definition 6.47.

Proposition 6.51: Properties of the exponential function

For all a, b ∈ R+ and all x, y ∈ R it holds that ax > 0 and

(i) axay = ax+y

(ii) axbx = (ab)x

(iii) (ax)y = axy

For all a ∈ R+, the exponential function ψa is continuous and obeys the following:

(iv) If a > 1, then ψa is strictly increasing.

(v) If 0 < a < 1, then ψa is strictly decreasing.

(vi) If a = 1, then ψa is constant with value 1.

(vii) If a ̸= 1, then ψa(R) = R+, i.e. ψa’s image is the set of positive real numbers.

Proof.

(i) Let (rn) and (sn) be arbitrary sequences of rational numbers that converge to x
and y, respectively. By Proposition 4.17 (i), the sequence (rn + sn)n converges
to x+ y, and so

ax+y = alimn→∞(rn+sn) (a)
= lim

n→∞
(arn+sn)

= lim
n→∞

(arnasn)

= lim
n→∞

(arn) · lim
n→∞

(asn) = axay,

where in (a) we may change the order of limit and function evaluation because
the exponential function is continuous for rational-valued exponents.
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(ii) By a similar calculation,

(ab)x = (ab)limn→∞ rn = lim
n→∞

(ab)rn

= lim
n→∞

(arnbrn) = lim
n→∞

arn · lim
n→∞

brn

= axbx.

(iv) Assume a > 1, let x, y ∈ R be any real numbers for which x < y, and let (rn)
and (sn) be two strictly increasing sequences of rational numbers for which
(rn) converges to x, (sn) converges to y, and x < s1. For all natural numbers
n ≥ 2 it then holds that

r1 < rn < x < s1 < sn < y.

Because the function ϕa = ψa|Q (i.e. the exponential function restricted to the
set of rational numbers) is strictly increasing, the sequences (arn)n and (asn)n
are also strictly increasing, and so for each n ≥ 2 it holds that

0 < ar1 < arn < as1 < asn .

From these inequalities it follows that

0 < arn < lim
n→∞

arn = ax ≤ as1 < lim
n→∞

asn = ay.

The result ax < ay means that ψa is increasing (for all a > 1).

(v) Analogous to the proof of point (iv).

(vi) This point follows directly from the definition of the exponential function (and
in turn the definitions of the exponential function with rational, integer,natural
number exponents).

We now pause to show that the function ψa is continuous for all a ∈ R+. We first
show that the function ψa is continuous at 0. Choose arbitrary ϵ ∈ R+. Because
ψa|Q is continuous at 0, there exists N ∈ N for which∣∣∣a1/N − a0

∣∣∣ = ∣∣∣a1/N − 1
∣∣∣ < ϵ (6.14a)∣∣∣a−1/N − a0

∣∣∣ = ∣∣∣a−1/N − 1
∣∣∣ < ϵ. (6.14b)

Combined with the fact that ψa is monotonic, Equations 6.14 mean that

|ax − 1| for all x ∈ (−1/N, 1/N),

and so ψa is continuous at 0.

We will now show that ψa is continuous at any point u ∈ R. Again choose arbitrary
ϵ ∈ R+. Because ψa is continuous at 0, there exists δ ∈ R+ for which∣∣∣ah − 1

∣∣∣ < ϵ

au
for all h ∈ (−δ, δ),
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which in turn implies that∣∣∣au+h − au
∣∣∣ = au

∣∣∣ah − 1
∣∣∣ < au

ϵ

au
= ϵ.

In other words, for all x ∈ (u− δ, u+ δ) it holds that

|ax − au| < ϵ,

which means that ψa is continuous at u. We now complete the proof of the remaining
points in Proposition 6.51.

(iii) First assume that y ∈ Q, and choose a sequence of rational numbers (rn) that
converges to the real number x ∈ R. In this case (rny)n is a sequence of rational
numbers that converges to xy ∈ R, and so

(ax)y =
(
lim
n→∞

arn
)y

= lim
n→∞

[
(arn)y

]
= lim

n→∞
(arny) = axy, (y ∈ Q) (6.15)

where we may change the order of limit and function evaluation because ψa is
continuous. Now let y be an arbitrary real number, and let (sn) be a sequence
of rational numbers that converges to y. In this case

(ax)y = lim
n→∞

(ax)sn
(a)
= lim

n→∞
(axsn) = a

lim
n→∞

(xsn)
= axy,

where (a) uses the equality (ax)sn = axsn , which follows from Equation 6.15
and that fact that sn is a rational number.

(vii) We first make the computations

lim
n→∞

an = ∞ and lim
n→∞

a−n = 0, (a > 1)

and
lim
n→∞

an = 0 and lim
n→∞

a−n = ∞, (a < 1).

The function ψa is monotonic and continuous and thus meets the assumptions
of Corollary 6.39, which then implies that f(R) = R+.

6.5.3 The logarithmic function

Definition 6.52: Existence of the logarithm

For all real numbers a ∈ R+ \ {1} and all nonnegative real numbers A ∈ R+, there
exists a unique real number x for which

ax = A.

We call this value the base-a logarithm of A and denote it by x = logaA. For all
such a ∈ R+ \ {1}, the base-a logarithmic function is the function

loga : R+ → R, x 7→ loga x.

The value of x solving the equation ax = A is unique because the exponential function with
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base a ∈ R+ \ {1} is a continuous, strictly monotonic function—and thus also an injective
function by Proposition 6.43—and because its image is the entire set R+.

By its definition, the logarithmic function with base a ∈ R+ \ {1} is the inverse function of
the exponential function with base a, meaning that

aloga(t) = t for all t ∈ R+ and loga(a
x) = x for all x ∈ R+. (6.16)

Like the exponential function, the logarithmic function with base a is also strictly increasing
if a > 1 and strictly decreasing if 0 < a < 1.

Proposition 6.53: Properties of the logarithmic function

For all a ∈ R+ \ {1}, all x, y ∈ R+, and all α ∈ R+ the logarithmic function obeys

(i) loga(xy) = loga x+ loga y

(ii) loga(x/y) = loga x− loga y

(iii) loga(x
α) = α loga x.

Proof.

(i) We directly verify this point with the computation

aloga x+loga y
(a)
= aloga xaloga y

(b)
= xy

(c)
= aloga(xy),

where (a) follows from Proposition 6.51 (i) and (b) and (c) follow from Equa-
tion 6.16. Because the exponential function is injective, the resulting equality
aloga x+loga y = aloga(xy) implies loga(xy) = loga x+ loga y.

(ii) Again using the properties of the logarithmic and exponential functions, we
directly compute

aloga x−loga y = aloga xa− loga y = aloga x
(
aloga y

)−1

= x/y = aloga(x/y),

which implies loga(x/y) = loga x− loga y.

(iii) This point follows from the calculation

aα loga x =
(
aloga x

)α
= xα = aloga(x

α),

which implies loga(x
α) = α loga x.

We now show how to relate logarithmic functions with different bases.

Proposition 6.54: Change of base formula

For any two numbers a, b ∈ R+ \ {1} and all x ∈ R+, the logarithmic function obeys

logb x =
loga x

loga b
. (6.17)

Equation 6.17 is sometimes called the change of base formula for logarithms.
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Proof. The change of base formula follows from the calculation

x
(a)
= aloga x

(b)
= blogb x

(c)
=
(
aloga b

)logb x (d)
= a(loga b)(logb x),

where (a), (b), and (c) follow from Equation 6.16 and (d) from Proposition 6.51 (iii).
The exponential function is injective, so the resulting equality aloga x = a(loga b)(logb x)

implies loga x = (loga b)(logb x).

The change of basis formula means that logarithmic functions with different bases are
proportional to each other.

Remark 6.55: Common bases of the logarithm function

The most common bases for the logarithmic function are the numbers 10 and e
(Euler’s number). The logarithm with base e is called the natural logarithm and is
denoted by

ln = loge (the natural logarithm),

while the logarithm with base 10 is sometimes called Briggs’s logarithm.

Sometimes a logarithmic function is written simply “log”, and the logarithm’s base is
not written explicitly. In this case the base must be determined from context—the
implicit base is usually 10 in the natural sciences and e in mathematics.

6.5.4 The power function

In the definition of the exponential function (Definition 6.50), the base is a constant and
the exponent is the variable. Reversing the roles—choosing the variable to be constant and
letting the base vary—produces the power function.

Definition 6.56: Power function

For all α ∈ R, the power function with exponent α is the function

· α : R+ → R, x 7→ xα.

The power function can be written as the composition of a logarithmic, linear, and expo-
nential function in the form

xα = eln(x
α) = eα lnx. (6.18)

The power function is thus continuous for all α ∈ R+ by Corollary 6.33, since the exponential,
logarithmic, and linear functions are all continuous. The power function x 7→ xα is strictly
increasing for all α > 0 and strictly decreasing for all α < 0. The power function’s image is
R+ for all α ̸= 0.

Example 6.57: Euler’s number

Let us show that Euler’s number obeys the identity

lim
x→∞

(1 + x)1/x = e.

To show this, for all x ∈ (0, 1) let n(x) ∈ N be the integer part of the real number
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1/x, i.e. the natural number for which

n(x) ≤ 1/x < n(x) + 1.

For all x ∈ (0, 1) we can then make the bound

1 +
1

n(x) + 1
< 1 + x ≤ 1 +

1

n(x)
, (6.19)

which in turn implies(
1 +

1

n(x) + 1

)n(x)
≤
(
1 +

1

n(x) + 1

)1/x (a)
< (1 + x)1/x

(b)

≤
(
1 +

1

n(x)

)1/x

<

(
1 +

1

n(x)

)n(x)+1

,

(6.20)

where (a) and (b) use Equation 6.19. We then note that lim
x→0+

n(x) = ∞, implying

lim
x→0+

(
1 +

1

n(x) + 1

)n(x)
= lim

n→∞

(
1 +

1

n+ 1

)n
(a)
= e

and

lim
x→0+

(
1 +

1

n(x)

)n(x)+1

= lim
n→∞

(
1 +

1

n

)n+1
(b)
= e,

where (a) and (b) follow from the definition of Euler’s number in Example 4.23. We
then combine the bound in Equation 6.19 and the inequality in Equation 6.20 to
conclude that

lim
x→0+

(1 + x)1/x = e.

In an analogous manner we can show that

lim
x→0−

(1 + x)1/x = e.

6.5.5 The hyperbolic functions

The hyperbolic functions play a fundamental role in hyperbolic geometry, which falls beyond
the scope of this text. Here we give only the functions’ definitions.

Definition 6.58: The hyperbolic functions

• The hyperbolic sine function sinh: R → R is defined as

sinhx =
ex − e−x

2
.

The sinh function is continuous, odd, strictly increasing, and bijective.
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• The hyperbolic cosine function cosh: R → R is defined as

coshx =
ex + e−x

2
.

The cosh function is continuous and even, and its image is the interval [1,∞).

• The hyperbolic tangent function tanh: R → R is defined as

tanhx =
sinhx

coshx
.

The hyperbolic tangent function is continuous, odd, and injective, and its image
is the interval (−1, 1).

• The hyperbolic cotangent function coth: R \ {0} → R is defined as

cothx =
coshx

sinhx
.

The hyperbolic cotangent function is continuous, odd, and injective, and its
image is (−∞,−1) ∪ (1,∞).

Proposition 6.59: Properties of the hyperbolic functions

The hyperbolic functions obey the following Pythagorean identities for all x ∈ R for
which the expressions are defined:

cosh2 x− sinh2 x = 1,

1− tanh2 x =
1

cosh2 x
,

1− coth2 x =
−1

sinh2 x
(x ̸= 0).

The hyperbolic functions also obey the following summation identities for all x ∈ R
for which the expressions are defined:

sinh(x+ y) = sinhx cosh y + sinh y coshx,

cosh(x+ y) = coshx cosh y + sinhx sinh y,

tanh(x+ y) =
tanhx+ tanh y

1 + tanhx tanh y
,

coth(x+ y) =
1 + cothx coth y

cothx+ coth y
, (x, y ̸= 0;x+ y ̸= 0).

Proof. The properties can be directly verified by straightforward but rather tedious
computation using the definitions of the hyperbolic functions and the properties of
the exponential function in Proposition 6.51.

Definition 6.60: The inverse hyperbolic functions

The inverse hyperbolic functions are also called the area functions for their relation-
ship to the areas of hyperbolic sectors. They are defined as follows:
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• The inverse hyperbolic sine function arsinh: R → R is the inverse of the
hyperbolic sine, and is thus continuous, odd, strictly increasing, and bijective.
The arsinh function can be expressed explicitly as

arsinhx = ln
(
x+

√
x2 + 1

)
for all x ∈ R.

• The inverse hyperbolic cosine function arcosh: [1,∞) → [0,∞) is the inverse of
the restricted, injective function cosh |[0,∞). The arcosh function is continuous,
injective, and strictly increasing, and its image is the interval [0,∞). The
arcosh function can be expressed explicitly as

arcoshx = ln
(
x+

√
x2 − 1

)
for all x ∈ [0,∞).

• The inverse hyperbolic tangent function artanh: (−1, 1) → R is the inverse of
the injective function tanh function. The artanh function is continuous, odd,
strictly increasing, and bijective, and can be expressed explicitly as

artanhx =
1

2
ln

1 + x

1− x
for all x ∈ (−1, 1).

• The inverse hyperbolic cotangent function arcoth: (−∞,−1)∪(1,∞) → R\{0}
is the inverse of the injective function coth: R \ {0} → R function. The arcoth
function is continuous, odd, and injective, and its image is R \ {0}. The arcoth
function can be expressed explicitly as

arcothx =
1

2
ln
x+ 1

x− 1
for all x ∈ (−∞,−1) ∪ (1,∞).

Remark 6.61: Elementary functions

We have seen that the polynomials, trigonometric functions, inverse trigonometric
functions, exponential function, and logarithmic function are all continuous. These
functions may be combined through addition, subtraction, multiplication, division,
and composition; such combinations are again continuous functions, and are called
elementary functions. For example, the rational, hyperbolic, inverse hyperbolic, and
power functions are all elementary functions.
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7 The derivative

7.1 Foundational concepts

Definition 7.1: The derivative of a scalar function at a point

Let f : U → R be a scalar function defined on the real subset U ⊂ R, and let a be
an interior point of U . The function f is said to be differentiable at the point a ∈ U
if the following limit exists:

lim
x→a

f(x)− f(a)

x− a
∈ R.

If the limit exists, it is called the derivative of f at the point a and denoted by

f ′(a) =
df

dx
(a) = lim

x→a

f(x)− f(a)

x− a
.

By defining h = x− a, we can introduce a second, common form of the derivative of f at a,
which is

f ′(a) =
df

dx
(a) = lim

h→0

f(a+ h)− f(a)

h
.

Definition 7.2: The derivative of a scalar function

Let f : U → R be a scalar function defined on the open subset U ⊂ R. The function
f is said to be differentiable if it is differentiable at every point in U . In this case we
define a new function called the derivative of f , defined as

f ′ =
df

dx
: U → R, x 7→ f ′(x).(the derivative of f)

Remark 7.3: Geometric interpretation of the derivative

Let the scalar function f : U → R be differentiable at the interior point a ∈ U ⊂ R.
We first note that the quotient

f(x)− f(a)

x− a

is the slope of the line in R2 passing through the points (a, f(a)) and (x, f(x)).
As the point x approaches a, the line through the points (a, f(a)) and (x, f(x))
approaches the tangent line to the graph of f at the point a, f(a), and the slope k
of this tangent line is precisely the derivative

k = lim
x→a

f(x)− f(a)

x− a
= f ′(a).

In other words, f ′(a) is the slope of the line tangent to f ’s graph at the point a, f(a),
which has the equation

y = f ′(a) · (x− a) + f(a).
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Remark 7.4: Derivatives and approximations

Let the scalar function f : U → R be differentiable at the interior point a ∈ U ⊂ R.
From Remark 7.3, recall that the equation of the line tangent to the graph of f at
the point a, f(a) is

y = f ′(a) · (x− a) + f(a).

This tangent line is the line that best approximates the graph of f at a, so we may
view the value of the linear function

x 7→ f ′(a) · (x− a) + f(a)

as a linear approximation of the function f near the point a. We may view the
approximation’s error as a function of the difference h = x−a, and denote this error by

α(h) = f(x)−
[
f(a) + f ′(a) · (x− a)

]
= f(a+ h)− f(a)− f ′(a) · h.

For small enough values of h, we may write the function f(x) as

f(x) = f(a) + f ′(a) · h+ α(h),

where we note that

lim
h→0

α(h)

h
= lim

h→0

f(a+ h)− f(a)− f ′(a) · h
h

= lim
h→0

[
f(a+ h)− f(a)

h

]
− f ′(a)

(a)
= f ′(a)− f ′(a) = 0,

(7.1)

where (a) uses the definition of the derivative. In other words, the error of the linear
approximation of f near a grows arbitrarily small as x approaches a.

In fact, Equation 7.1 characterizes the differentiability of a function and its derivative
at a point. More specifically, let f : U → R be an arbitrary function defined on the
subset U ⊂ R and let a be an arbitrary interior point of U . If there exists a real
number va ∈ R for which

lim
h→0

f(a+ h)− f(a) + va · h
h

= 0,

then f is differentiable at a and f ′(a) = va.

Proposition 7.5: Differentiability implies continuity

Let f : U → R be a scalar function defined on the real subset U ⊂ R, and let a be
an interior point of U . If f is differentiable at a, then f is also continuous at a.

Proof. For any small-enough h ∈ R we may write f(a+ h) as

f(a+ h) = f(a) + h

[
f(a+ h)− f(a)

h

]
.
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Using the fact that f is differentiable at a, we then make the calculation

lim
h→0

f(a+ h)
(a)
= lim

h→0
f(a) + lim

h→0
h

[
f(a+ h)− f(a)

h

]
(b)
= lim

h→0
f(a) + lim

h→0
h · lim

h→0

[
f(a+ h)− f(a)

h

]
(c)
= f(a) + 0 · f ′(a) = f(a),

where (a) simply adds and subtracts the quantity f(a), (b) uses the limit rules from
Proposition 6.24 and (c) uses the definition of the derivative at a point. The result
limh→0 f(a+h) = f(a) means that the function value f(a) equals f ’s limit at a, and
so f is continuous by Proposition 6.28 (ii).

Note that continuity does not in general imply differentiability, as we will illustrate in the
following example.

Example 7.6: Derivatives of common functions

(1) The function f(x) = |x| is continuous, but it is not differentiable at the point
0, since the limit

lim
h→0

f(h+ 0)− f(0)

h
= lim

h→0

f(h)− 0

h
= lim

h→0

|h|
h

is undefined. Thus continuity does not in general imply differentiability.

(2) For any c ∈ R, the constant function f(x) = c is differentiable at every point
x ∈ R, and its derivative is

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

c− c

h
= lim

h→0

0

h
= 0.

(3) For any k, n ∈ R, the linear function f(x) = kx+ n is differentiable at every
point x ∈ R, and its derivative is

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

[
k(x+ h) + n

]
− (kx+ n)

h

= lim
h→0

kh

h
= lim

h→0
k = k.

(4) For any natural number n the power function f(x) = xn is differentiable for
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all x ∈ R, and its derivative is

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

(x+ h)n − xn

h

(a)
= lim

h→0

(
xn + nxn−1h+

(
n
2

)
xn−2h2 + · · ·+ hn

)
− xn

h

= lim
h→0

[
nxn−1 +

(
n

2

)
xn−2h+ · · ·+ hn−1

]
= nxn−1,

where (a) uses the binomial expansion.

(5) The function f(x) = sinx is differentiable at all x ∈ R, and its derivative is

f ′(x) = lim
h→0

sin(x+ h)− sinx

h

(a)
= lim

h→0

2 cos
(
x+ h

2

)
sin h

2

h

= lim
h→0

cos

(
x+

h

2

)
lim
h→0

sin(h/2)

(h/2)

(b)
= lim

h→0
cos

(
x+

h

2

)
= cos(x),

where (a) uses the difference-to-product formula for sin a− sin b and (b) uses
the limit lim

x→0

sinx
x = 1 (which we have not yet proven and simply quote here).

(6) The function f(x) = cosx is differentiable at all x ∈ R, and its derivative is

f ′(x) = lim
h→0

cos(x+ h)− cosx

h

(a)
= lim

h→0

sin
(
x+ h+ π

2

)
− sin

(
x+ π

2

)
h

(b)
=

d

dx

[
sin
(
x+

π

2

)]
(c)
= cos

(
x+

π

2

)
(d)
= sin

(
x+

π

2
+
π

2

)
= − sinx,

where (a) and (d) use the identity cosx = sin(x+ π/2), (b) uses the definition
of the derivative, and (c) uses the known derivative of the sine function.

(7) Let f : U → R be a scalar function defined on the open subset U → R. If f is
differentiable, then for any open subset V ⊂ U , the restricted function f |V is
also differentiable and obeys (f |V )′ = f ′|V .
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Topic 7.1: Higher-order derivatives

Let f : U → R be a scalar function defined on the open subset U ⊂ R. If f is
differentiable, then its derivative f ′ : U → R is also a scalar function. In this context
the function f ′ is called the first derivative of f , is conventionally denoted by

f ′ = f (1) (first derivative of f).

If f ′ is itself differentiable, then its derivative, i.e.

(f ′)′ = f ′′ = f (2) : U → R,

is again a scalar function. In this context f ′′ is called the second derivative of f , and
f is said to be twice differentiable.

Continuing in this manner, it is possible to define arbitrarily higher-order derivatives
of the original function f . We first introduce the notation

f (0) = f,

and then let k ∈ N be an arbitrary natural number. The function f is then said to
be k-times differentiable if there exists a family of functions

f (j) : U → R, j = 1, 2, . . . , k,

such that f (j−1) is differentiable and(
f (j−1)

)′
= f (j) for all j = 1, 2, . . . , k.

In this context f (k) is called the k-th derivative of f , and is denoted by

f (k) =
dkf

dxk
.

If the function f (k) is also continuous, then the original function f is said to be
k-times continuously differentiable.

Topic 7.2: Smooth functions

The set of all k-times continuously differentiable functions mapping from U to R
is denoted by Ck(U). Using the same notation, the set of all continuous functions
functions U → R is denoted by C(U) = C(0)(U).

If a function f is k-times differentiable for some k ∈ N, then each of the functions
f, f ′, . . . , f (k−1) is differentiable, and thus also continuous by Proposition 7.5. It
follows that

C(0)(U) ⊃ C(1)(U) ⊃ · · · ⊃ C(k)(U) ⊃ C(k+1)(U) ⊃ · · ·

Functions in the set
C∞(U) =

⋂
k∈N

Ck(U)

are called smooth functions.
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Example 7.7: The power function is smooth

From Example 7.6, the power function f(x) = xn is differentiable for any n ∈ N, and
its derivative is again a power function, i.e.

f ′(x) = nxn−1.

It follows that f is smooth, and that

f (k)(x) = n(n− 1) · · · (n− k + 1)xn−k

for all k = 1, 2, . . . , n, while f (k) = 0 for all k > n.

7.2 Differentiation rules

In practice, the derivatives of functions are rarely computed directly from the definition
of the derivative, but instead using a number of far more convenient differentiation rules,
which we will derive in this section.

Proposition 7.8: Derivatives of sums, products, and quotients

Let f : U → R and g : V → R be two scalar functions defined on the subsets U, V ⊂ R,
and let a ∈ R be an interior point of U ∩ V . If both f and g are differentiable at the
point a, then

(i) The function f + g is differentiable at a and obeys

(f + g)′(a) = f ′(a) + g′(a).

(ii) The function fg is differentiable at a and obeys

(fg)′(a) = f ′(a)g(a) + f(a)g′(a).

(iii) If g(a) ̸= 0, then a is an interior point of the subset U ∩ g−1(R \ {0}) and the
function f/g is differentiable at a and obeys

(f/g)′(a) =
f ′(a)g(a)− f(a)g′(a)

g(a)2
.

Proof.

(i) This point follows from the definition of the derivative and the rules for
computing limits of scalar functions:

(f + g)′(a) = lim
h→0

(f + g)(a+ h)− (f + g)(a)

h

= lim
h→0

f(a+ h) + g(a+ h)− f(a)− g(a)

h

= lim
h→0

f(a+ h)− f(a)

h
+ lim
h→0

g(a+ h)− g(a)

h

= f ′(a) + g′(a).
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(ii) The rule again follows from the definition of the derivative and the rules for
computing limits of scalar functions:

(fg)′(a) = lim
h→0

(fg)(a+ h)− (fg)(a)

h

= lim
h→0

f(a+ h)g(a+ h)− f(a)g(a)

h
(a)
= lim

h→0

f(a+ h)g(a+ h)− f(a)g(a+ h)

h

+ lim
h→0

f(a)g(a+ h)− f(a)g(a)

h

= lim
h→0

g(a+ h) · lim
h→0

(
f(a+ h)− f(a)

h

)
+ lim
h→0

f(a) · lim
h→0

(
g(a+ h)− g(a)

h

)
= f ′(a) lim

h→0
g(a+ h) + f(a)g′(a)

(b)
= f ′(a)g(a) + f(a)g′(a),

where (a) follows from adding and subtracting f(a)g(a+h) from the numerator
and (b) holds because g is differentiable, and thus continuous, at the point a,
meaning its limit and function values at a are equal.

(iii) Because a is an interior point of U ∩ V , by definition there exists δ ∈ R+ such
that (a− δ, a+ δ) is a subset of U ∩ V . Because g(a) ̸= 0 and g is continuous
at a, there exists a small enough value of δ that the function g has no zeros on
the interval (a− δ, a+ δ), and so

(a− δ, a+ δ) ⊂ U ∩ g−1(R \ {0}),

meaning that a is an interior point of the set U ∩ g−1(R \ {0}).

We then apply the rules for computing the limits of scalar functions to get

(f/g)′(a) = lim
h→0

(f/g)(a+ h)− (f/g)(a)

h

= lim
h→0

f(a+h)
g(a+h) −

f(a)
g(a)

h
(a)
= lim

h→0

f(a+ h)g(a)− f(a)g(a+ h)

hg(a+ h)g(a)

(b)
= lim

h→0

f(a+ h)g(a)− f(a)g(a)

hg(a+ h)g(a)
+ lim
h→0

f(a)g(a)− f(a)g(a+ h)

hg(a+ h)g(a)

=
limh→0

(
f(a+h)−f(a)

h

)
g(a)

limh→0 g(a+ h)g(a)
−
f(a) limh→0

(
g(a+h)−g(a)

h

)
limh→0 g(a+ h)g(a)

(c)
=
f ′(a)g(a)− f(a)g′(a)

g(a)2
,

where (a) follows from multiplying the numerator and denominator by the
quantity g(a)g(a + h), (b) from adding and subtracting f(a)g(a) from the
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numerator, and (c) holds from the assumption that g is differentiable, and thus
continuous, at the point a.

We now state the very important chain rule, which enables the straightforward computation
of the derivatives of composite functions.

Proposition 7.9: The chain rule

Let f : U → R and g : V → R be two scalar functions defined on the subsets U, V ⊂ R,
and let a ∈ R be an interior point of V for which g(a) is an interior point of U .

If g is differentiable at a and if f is differentiable at g(a), then a is an interior point
of the set g−1(U) and the function f ◦ g is differentiable at a and obeys

(f ◦ g)′(a) = f ′(g(a)) · g′(a).

Proof. Because a is an interior point of V , there exists δ ∈ R+ such that (a− δ, a+ δ)
is a subset of V , and because g(a) is an interior point of U , there exists ϵ ∈ R+ such
that (g(a)− ϵ, g(a) + ϵ) is a subset of U . Because g is differentiable at a, it is also
continuous at a by Proposition 7.5, there exists δ ∈ R+ for which

g(x) ∈
(
g(a)− ϵ, g(a) + ϵ

)
for all x ∈ (a− δ, a+ δ) ∩ g−1(U). (7.2)

Equation 7.2 directly implies that

g
(
(a− δ, a+ δ)

)
⊂ (g(a)− ϵ, g(a) + ϵ) ⊂ U,

which in turn implies that (a− δ, a+ δ) ⊂ g−1(U), and so a is an interior point of
the subset g−1(U).

We now define the function Q : U → R as follows:

Q(t) =


f(t)− f

(
g(a)

)
t− g(a)

, t ∈ U \ {g(a)},

f ′
(
g(a)

)
, t = g(a).

By the definition of the derivative, the function value Q
(
g(a)

)
equals the limit of

Q at the point g(a). Because Q’s limit and function value at g(a) are equal, Q is
continuous at g(a). Because g is differentiable at a, it is also continuous at a, and so
by Corollary 6.33, the composite function Q ◦ g : g−1(U) → R is also continuous at a
and thus obeys

lim
x→a

Q
(
g(x)

)
= Q

(
g(a)

)
= f ′

(
g(a)

)
. (7.3)

The chain rule then follows from the calculation

lim
x→a

f
(
g(x)

)
− f

(
g(a)

)
x− a

(a)
= lim

x→a

[
f
(
g(x)

)
− f

(
g(a)

)
g(x)− g(a)

· g(x)− g(a)

x− a

]
(b)
= lim

x→a

[
Q
(
g(x)

)
· g(x)− g(a)

x− a

]
= lim

x→a
Q
(
g(x)

)
· lim
x→a

g(x)− g(a)

x− a
(c)
= f ′

(
g(a)

)
· g′(a),
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where (a) follows from multiplying the numerator and denominator by g(x)− g(a),
(b) from the definition of Q, and (c) from Equation 7.3 and the definition of the
derivative of g at the point a.

Proposition 7.10: Differentiation of inverse functions

Let f : U → R be a continuous injective function defined on the subset U ⊂ R, and
let a be an interior point of U . If f is differentiable at a and f ′(a) ̸= 0, then f(a) is
an interior point of f(U), and the inverse function f−1 : f(U) → R is differentiable
at f(a) and obeys

(f−1)′
(
f(a)

)
=

1

f ′(a)
.

Proof. Without loss of generality we may assume that U is an interval. Since f is
injective, it is also strictly monotonic by Proposition 6.43 (i); together with the fact
that a is an interior point of U , f being strictly monotonic and continuous implies
that f(a) is an interior point of the image f(U).

Since f is injective, its inverse is also injective, and so by Proposition 6.43 (i) and (ii),
the inverse function f−1 is a continuous, strictly monotonic function. After defining
the shorthand notation b = f(a), the rule for differentiation of inverse functions then
follows from the calculation

(f−1)′
(
f(a)

)
= (f−1)′(b)

= lim
y→b

f−1(y)− f−1(b)

y − b

= lim
y→b

f−1(y)− f−1(b)

f
(
f−1(y)

)
− f

(
f−1(b)

)
(a)
= lim

x→a

x− a

f(x)− f(a)
= lim

x→a

1
f(x)−f(a)

x−a

=
1

f ′(a)
,

where in (a) we have written x = f−1(y) and used the fact that f−1 is a continuous
function and thus obeys limy→b f

−1(y) = f−1(b) = f−1(f(a)) = a.

Using the above differentiation rules, we may compute the derivatives of many common
functions, as shown in the following example.

Example 7.11: Using the differentiation rules

(1) (Scaled functions) Let f : U → R be a scalar function defined on the subset
U ⊂ R, let a ∈ R be an interior point of U , and let c ∈ R be an arbitrary
real constant. If f is differentiable at a, then the scaled function cf is also
differentiable at a and obeys

(cf)′(a) = cf ′(a).

This follows from Proposition 7.8 (ii), the rule for the derivative of a product.
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Namely, the constant function with value c is differentiable, and its derivative
is zero at every point, so

(cf)′(a) = (c)′ · f(a) + cf ′(a) = 0 + cf ′(a) = cf ′(a).

(2) (Polynomials) A real polynomial of degree n ∈ N ∪ {0} is a scalar function
P : R → R of the form

P (x) = anx
n + xn−1x

n−1 + · · ·+ a1x+ a0,

where a0, a1, . . . , an are real constants, and an ̸= 0. A polynomial is thus a
sum of scaled power functions, so by the rules for the derivative of a sum and
product in Proposition 7.8, the polynomial P is a differentiable function and
for all x ∈ R obeys

P ′(x) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ 2a2x+ a1.

The derivative of a polynomial of degree n ≥ 1 is thus a polynomial of degree
n− 1; the derivative of a polynomial of degree 0 is a constant function with
value 0.

(3) (Rational functions) A rational function is the quotient of two polynomial
functions, and so is itself differentiable; its derivative can be computed from
the quotient rule in Proposition 7.8 (iii). Thus the derivative of a rational
function is again a rational function.

(4) (Power function with integer exponent) From Example 7.6, the power function
f(x) = xn is differentiable for any n ∈ N and obeys

f ′(x) = xxn−1.

The same formula holds when n = 0 and x ≠ 0, and even at x = 0 the power
function x 7→ x0 is differentiable with derivative equal to 0.

Now consider the function x 7→ x−n, n ∈ N, defined on the subset R ⊂ {0}.
By the quotient rule in Proposition 7.8, the function x 7→ x−n is differentiable
and obeys

(x−n)′ =

(
1

xn

)′
=

−nxn−1

x2n
= (−n)x−n−1,

which is the same formula as for natural number exponents. Thus, for any
integer exponent p ∈ Z and all x ∈ R \ {0} the power function x 7→ xp is
differentiable and obeys

(xp)′ = pxp−1.

(5) (The root function) Consider any n ∈ N for which n ≥ 2. From item (4) just
above, the power function x 7→ xn is differentiable and its derivative is nonzero
at all points x ̸= 0 as long as n ≥ 2. Using the inverse function derivative rule
(Proposition 7.10), the root function x 7→ n

√
x is also differentiable and obeys

( n
√
x)′ =

1

n( n
√
x)n−1

=
n
√
x

nx
.
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If n is even, the root function is defined on the interval [0,∞) and is differentiable
for x ∈ R+, but not at x = 0, which is not even an interior point of its domain.
If n is odd, the root function is defined on R and is differentiable on R \ {0},
but not at x = 0.

(6) (Trigonometric functions) As already shown in Example 7.6, the sine and
cosine function are differentiable and their derivatives are

(sinx)′ = cosx and (cosx)′ = − sinx.

Using the quotient rule, the tangent and cotangent functions are also differen-
tiable and obey

(tanx)′ =

(
sinx

cosx

)′
=

cosx cosx− sinx(− sinx)

cos2 x
=

1

cos2 x

(cotx)′ =
(cosx
sinx

)′
=

− sinx sinx− cosx cosx

sin2 x
= − 1

sin2 x
.

(7) (Inverse trigonometric functions) The inverse sine function arcsin is the inverse
of the restriction of the sine function to the interval [−π/2, π/2]. The derivative
of the sine function is nonzero for all points in the open interval (−π/2, π/2),
and so by the inverse function derivative rule the arcsin function is differentiable
for all points in the interval (−1, 1), and for all x in this interval obeys

(arcsinx)′ =
1

sin′(arcsinx)
=

1

cos(arcsinx)

=
1√

1− sin2(arcsinx)
=

1√
1− x2

.

The arcsin function is not differentiable at the points −1 or 1.

Similarly, inverse cosine function arccos is the inverse of the restriction of the
cosine function to the interval [0, π]. The derivative of the cosine function is
nonzero for all points in the open interval (0, π), and so by the inverse function
derivative rule the arccos function is differentiable for all points in the interval
(−1, 1) and for all x in this interval obeys

(arccosx)′ =
1

cos′(arccosx)
=

1

− sin(arccosx)

=
1√

1− cos2(arccosx)
=

−1√
1− x2

.

The arccos function is not differentiable at the points −1 or 1.

Similarly, again using the inverse function derivative rule, the inverse tangent
and inverse cotangent functions are differentiable, with derivatives

(arctanx)′ =
1
1

cos2(arctanx)

=
1

1 + tan2(arctanx)
=

1

1 + x2
.

(arccotx)′ =
1
−1

sin2(arccotx)

=
−1

1 + cot2(arccotx)
=

−1

1 + x2
.
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Both the derivatives of the arctan and arccot functions are defined on the
entire real line.

Note that the derivatives of each of the inverse trigonometric functions are
combinations of rational and root functions.

(8) (The logarithmic function) The logarithmic function f(x) = loga x is differen-
tiable for any base a ∈ R+. For any x ∈ R+, we can compute its derivative
directly from the definition of the derivative using the calculation

(loga x)
′ = lim

h→0

loga(x+ h)− loga x

h
= lim

h→0

loga
x+h
x

h
(a)
= lim

h→0

[
1

x
· x
h
· loga

(
1 +

h

x

)]
=

1

x
lim
h→0

[
x

h
· loga

(
1 +

h

x

)]
(b)
=

1

x
lim
h→0

loga

(
1 +

h

x

)x/h
(c)
=

1

x
loga

[
lim
h→0

(
1 +

h

x

)x/h]
(d)
=

1

x
loga

[
lim
u→0

(1 + u)1/u
]

(e)
=

1

x
loga e =

1

x ln a
,

where in (a) we have multiplied above and below by x, in (b) we have used the
logarithm property α loga x = loga(x

α) for any α ∈ R+ (see Proposition 6.53),
in (c) we have switched the order of limit and function evaluation because the
logarithm function is continuous, in (d) we have defined u = h/x, and in (e)
we have used the definition of Euler’s number from Example 4.23.

In the case when a = e, the above result simplifies to

(lnx)′ =
1

x
.

(9) (The exponential function) For any base a ∈ R+, the exponential function
f(x) = ax is differentiable by the inverse function derivative rule, since the
exponential function is the inverse of the logarithmic function, whose derivative
does not have any zeros. Using the inverse function derivative rule, the
derivative of the exponential function x 7→ ax is

(ax)′ =
1

log′a(a
x)

=
1
1

ax ln a

= ax ln a.

This results holds even when a = 1, in which case the exponential function
is constant and (ax)′ = 0, since ln 1 = 0. In the special case when a = e, the
above result simplifies to

(ex)′ = ex.

The exponential function x 7→ ex thus equals its own derivative—this is one of
the reasons for the importance of Euler’s number in mathematics and science.
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(10) (The power function) As in Equation 6.18, for any α ∈ R we may write the
power function x 7→ xα with domain R+ as a composition of a logarithmic,
linear, and exponential function in the form

xα = eα lnx.

By the chain rule, the power function is thus differentiable with derivative

(xα)′ =
(
eα lnx

)′
= eα lnx · (α lnx)′ = eα lnx · α

x
= αxα−1,

which takes the same general form as the derivative of the power function for
integer exponents in point (4).

7.2.1 Summary of differentiation rules

For convenience, here is a summary of the derivative rules covered in this section:

(αf)′ = αf ′, α ∈ R (scaled function rule)
(f + g)′ = f ′ + g′ (sum rule)

(fg)′ = f ′g + fg′ (product rule)

(f/g)′ =
f ′g − fg′

g2
(quotient rule)

(f ◦ g)′ = (f ′ ◦ g) · g′ (chain rule)

(f−1)′ =
1

f ′ ◦ f−1
(inverse function rule).

And here are some important functions and their derivatives:

Function Derivative Validity

xα αxα−1 a ∈ R, x ∈ R+

sinx cosx x ∈ R
cosx − sinx x ∈ R
tanx 1/ cos2 x x ∈ R \ {π2 + πk}
cotx −1/ sin2 x x ∈ R \ {πk}
ax ax ln a a ∈ R+, x ∈ R
ex ex x ∈ R

loga x 1/(x ln a) a, x ∈ R+

lnx 1/x x ∈ R+

arcsinx 1/
√
1− x2 x ∈ (−1, 1)

arccosx −1/
√
1− x2 x ∈ (−1, 1)

arctanx 1/(1 + x2) x ∈ R
arccotx −1/(1 + x2) x ∈ R

7.3 Applications of the derivative

7.3.1 Local extrema and stationary points

In this section we show how the derivative can be used to find the points at which a function
attains its minimum and maximum values.
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Definition 7.12: Extrema of a scalar function

Let f : U → R be a scalar function defined on the subset U ⊂ R, and let a be an
arbitrary point in U .

(i) The function f is said to have a local maximum at a if there exists δ ∈ R+ for
which

f(x) ≤ f(a) for all x ∈ (a+ δ, a− δ) ∩ U.

(ii) The function f is said to have a local minimum at a if there exists δ ∈ R+ for
which

f(x) ≥ f(a) for all x ∈ (a+ δ, a− δ) ∩ U.

(iii) The function f is said to have a local extremum at a if it has either a local
maximum or a local minimum at a.

(iv) The function f is said to have a strict local maximum at a if there exists δ ∈ R+

for which
f(x) < f(a) for all x ∈ (a+ δ, a− δ) ∩ (U \ {a}).

(v) The function f is said to have a strict local minimum at a if there exists δ ∈ R+

for which
f(x) > f(a) for all x ∈ (a+ δ, a− δ) ∩ (U \ {a}).

(vi) The function f is said to have a strict local extremum at a if it has either a
strict local maximum or a strict local minimum at a.

(vii) The function f is said to have a global maximum at a if

f(x) ≤ f(a) for all x ∈ U,

and a global strict maximum at a if

f(x) < f(a) for all x ∈ U \ {a}.

In both cases we write f(a) = max(f).

(viii) The function f is said to have a global minimum at a if

f(x) ≥ f(a) for all x ∈ U,

and a global strict minimum at a if

f(x) > f(a) for all x ∈ U \ {a}.

In both cases we write f(a) = min(f).

(ix) The function f is said to have an global extremum at a if it has either a global
maximum or a global minimum at a, and a global strict extremum at a if it
has either a strict global maximum or a strict global minimum at a.

Note that the definition of local extrema involves only the immediate surroundings of the
extremum, while global extrema are defined with respect to all points in a function’s domain.
It follows that every global extremum is also a local extremum and that a function can
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have at most one strict global maximum and at most one strict global minimum.

We will now show that differentiable scalar functions have derivatives equal to zero, and
thus horizontal tangent lines, at their local extrema.

Definition 7.13: Stationary point

Let f : U → R be a scalar function defined on the subset U ⊂ R. An interior point
a ⊂ U is called a stationary point of the function f if f is differentiable at a and

f ′(a) = 0.

Every local extremum of a scalar function must satisfy the following condition.

Proposition 7.14: Necessary condition for a local extremum

Let f : U → R be a scalar function defined on the subset U ⊂ R, let a ∈ U be an
interior point of U , and let f be differentiable at at a. If f has a local extremum at
the point a, then a must be a stationary point of f .

Proof. We first define the function Q : U → R with the formula

Q(x) =

{
f(x)−f(a)

x−a , x ∈ U \ {a},
f ′(a), x = a.

Because f is differentiable at a, the function Q must obey

lim
x→a

Q(x) = lim
x→a

f(x)− f(a)

x− a
= f ′(a) = Q(a),

which means that Q is continuous at a. We must show that Q(a) = 0 under the
assumption that f has a local extremum at a; we will do this by showing that Q(a)
is neither less than nor greater than zero.

We will first show by contradiction that Q(a) is not greater than zero. Assume
Q(a) > 0. Because a is an interior point of U , there exists δ ∈ R+ for which
(a − δ, a + δ) ⊂ U and, because Q is continuous at a and assuming Q(a) > 0, for
which

Q(x) > 0 for all x ∈ (a− δ, a+ δ).

By the definition of Q, it then holds that

f(x)− f(a)

x− a
> 0 for all x ∈ (a− δ, a+ δ) \ {a},

which in turn implies that

f(x)− f(a) < 0 for all x ∈ (a− δ, a) i.e. when (x− a) < 0,

f(x)− f(a) > 0 for all x ∈ (a, a+ δ) i.e. when (x− a) > 0.

This result means that f(x)− f(a) changes sign on the interval (a− δ, a+ δ); this
contradicts the proposition’s assumption that f has a local extremum at a, and so
Q(a) cannot be greater than zero.

We can use an analogous procedure to show that Q(a) is also not less than zero.
This implies Q(a) = 0, and so f ′(a) = 0 is a necessary condition for f to have a local
extremum at a.
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Note that the converse of Proposition 7.14 is not true—a scalar function may have a
stationary point at which it does not have a local extremum, as we show in the following
example.

Example 7.15: Extrema of common functions

(1) Consider the scalar function f : R → R given by f(x) = sin
(
x2
)
. This function

is the composition of a sine and quadratic function; these are both differentiable,
so by the chain rule f is also differentiable with derivative equal to

f ′(x) = 2x cos
(
x2
)
.

The function f ’s stationary points, i.e. the zeros of f ′, are thus

x±k = ±
√
π

2
+ kπ, k = 0, 1, 2, . . .

A graph of f(x) would show that f indeed has a local extremum at each of
the points x±k .

(2) The scalar function f : R → R given by f(x) = x3 has a stationary point, but
not a local extremum, at x = 0, showing that a function need not, in general,
have an extremum at a stationary point.

(3) It is also possible for a scalar function f to have an extremum at a point a that
is not a stationary point of f , but only if the assumptions in Proposition 7.14
are not met. In practice, this might occur when a is not an interior point of
f ’s domain, or when f is not differentiable at a. As an example, consider the
function f : [−1, 1] → R given by f(x) = |x|. This function does not have any
stationary points, but nonetheless has a has a local minimum at x = 0 and
local maxima at x = −1 and x = 1.

Theorem 7.16: Rolle’s theorem

Let a, b ∈ R be two real numbers for which a < b, and let the function f : [a, b] → R
be continuous on the closed interval [a, b] and differentiable on the open interval
(a, b). If f(a) = f(b), there then exists a point c ∈ (a, b) for which

f ′(c) = 0.

Proof. The function f is continuous and defined on a closed, bounded subset, and is
thus bounded by Theorem 6.36. Because f is bounded, there exist points u, v ∈ [a, b]
for which

f(u) = sup(f) and f(v) = inf(f);

we stress that f thus has extrema at the points u and v.

Generally speaking, the points u and v could either be interior points or endpoints
of the interval [a, b]. If u ∈ (a, b), then u is an interior point of [a, b]; the point u
thus meets the criterion of Proposition 7.14 and so

f ′(u) = 0.
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In this case we may choose c = u, proving this case of the Rolle’s theorem by
construction. Similarly, if v ∈ (a, b), then f ′(v) = 0 and we may choose c = v.

The only remaining possibility is that u and v are endpoints of the interval [a, b], i.e.
that {u, v} ⊂ {a, b}. We can then make the calculation

sup(f) = f(u) = f(a)
(a)
= f(b) = f(v) = inf(f),

where (a) is required by the theorem’s assumption that f(a) = f(b). In this case f
is constant and f ′(c) = 0 for any point c ∈ (a, b).

Corollary 7.17: Monotonic functions on closed intervals

Let a, b ∈ R be two real numbers for which a < b, let the function f : [a, b] → R be
continuous on the closed interval [a, b], differentiable on the open interval (a, b), and
let f ′(x) ̸= 0 for all x ∈ (a, b). In this case f is a strictly monotonic function.

Proof. This corollary follows directly from Rolle’s theorem using a simple proof by
contradiction. Assume f is not strictly monotonic. In this case there would exist
points u, v ∈ [a, b] for which u ̸= v and f(u) = f(v). Since the labels u and v are
arbitrary, will assume without loss of generality that u < v; otherwise we could
simply reverse the roles of u and v. By Rolle’s theorem applied to the restricted
function f |[u,v], there would then exist a point c ∈ (u, v) ⊂ (a, b) for which

f ′(c) = 0,

which contradicts the assumption that f ′(x) ̸= 0 for all x ∈ (a, b). Thus f must be
strictly monotonic.

Lagrange’s mean value theorem, which we prove below, is an important generalization of
Rolle’s theorem; Because being interesting in its own right, we will regularly use Lagrange’s
mean value theorem to prove other propositions later in this book.

Theorem 7.18: Lagrange’s mean value theorem

Let a, b ∈ R be two real numbers for which a < b, and let the function f : [a, b] → R
be continuous on the closed interval [a, b] and differentiable on the open interval
(a, b). In this case there exists a point c ∈ (a, b) for which

f ′(c) =
f(b)− f(a)

b− a
.

Proof. We first define the function h : [a, b] → R according to

h(x) = f(x)(b− a)− x
[
f(b)− f(a)

]
.

By construction, the function h is continuous on the closed interval [a, b] and
differentiable on the open interval (a, b), and in addition obeys

h(a) = f(a)(b− a)− a
[
f(b)− f(a)

]
= f(a)b− af(b)

h(b) = f(b)(b− a)− b
[
f(b)− f(a)

]
= −f(b)a+ bf(a) = h(a).
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Because h(a) = h(b), the function h meets the assumptions of Rolle’s theorem, and
so by Rolle’s theorem there exists a point c ∈ (a, b) for which h′(c) = 0. Because

h′(x) = f ′(x)(b− a)−
[
f(b)− f(a)

]
,

it follows from h′(c) = 0 that

0 = h′(c) = f ′(c)(b− a)−
[
f(b)− f(a)

]
,

which we then simply rearrange to get

f ′(c) =
f(b)− f(a)

b− a
.

Lagrange’s theorem is sometimes called simply the mean value theorem—we will occasionally
use this name when the context is clear. To interpret the mean value theorem, note that
the quantity

f(b)− f(a)

b− a

is the slope of the line passing through the endpoints
(
a, f(a)

)
and

(
b, f(b)

)
of f ’s graph. In

this light, the mean value theorem guarantees the existence of some point c in the interval
(a, b) at which the slope f ′(c) of the tangent line passing through the point

(
c, f(c)

)
equals

the slope of the line through the interval endpoints.

We offer a generalization of Lagrange’s mean value theorem in the following theorem.

Theorem 7.19: Cauchy’s mean value theorem

Let a, b ∈ R be two real numbers for which a < b, and let the functions f, g : [a, b] → R
be continuous on the closed interval [a, b] and differentiable on the open interval
(a, b). In this case there exists a point c ∈ (a, b) for which

f ′(c)

g′(c)
=
f(b)− f(a)

g(b)− g(a)
.

Note that Cauchy’s mean value theorem reduces to Lagrange’s mean value theorem
if g is the identity function, i.e. if g(x) = x.

Proof. The proof is similar to the proof of Lagrange’s mean value theorem: we first
define the function h : [a, b] → R according to

h(x) = f(x)
[
g(b)− g(a)

]
− g(x)

[
f(b)− f(a)

]
.

By construction, the function h is continuous on the closed interval [a, b] and
differentiable on the open interval (a, b), and in addition obeys

h(a) = f(a)
[
g(b)− g(a)

]
− g(a)

[
f(b)− f(a)

]
= f(a)g(b)− g(a)f(b),

h(b) = f(b)
[
g(b)− g(a)

]
− g(b)

[
f(b)− f(a)

]
= −f(b)g(a) + g(b)f(a) = h(a).
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Because h(a) = h(b), the function h meets the assumptions of Rolle’s theorem, and
so by Rolle’s theorem there exists a point c ∈ (a, b) for which h′(c) = 0. Because

h′(x) = f ′(x)
[
g(b)− g(a)

]
− g′(x)

[
f(b)− f(a)

]
,

it follows from h′(c) = 0 that

0 = h′(c) = f ′(c)
[
g(b)− g(a)

]
− g′(c)

[
f(b)− f(a)

]
,

which we then simply rearrange to get

f ′(c)

g′(c)
=
f(b)− f(a)

g(b)− g(a)
.

We dedicate the remainder of this section to some very useful consequences of the mean
value theorem related to the growth and extrema of scalar functions.

Proposition 7.20: Existence of derivative limit implies differentiability

Let f : U → R be a continuous scalar function defined on the open subset U ⊂ R,
define the point a ∈ U , and assume that f is differentiable on the set U \ {a} and
that the limit of the derivative f ′ : U \ {a} → R exists at a. In this case the function
f is differentiable at a and is equal to

f ′(a) = lim
x→a

f ′(x).

Proof. Because U is an open set, there exists δ ∈ R+ for which (a− δ, a+ δ) ⊂ U .
For any x ∈ (a− δ, a+ δ) \ {a}, Lagrange’s theorem guarantees the existence of a
point cx in the open interval between x and a for which

f ′(cx) =
f(x)− f(a)

x− a
=⇒ f(x)− f(a) = f ′(cx) · (x− a).

We can the directly verify the proposition with the calculation

f ′(a)
(a)
= lim

x→a

f(x)− f(a)

x− a
(b)
= lim

x→a

f ′(cx)(x− a)

x− a

= lim
x→a

f ′(cx)
(c)
= lim

x→a
f ′(x),

where (a) follows from the definition of the derivative, (b) from the earlier Lagrange’s
theorem equality f(x)− f(a) = f ′(cx) · (x− a) and (c) from the fact that cx lies in
the interval between x and a, and so the limit x→ a also results in cx → a.

Proposition 7.21: The first derivative and function growth

Let a, b ∈ R be two real numbers for which a < b, and let the function f : [a, b] → R
be continuous on the closed interval [a, b] and differentiable on the open interval
(a, b). In this case:
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(i) The function f is increasing on the interval [a, b] if, and only if,

f ′(x) ≥ 0 for all x ∈ (a, b).

(ii) The function f is decreasing on the interval [a, b] if, and only if,

f ′(x) ≤ 0 for all x ∈ (a, b).

(iii) If f ′(x) > 0 for all x ∈ (a, b), then the function f is strictly increasing on the
interval [a, b].

(iv) If f ′(x) < 0 for all x ∈ (a, b), then the function f is strictly decreasing on the
interval [a, b].

(v) The function f is constant on the interval [a, b] if, and only if,

f ′(x) = 0 for all x ∈ (a, b).

Proof.

(i) If f is increasing, then

f(y)− f(x)

y − x
≥ 0 for any distinct x, y ∈ (a, b),

which immediately implies that

f ′(x) = lim
y→x

f(y)− f(x)

y − x
≥ 0 for any distinct x, y ∈ (a, b).

Conversely, assume that f ′(x) ≥ 0 for all x ∈ (a, b), and consider any two
points x, y ∈ [a, b] for which x < y. By the mean value theorem applied to the
restriction of the function f to the interval [x, y], there exists c ∈ (x, y) for
which

f ′(c) =
f(y)− f(x)

y − x
.

The assumption that f ′ is nonnegative implies that

f ′(c) =
f(y)− f(x)

y − x
≥ 0,

which combined with the assumption that x < y implies

f(y)− f(x) = f ′(c)(y − x) ≥ 0,

meaning that f(x) ≤ f(y) and f is increasing on [a, b].

(ii) Analogous to the proof of (i).

(iii) Consider any two points x, y ∈ [a, b] for which x < y. By the mean value
theorem applied to the restriction of the function f to the interval [x, y], there
exists c ∈ (x, y) for which f(y) − f(x) = f ′(c)(y − x). The assumption that
f ′(c) > 0 then implies that

f(y)− f(x) = f ′(c)(y − x) > 0,
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which combined with the assumption that x < y implies

f(y)− f(x) = f ′(c)(y − x) > 0,

meaning that f(x) < f(y) and f is strictly increasing on [a, b].

(iv) Analogous to the proof of (iii).

(v) (⇒) If f is constant on [a, b] then f ′(x) = 0 on (a, b) because the derivative of
a constant function is zero.

(⇐) Assume that f ′(x) = 0 for all x ∈ (a, b) and consider an arbitrary point
x ∈ (a, b]. By the mean value theorem applied to the restriction of the function
f to the interval [a, x], there exists c ∈ (a, x) for which

f(x)− f(a) = f ′(c)(x− a).

The assumption that f ′(x) = 0 for all x ∈ (a, b) means that f ′(c) = 0 and thus
f(x) = f(a). And since f(x) = f(a) for any x ∈ (a, b], the function f must be
constant.

Definition 7.22: Locally constant function

A scalar function f : U → R defined on the real subset U ⊂ R is said to be locally
constant at the point a ∈ U if there exists δ ∈ R+ for which

f(x) = f(a) for all x ∈ (a− δ, a+ δ) ∩ U,

i.e. if there exists a neighborhood of a on which f is constant.

A function is locally constant if it is locally constant at every point in its domain.

Any locally constant function f : U → R is necessarily constant on every interval V that
lies inside the subset U .

Corollary 7.23: Condition for locally constant functions

As a direct consequence of Proposition 7.21 (v), a function f : U → R defined on
an open subset U ⊂ R is locally constant if, and only if, it is differentiable and its
derivative is zero for all points in U .

We now present three conditions for testing if a scalar function has a local extremum at a
given point in its domain.

Proposition 7.24: Sufficient condition for an extremum I

Let f : U → R be a continuous function defined on the open subset U ⊂ R, define
the point a ∈ U , and let f be differentiable on the set U \ {a}. In this case:

(i) If there exists δ ∈ R+ for which f ′(x) ≤ 0 for all x ∈ (a−δ, a)∩U and f ′(x) ≥ 0
for all x ∈ (a, a+ δ) ∩ U , then f has a local minimum at a.

(ii) If there exists δ ∈ R+ for which f ′(x) ≥ 0 for all x ∈ (a−δ, a)∩U and f ′(x) ≤ 0
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for all x ∈ (a, a+ δ) ∩ U , then f has a local maximum at a.

(iii) If there exists δ ∈ R+ for which f ′(x) < 0 for all x ∈ (a−δ, a)∩U and f ′(x) > 0
for all x ∈ (a, a+ δ) ∩ U , then f has a strict local minimum at a.

(iv) If there exists δ ∈ R+ for which f ′(x) > 0 for all x ∈ (a−δ, a)∩U and f ′(x) < 0
for all x ∈ (a, a+ δ) ∩ U , then f has a strict local maximum at a.

Proof. The conditions follow directly from Proposition 7.21, the definition of in-
creasing and decreasing functions in Definition 6.3, and the definition of extrema in
Definition 7.12.

Proposition 7.25: Sufficient condition for an extremum II

Let f : U → R be a twice continuously differentiable function defined on the open
subset U ⊂ R, and define the point a ∈ U . In this case:

(i) If f ′(a) = 0 and f ′′(a) > 0, the function f has a strict local minimum at a.

(ii) If f ′(a) = 0 and f ′′(a) < 0, the function f has a strict local maximum at a.

Proof.

(i) Because f ′′(a) > 0 and because the function f ′′ is continuous, there exists
δ ∈ R+ for which (a− δ, a+ δ) ⊂ U and

f ′′(x) > 0 for all x ∈ (a− δ, a+ δ).

By Proposition 7.21 (iii) the function f ′ is thus strictly increasing on the
interval (a − δ, a + δ); combined with the fact that f ′(a) = 0, this in turn
implies that

f ′(x) < 0 for all x ∈ (a− δ, a) and f ′(x) > 0 for all x ∈ (a, a+ δ).

Thus, by Proposition 7.24 (iii), the function f has a strict local minimum at a.

(ii) Analogous to the proof of (i).

Note that Proposition 7.25 does not provide any information about a function’s extrema at
a given point when the function’s second derivative is zero at this point. In such cases one
must turn to higher derivatives, as formalized in the next condition.

Proposition 7.26: Sufficient condition for an extremum III

Let f : U → R be a scalar function defined on the open subset U ⊂ R, let n ∈ N be a
natural number for which n ≥ 2, and define the point a ∈ R. More so, assume that f
is at least n-times continuously differentiable at a, that f (n)(a) ̸= 0, and finally that

f (k)(a) = 0 for all k ∈ N for which k < n.

In this case:

(i) If n is even and f (n) > 0, then f has a strict local minimum at a.

(ii) If n is even and f (n) < 0, then f has a strict local maximum at a.
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(iii) If n is odd and f (n) > 0, then f does not have a local extremum at a and is
strictly increasing in some neighborhood V ⊂ U of the point a.

(iv) If n is odd and f (n) < 0, then f does not have a local extremum at a and is
strictly decreasing in some neighborhood V ⊂ U of the point a.

Proof. We will prove the proposition by induction on the number n. By Proposi-
tion 7.25, the proposition holds immediately when n = 2, which we take as the
base case. Now assume n ≥ 3. By the induction step, the proposition holds for the
function f ′, since (f ′)(k)(a) = 0 and (f ′)(n−1)(a) ̸= 0 for all k < n− 1.

(i) Assume that n is even and that f (n)(a) > 0. In this case n − 1 is odd and
(f ′)n−1(a) > 0. By the induction step it follows that f ′ is strictly increasing
in some neighborhood V ⊂ U of a. In addition f ′(a) = 0, so by Proposi-
tion 7.24 (iii) the function f has a strict local minimum at a.

(ii) Analogous to the proof of (i).

(iii) Now assume that n is odd and that f (n)(a) > 0. Then n− 1 is even and

(f ′)(n−1) > 0.

By the induction step, the function f ′ has a strict local minimum at a. In
addition f ′(a) = 0, so by Proposition 7.21 (iii) f is strictly increasing in a
neighborhood V ⊂ U of a, and so f does not have a local extremum at a.

(iv) Analogous to the proof of (iii).

7.3.2 Convexity and concavity
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Definition 7.27: Convexity and concavity

Let f : U → R be a scalar function defined on an interval U ⊂ R.

(i) The function f is said to be convex if for any two points x, y ∈ U for which
x < y and for all t ∈ [0, 1], the function obeys

f
(
ty + (1− t)x

)
≤ tf(y) + (1− t)f(x).

(ii) The function f is said to be concave if for any two points x, y ∈ U for which
x < y and for all t ∈ [0, 1], the function obeys

f
(
ty + (1− t)x

)
≥ tf(y) + (1− t)f(x).

(iii) The function f is said to be strictly convex if for any two points x, y ∈ U for
which x < y and for all t ∈ [0, 1], the function obeys

f
(
ty + (1− t)x

)
< tf(y) + (1− t)f(x).

(iv) The function f is said to be strictly concave if for any two points x, y ∈ U for
which x < y and for all t ∈ [0, 1], the function obeys

f
(
ty + (1− t)x

)
> tf(y) + (1− t)f(x).

The quantities ty + (1− t)x and tf(y) + (1− t)f(x) are parameterizations of the x and y
coordinates, respectively, of the line in R2 connecting the points (x, f(x)) and (y, f(y)) as
the parameter t ranges from 0 to 1.

In other words, as t traverses the interval [0, 1], the point(
ty + (1− t)x, tf(y) + (1− t)f(x)

)
∈ R2

traverses the line connecting (x, f(x)) and (y, f(y)). A convex function’s graph lies below
this line for any x, y ∈ U , and a concave function’s graph lies above it.

As an aside, an expression of the form

ty + (1− t)x, where t ∈ [0, 1] and x, y ∈ R,

is called the convex combination of the points x and y.

Proposition 7.28: Convexity and the first derivative

Let a, b ∈ R be two real numbers for which a < b, and let the scalar function
f : [a, b] → R be continuous on the closed interval [a, b] and differentiable on the
open interval (a, b). In this case:

(i) The function f is convex on [a, b] if, and only if, its derivative f ′ is increasing
on (a, b).

(ii) The function f is concave on [a, b] if, and only if, its derivative f ′ is decreasing
on (a, b).

(iii) If f ′ is strictly increasing on (a, b), then f is strictly convex on [a, b].

(iv) If f ′ is strictly decreasing on (a, b), then f is strictly concave on [a, b].
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Proof.

(iii) Assume that f ′ is strictly increasing, let x, y ∈ [a, b] be any two points for
which x < y, and define t ∈ (0, 1) and the quantity z = ty + (1− t)x. By the
mean value theorem, there exist points c ∈ (x, z) and d ∈ (z, y) for which

f(z)− f(x) = f ′(c)(z − x)

f(y)− f(z) = f ′(d)(y − z).

We first make the auxiliary calculation

(1− t)(z − x) = z − x− tz + tx

(a)
=
[
ty + (1− t)x

]
− x− tz + tx

= t(y − z),

where (a) follows from the definition of z, which we then use in the calculation

(1− t)
[
f(z)− f(x)

] (a)
= (1− t)f ′(c)(z − x)

(b)
< (1− t)f ′(d)(z − x)

(c)
= tf ′(d)(y − z)

(d)
= t
[
f(y)− f(z)

]
,

where (a) holds from the mean value theorem, (b) because f ′ is strictly increas-
ing and so f ′(c) < f ′(d), (c) from the intermediate result (1−t)(z−x) = t(y−z),
and (d) from the mean value theorem. We then rearrange and simplify this
result to get

f(z) < tf(y) + (1− t)f(x),

which, after substituting in z = ty + (1− t)x, gives

f
(
ty + (1− t)x

)
< tf(y) + (1− t)f(x),

meaning that f is strictly convex.

(iv) Analogous to the proof of (iii).

(i) (⇒) Assume that f is convex, and choose arbitrary x, y ∈ (a, b) for which x < y.
For any t ∈ (0, 1), it then holds that

f
(
x+ t(y − x)

)
= f

(
y + (1− t)(x− y)

)
= f

(
ty + (1− t)x

)
(a)

≤ tf(y) + (1− t)f(x)

= f(y) + (1− t)
[
f(x)− f(y)

]
= f(x) + t

[
f(y)− f(x)

]
,

where (a) holds because f is convex. We then rearrange this result to get the
inequality

f
(
x+ t(y − x)

)
− f(x)

t
≤ f(y)− f(x)

≤ −
f
(
y + (1− t)(x− y)

)
− f(y)

1− t
.

(7.4)
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We then compute the two limits

lim
t→0

f
(
x+ t(y − x)

)
− f(x)

t
= lim

h→0

f(x+ h)− f(x)

h
· (y − x)

= f ′(x)(y − x)

and

lim
t→1

f
(
y + (1− t)(x− y)

)
− f(y)

1− t
= lim

s→0

f
(
y + s(x− y)

)
− f(y)

s

= lim
h→0

f(y + h)− f(y)

h
· (x− y)

= f ′(y)(x− y).

Using these limits, the inequality in Equation 7.4, in the limits t → 0 and
t→ 1, simplifies to

f ′(x)(y − x) ≤ f(y)− f(x) ≤ f ′(y)(y − x),

and so f ′(x) ≤ f ′(y) and f ′ is increasing on (a, b).

(⇐) We prove the converse case of (i) analogously to the proof of (iii).

(ii) Analogous to the proof of (i).

Corollary 7.29: Convexity and the second derivative

Let a, b ∈ R be two real numbers for which a < b and let the scalar function
f : [a, b] → R be continuous on the closed interval [a, b] and twice differentiable on
the open interval (a, b). In this case:

(i) The function f is convex on [a, b] if, and only if, f ′′(x) ≥ 0 for all x ∈ (a, b).

(ii) The function f is concave on [a, b] if, and only if, f ′′(x) ≤ 0 for all x ∈ (a, b).

(iii) If f ′′(x) > 0 for all x ∈ (a, b), then the function f is strictly convex on [a, b].

(iv) If f ′′(x) < 0 for all x ∈ (a, b), then the function f is strictly concave on [a, b].

Proof. The corollary follows from the combination of (1) the relationship between
convexity and the growth of the first derivative in Proposition 7.28 and (2) the
relationship between function growth and the first derivative in Proposition 7.21.

Definition 7.30: Inflection points

Let f : U → R be a scalar function defined on a real subset U ⊂ R, and define the
point a ∈ U .

(i) The function f is said to have an inflection point (from concavity to convexity)
at the point a ∈ U if there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ U and for
which f is concave on [a− δ, a] and convex on [a, a+ δ].

(ii) The function f is said to have an inflection point (from convexity to concavity)
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at the point a ∈ U if there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ U and for
which f is convex on [a− δ, a] and concave on [a, a+ δ].

(iii) The function f is said to have an inflection point at the point a ∈ U if it has
either an inflection point from from concavity to convexity or an inflection
point from convexity to concavity.

(iv) The function f is said to have an inflection point (from strict concavity to strict
convexity) at the point a ∈ U if there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ U
and for which f is strictly concave on [a− δ, a] and strictly convex on [a, a+ δ].

(v) The function f is said to have an inflection point (from strict convexity to strict
concavity) at the point a ∈ U if there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ U
and for which f is strictly convex on [a− δ, a] and strictly concave on [a, a+ δ].

The inflection points of a scalar function must satisfy the following condition.

Proposition 7.31: Necessary condition for an inflection point

Let f : U → R be a differentiable scalar function defined on the open subset U ⊂ R.
If f has an inflection point at the point a ∈ U and the derivative f ′ is differentiable
at a, then

(f ′)′(a) = 0.

Proof. Assume that f has an inflection point from concavity to convexity at a. By
Definition 7.30 there then exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ U and for which f
is concave on the interval [a− δ, a] and convex on the interval [a, a+ δ].

By Proposition 7.28 the function f ′ is thus decreasing on (a− δ, a) and increasing
on (a, a+ δ) (note that the intervals are open). More so, the function f ′ is assumed
to be differentiable at a, so f ′ is also continuous at a, which means f ′ is decreasing
on (a− δ, a] and increasing on [a, a+ δ) (the intervals are now half-closed, since f ′ is
continuous at a). By the sufficient conditions for an extremum in Proposition 7.24,
the function f ′ has a local minimum at a. Finally, by the necessary condition for an
extremum in Proposition 7.14, a must be a stationary point of f ′ and so

(f ′)′(a) = 0

The proof is analogous if f has an inflection point from convexity to concavity at a.

Proposition 7.32: Sufficient condition for an inflection point

Let f : U → R be a scalar function defined on the open subset U ⊂ R; and let n ∈ N
be a natural number and a ∈ U a point satisfying the following conditions:

• n ≥ 3,

• the function f is at least n-times continuously differentiable,

• f (k)(a) = 0 for all k ∈ N for which 2 ≤ k < n, and

• f (n)(a) ̸= 0.

In this case:
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(i) If n is odd and f (n)(a) > 0, then f has an inflection point from strict concavity
to strict convexity at a.

(ii) If n is odd and f (n)(a) < 0, then f has an inflection point from strict convexity
to strict concavity at a.

(iii) If n is even and f (n)(a) > 0, then f does not have an inflection point at a and
there exists δ ∈ R+ for which [a− δ, a+ δ] ∈ U and the function f is strictly
convex on [a− δ, a+ δ].

(iv) If n is even and f (n)(a) < 0, then f does not have an inflection point at a and
there exists δ ∈ R+ for which [a− δ, a+ δ] ∈ U and the function f i s strictly
concave on [a− δ, a+ δ].

Proof.

(i) By a combination of Proposition 7.26 (iii) and Proposition 7.21 (iii), the
function f ′′ is strictly increasing in some neighborhood V ⊂ U of the point a.
Because f ′′ is strictly increasing in the neighborhood V , and f ′′(a) = 0 by this
proposition’s assumptions, there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ V and

f ′′(x) < 0 for all x ∈ (a− δ, a)

f ′′(x) > 0 for all x ∈ (a, a+ δ).

It then follows from Corollary 7.29 that f is strictly concave on [a− δ, a] and
strictly convex on [a, a+ δ], and so a is an inflection point from strict concavity
to strict convexity.

(ii) Analogous to the proof of (i).

(iii) By Proposition 7.26 (iii), the function f ′ (note the use of f ′ and not f ′′, since n
is now even) is strictly increasing on some neighborhood V ⊂ U of the point a.
Since V is a neighborhood of a, there exists δ ∈ R+ for which [a− δ, a+ δ] ⊂ V .
By Proposition 7.28 (iii), the function f is then strictly convex on the entire
interval [a− δ, a+ δ], and so f does not have an inflection point at a.

(iv) Analogous to the proof of (iii).

7.3.3 L’Hôpital’s rule

In this section we cover progressively more general forms of L’Hôpital’s rule, which is a
supremely useful technique for computing the limits of scalar functions.

Proposition 7.33: L’Hôpital’s rule at interval endpoints

Let a, b ∈ R be two real numbers for which a < b, and let f, g : (a, b) → R be two
differentiable functions, where g′(x) ̸= 0 for all x ∈ (a, b). In this case:

(i) If the right-sided limit of the function f ′/g′ exists at a, and if

lim
x→a+

f(x) = lim
x→a+

g(x) = 0,
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then the right-sided limit of the function f/g also exists at a and is equal to

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.

(ii) If the left-sided limit of the function f ′/g′ exists at b, and if

lim
x→b−

f(x) = lim
x→b−

g(x) = 0,

then the left-sided limit of the function f/g also exists at b and is equal to

lim
x→b−

f(x)

g(x)
= lim

x→b−

f ′(x)

g′(x)
.

Proof.

(i) We first the functions ϕ, ψ : [a, b) → R according to

ϕ(x) =

{
0, x = a

f(x) x ∈ (a, b)
and ψ(x) =

{
0, x = a

g(x) x ∈ (a, b).

Because the functions f and g are differentiable (and thus continuous) on (a, b),
and because the right-sided limits of ϕ and ψ equal the function values at
x = a, the functions ϕ and ψ are differentiable on the open interval (a, b) and
continuous on the half-closed interval [a, b).

Because the derivative g′ = (ψ|(a,b))′ has no zeros by the proposition’s assump-
tions, the function ψ is strictly monotonic. And because ψ(a) = 0 and ψ is
strictly monotonic, it follows that

g(x) = ψ(x) ̸= ψ(a) = 0 for all x ∈ (a, b).

By the Cauchy mean value theorem applied to the functions ϕ and ψ on the
interval (a, x), for all x ∈ (a, b) there exists a point cx ∈ (a, x) for which

f ′(cx)

g′(cx)

(a)
=

ϕ′(cx)

ψ′(cx)

(b)
=

ϕ(x)− ϕ(a)

ψ(x)− ψ(a)

(c)
=
ϕ(x)

ψ(x)

(d)
=
f(x)

g(x)
,

where (a) holds because f ′ = ϕ′ and g′ = ψ′ on (a, b), (b) holds by the Cauchy
mean value theorem, (c) holds because ϕ(a) = ψ(a) = 0, and (d) holds because
f = ϕ and g = ψ on (a, b). Removing the intermediate steps, the result reads

f(x)

g(x)
=
f ′(cx)

g′(cx)
.

Since cx lies inside the open interval (a, x) for all x ∈ (a, b), the point cx is
closer to a than the point x is, and so

lim
x→a+

f(x)

g(x)
= lim

x→a+

f(cx)

g(cx)
= lim

x→a+

f ′(x)

g′(x)
,

which proves point (i).

(ii) Analogous to the proof of (i).
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Proposition 7.34: L’Hôpital’s rule in an interval

Let U ⊂ R be an open subset of R and define the point a ∈ U . Let f, g : U \{a} → R
be differentiable functions for which g′(x) ̸= 0 for all x ∈ U \ {a}

lim
x→a

f(x) = lim
x→a

g(x) = 0.

If the limit of the function f ′/g′ exists at a, then the limit of the function f/g also
exists at a and is equal to

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
.

Proof. We apply Proposition 7.33 to the left-sided limit, and then to the right-sided
limit, of the functions f/g and f ′/g′ at a.

Proposition 7.35: L’Hôpital’s rule at infinity

Let f, g : U → R be two differentiable functions defined on the open interval U ⊂ R,
and assume g′(x) ̸= 0 for all x ∈ U . We then separately consider the following cases:

(i) Assume that the interval U is unbounded above and that

lim
x→∞

f(x) = lim
x→∞

g(x) = 0.

If the limit of the function f ′/g′ exists at infinity, then the limit of the function
f/g also exists at infinity and is equal to

lim
x→∞

f(x)

g(x)
= lim

x→∞

f ′(x)

g′(x)
.

(ii) Assume that the interval U is unbounded below and that

lim
x→−∞

f(x) = lim
x→−∞

g(x) = 0.

If the limit of the function f ′/g′ exists at negative infinity, then the limit of
the function f/g also exists at negative infinity and is equal to

lim
x→−∞

f(x)

g(x)
= lim

x→−∞

f ′(x)

g′(x)
.

Proof.

(i) We use Proposition 7.33 (i) to directly compute

lim
x→∞

f(x)

g(x)

(a)
= lim

t→0+

f(1/t)

g(1/t)

(b)
= lim

t→0+

f ′(1/t)(−1/t2)

g′(1/t)(−1/t2)

= lim
t→0+

f ′(1/t)

g′(1/t)
= lim

x→∞

f ′(x)

g′(x)
,

where (a) follows from defining the new variable t = 1/x, and (b) from the
chain rule and L’Hôpital’s rule for interval endpoints in Proposition 7.33 (i).
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(ii) Analogous to the proof of (i).

Proposition 7.36: L’Hôpital’s rule for divergent functions

Let a, b ∈ R be two real numbers for which a < b, and let f, g : (a, b) → R be two
differentiable functions, where g′(x) ̸= 0 for all x ∈ (a, b). In this case:

(i) If limx→a+ |g(x)| = ∞ and the right-sided limit of the function f ′/g′ exists at
a, then the right-sided limit of the function f/g also exists at a and is equal to

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.

(ii) If limx→b− |g(x)| = ∞ and the left-sided limit of the function f ′/g′ exists at b,
then the left-sided limit of the function f/g also exists at b and is equal to

lim
x→b−

f(x)

g(x)
= lim

x→b−

f ′(x)

g′(x)
.

Proof.

(i) Because the derivative g′ does not have any zeros, the function g is strictly
monotonic. We first choose arbitrary ϵ ∈ R+ and define the shorthand notation

L = lim
x→a+

f ′(x)

g′(x)

By the definition of a function’s limit, there exists s ∈ (a, b) for which∣∣∣∣f ′(x)g′(x)
− L

∣∣∣∣ < ϵ

8
for all x ∈ (a, s). (7.5)

Because limx→a+ |g(x)| = ∞, there exists δ ∈ R+ for which:

• a+ δ < s,

• the function g does not have zeros on the interval (a, a+ δ), and

• the following bounds hold for all x ∈ (a, a+ δ):∣∣∣∣f(s)g(x)

∣∣∣∣ < ϵ

2
, |L|

∣∣∣∣ g(s)g(x)

∣∣∣∣ < ϵ

4
, and

∣∣∣∣1− g(s)

g(x)

∣∣∣∣ < 2.

More so, by the Cauchy mean value theorem, for all x ∈ (a, a+ δ) there exists
a corresponding point cx ∈ (x, s) for which

f ′(cx)

g′(cx)
=
f(s)− f(x)

g(s)− g(x)
,

which implies that ∣∣∣∣f(s)− f(x)

g(s)− g(x)
− L

∣∣∣∣ = ∣∣∣∣f ′(cx)g′(cx)
− L

∣∣∣∣ (a)< ϵ

8
.
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where (a) follows from the bound in Equation 7.5. For all x ∈ (a, a+ δ) we
can then complete the proof with the following, rather elaborate, calculation:∣∣∣∣f(x)g(x)

− L

∣∣∣∣ (a)= ∣∣∣∣(f(s)− f(x)

g(s)− g(x)

)(
g(s)− g(x)

−g(x)

)
+
f(s)

g(x)
− L

∣∣∣∣
(b)
=

∣∣∣∣(f(s)− f(x)

g(s)− g(x)
− L+ L

)(
1− g(s)

g(x)

)
+
f(s)

g(x)
− L

∣∣∣∣
(c)
=

∣∣∣∣(f(s)− f(x)

g(s)− g(x)
− L

)(
1− g(s)

g(x)

)
− L

g(s)

g(x)
+
f(s)

g(x)

∣∣∣∣
(d)

≤
∣∣∣∣f(s)− f(x)

g(s)− g(x)
− L

∣∣∣∣∣∣∣∣1− g(s)

g(x)

∣∣∣∣+ |L|
∣∣∣∣ g(s)g(x)

∣∣∣∣+ ∣∣∣∣f(s)g(x)

∣∣∣∣
(e)
<
ϵ

8
· 2 + ϵ

4
+
ϵ

2
= ϵ,

where (a) follows from adding and subtracting the quantity f(s)/g(x), (b) from
adding and subtracting L, (c) from multiplying out and simplifying, (d) from
the triangle inequality, and (e) from the various bounds developed earlier in
the proof. With the intermediate steps removed, the result means that

lim
x→a+

f(x)

g(x)
= L = lim

x→a+

f ′(x)

g′(x)
,

proving point (i).

(ii) Analogous to the proof of (i).

Proposition 7.37: L’Hôpital’s rule for divergent functions II

Let U be an open subset of R, define the point a ∈ U , and let f, g : U \{a} → R be two
differentiable functions, for which g′(x) ̸= 0 for all x ∈ U \{a} and limx→a |g(x)| = ∞.
If the limit of the function f ′/g′ exists at a, then the limit of the function f/g also
exists at a and is equal to

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
.

Proof. We apply Proposition 7.36 to the left-sided limit, and then to the right-sided
limit, of the functions f/g and f ′/g′ at a.

Proposition 7.38: L’Hôpital’s rule for divergent functions at infinity

Let f, g : U → R be two differentiable functions defined on the open interval U ⊂ R,
where g′(x) ̸= 0 for all x ∈ U . We then separately consider the following cases:

(i) Assume that the interval U is unbounded above and that limx→∞ |g(x)| = ∞.
If the limit of the function f ′/g′ exists at infinity, then the limit of the function
f/g also exists at infinity and is equal to

lim
x→∞

f(x)

g(x)
= lim

x→∞

f ′(x)

g′(x)
.
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(ii) Assume that the interval U is unbounded below and that limx→−∞ |g(x)| = ∞.
If the limit of the function f ′/g′ exists at negative infinity, then the limit of
the function f/g also exists at negative infinity and is equal to

lim
x→−∞

f(x)

g(x)
= lim

x→−∞

f ′(x)

g′(x)
.

Proof.

(i) We use Proposition 7.36 (ii) to directly compute

lim
x→∞

f(x)

g(x)

(a)
= lim

t→0+

f(1/t)

g(1/t)

(b)
=
f ′(1/t)(−1/t2)

g′(1/t)(−1/t2)

= lim
t→0+

f ′(1/t)

g′(1/t)
= lim

x→∞

f ′(x)

g′(x)
,

where in (a) we have introduced the new variable t = 1/x and (b) follows from
Proposition 7.36 (ii) and the chain rule.

(ii) Analogous to the proof of (i).

We conclude this section with some practical applications of L’Hôpital’s rule.

Example 7.39: Using L’Hôpital’s rule

(1) Consider the rational function f : R \ {−1, 1} → R given by

f(x) =
x3 − 1

x2 − 1
.

The point x = 1 is a zero of both the numerator and denominator, so the
expression for f(x) can be factored and simplified as follows:

f(x) =
x3 − 1

x2 − 1
=

(x− 1)(x2 + x+ 1)

(x− 1)(x+ 1)
=
x2 + x+ 1

x+ 1
.

The simplified expression on the right-hand side is defined at x = 1, and its
value is 3/2. We could also have found this expression by applying L’Hôpital’s
rule to the limit of the function f at the point x = 1, i.e.

lim
x→1

x3 − 1

x2 − 1
= lim

x→1

3x2

2x
=

3

2
.

(2) We can use L’Hôpital’s rule to compute

lim
x→0

eax − 1

x
= lim

x→0

aeax

1
= a for all a ∈ R.

(3) Let us use L’Hôpital’s rule to compute the limit of the function x 7→ (sinx)/x
at the point x = 0:

lim
x→0

sinx

x
= lim

x→0

cosx

1
= 1.

185



(4) Consider the function f : R+ → R given by f(x) = x lnx. Using L’Hôpital’s
rule, the function’s limit at zero is

lim
x→0+

(x lnx)
(a)
= lim

x→0+

lnx

(1/x)

(b)
= lim

x→0+

(1/x)

(−1/x2)

= lim
x→0+

(−x) = 0,

where (a) follows from writing x as 1/(1/x) and (b) from L’Hôpital’s rule.

(5) For any natural number n, we can iteratively compute the following limit with
multiple applications of L’Hôpital’s rule:

lim
x→∞

xn

ex
= lim

x→∞

xxn−1

ex

= lim
x→∞

n(n− 1)xn−1

ex
= · · · = lim

x→∞

n!

ex
= 0.

As x approaches infinity, the exponential function grows faster than the power
function for any n ∈ N, and so the denominator is larger than the numerator
and the limit is zero for arbitrary n.

7.3.4 Analysis of scalar functions

The results of this chapter provide the tools to analyze an arbitrary elementary scalar
function and at least approximately sketch the function’s graph. A typical analysis process
includes the following points:

(i) If the function’s domain is not explicitly given, we define the domain as the set of
points for which the function’s formula is defined.

(ii) We compute the function’s zeros.

(iii) We use the limit to analyze the function’s behavior at the boundary points of its
domain and at positive and negative infinity, if applicable.

(iv) We compute the function’s derivative and find the function’s stationary points,
intervals of increasing and decreasing growth, and local and global extrema.

(v) We compute the function’s second derivative and find the function’s points of inflection
and intervals of concavity and convexity.

(vi) We sketch the functions graph on the basis of the above points.

186



8 The indefinite integral

Definition 8.1: Primitive function

Let f : U → R be a scalar function defined on the open interval U ⊂ R. A function
F : U → R is called a primitive function of f if F is differentiable and

F ′ = f.

Proposition 8.2: Primitive functions are defined up to a locally constant
function

Let f : U → R be a scalar function defined on the open interval U ⊂ R.

(i) If F,G : U → R are two primitive functions of f , then the function F −G is
locally constant.

(ii) If F : U → R is a primitive function of f and C : U → R is an arbitrary locally
constant function, then the sum F + C is also a primitive function of F .

Proof.

(i) This point follows directly from the calculation

(F −G)′ = F ′ −G′ (a)= f − f = 0,

where (a) holds because F and G are both primitive functions of f . Since
(F −G)′ = 0, the function F −G is locally constant by Corollary 7.23.

(ii) This point follows directly from the calculation

(F + C)′ = F ′ + C ′ (a)= f + 0 = f,

where in (a) C ′ = 0 because C is locally constant.

Proposition 8.2 implies that if a function f : U → R has at least one primitive function, it
in fact has infinitely many primitive functions, which can be parametererized by the set of
all locally constant functions defined on f ’s domain U ⊂ R.

Topic 8.1: Indefinite integration

Let f : U → R be a scalar function defined on the open subset U ⊂ R. The set of all
of f ’s primitive functions is called f ’s indefinite integral is denoted by

ˆ
f(x) dx.

In this context, the process of finding the function f ’s primitive function is called
integration, and the function f : x 7→ f(x) is called the integrand.

Because primitive functions are defined only up to a locally constant function, the problem
of finding the primitive functions of a given function f : U → R reduces to finding only one
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of f ’s primitive functions, say F ; we can then write f ’s indefinite integral in the formˆ
f(x) dx = F + C,

where C : U → R is an arbitrary locally constant function.

Remark 8.3: Notation

The notation used in indefinite integration calls for a few comments. The symbol
´

is called an integral symbol and the symbol dx is called a differential. The x in the
differential dx explicitly states that the integration is carried out over the variable x.
Why the integral symbol and differential look like they do will make more sense after
we cover definite integration and the relationship between definite and indefinite
integration in Chapter 9.

In passing, we note that an expression of the form f(x) dx is called a differential
1-form. For any differentiable function f : U → R defined on the open subset U ⊂ R,
the differential one form

df = f ′(x) dx

is called the differential of the function f . A precise definition of differential forms and
their calculus is more natural in higher dimensions; for the time being, we mention
only that the product of the differential 1-form df with an arbitrary function
g : U → R is again a differential given by

g df =
[
g(x)f ′(x)

]
dx.

Not every function has a set of primitive functions, but, as we will show later, every
continuous scalar function defined on an open subset of R does have a primitive function.
We dedicate the following sections largely to the computation of these primitive functions.

8.1 Elementary integration rules

One can fairly straightforwardly reverse engineer the set of elementary derivative rules
in Section 7.2.1 to produce a corresponding set of elementary indefinite integrals. We
first present these elementary integrals, and then cover more integration techniques in the
following sections.

Example 8.4: Elementary indefinite integrals

(1) The indefinite integrals of power functions are given by
ˆ
xr dx =

xr+1

r + 1
+ C, r ∈ R \ {−1},

ˆ
dx

x
= ln |x|+ C.

(2) The indefinite integrals of exponential functions are given byˆ
ax dx =

ax

ln a
+ C, a ∈ R+ \ {1},

ˆ
ex dx = ex + C.
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(3) The indefinite integrals of the sine and cosine functions are
ˆ

sinx dx = − cosx+ C and
ˆ

cosx dx = sinx+ C.

(4) The indefinite integrals of the secant and cosecant functions are
ˆ

dx

cos2 x
= tanx+ C and

ˆ
dx

sin2 x
= − cotx+ C.

(5) The indefinite integrals of some selected rational functions are
ˆ

dx√
1− x2

= arcsinx+ C,

ˆ
dx

1 + x2
= arctanx+ C,

ˆ
dx√
x2 + a2

= ln
(
x+

√
x2 + a2

)
+ C, a ∈ R+

ˆ
dx√
x2 − a2

= ln
(
x+

√
x2 − a2

)
+ C, a ∈ R+.

Each case requires some caution regarding the domain of the relevant functions: the
functions on the right-hand side of each equality are the primitive functions of the
corresponding integrands on the left-hand side only on open subsets consisting of
those points on which the functions on the right-hand side are differentiable.

The integral of the function x 7→ 1/x perhaps deserves a special comment. We can directly
compute via differentiation that x 7→ ln |x|+ C is indeed a primitive function of x 7→ 1/x;
for x ∈ R− this calculation reads

(ln |x|)′ (a)=
[
ln(−x)

]′ (b)
=

1

(−x)
· (−x)′ = 1

x
x ∈ R−,

where (a) holds for x ∈ R− and (b) follows from the chain rule. Similarly for, x ∈ R+,

(ln |x|)′ (a)= (lnx)′ =
1

x
· x′ = 1

x
, x ∈ R+.

where (a) holds for x ∈ R+. The function x 7→ ln |x| is defined for R \ {0}, and so
ˆ

dx

x
= ln |x|+ C for all x ∈ R \ {0}.

Because the set R \ {0} is the union of the two disjoint intervals R− and R+, the locally
constant function C : R \ {0} is of the form

C(x) =

{
C1 x ∈ R−

C2 x ∈ R+,

where C1 and C2 are two arbitrary locally constant functions.
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Proposition 8.5: The indefinite integral is linear

Let f, g : U → R be two scalar functions defined on the open subset U ⊂ R, and let
α, β ∈ R be two real constants. If both f and g have primitive functions, then the
function αf + βg also has a primitive function and obeys

ˆ [
αf(x) + βg(x)

]
dx = α

ˆ
f(x) dx+ β

ˆ
g(x) dx.

Proof. Let F and G be primitive functions of f and g, respectively. In this case

(αF + βG)′
(a)
= αF ′ + βG′ = αf + βg,

where (a) follows from the linearity of the derivative.

Example 8.6: Integral of a polynomial

By the linearity of the indefinite integral in Proposition 8.5, for all n ∈ N the indefinite
integral of a real polynomial of the form P (x) = anx

n+ an−1x
n−1 + · · ·+ a1x+ a0 is

ˆ
P (x) dx = an

ˆ
xn dx+ · · ·+ a1

ˆ
x dx+ a0

ˆ
1 dx

= an
xn+1

n+ 1
+ an−1

xn

n
+ · · ·+ a1

x2

2
+ a0x+ C.

The primitive function of a n-th degree polynomial is thus an (n + 1)-th degree
polynomial.

We now cover the very useful technique of integration by parts, which can be viewed loosely
as a reverse-engineered form of the product rule for differentiation.

Proposition 8.7: Integration by parts

Let f, g : U → R be two differentiable scalar functions defined on the open subset
U ⊂ R. If the function f ′g has a primitive function, then the function fg′ also has a
primitive function and obeysˆ

f(x)g′(x) dx = f(x)g(x)−
ˆ
f ′(x)g(x) dx. (8.1)

Proof. We will show by direct calculation that the derivative of the right-hand side
of Equation 8.1 equals the integrand on the left-hand side:[

f(x)g(x)−
ˆ
f ′(x)g(x) dx

]′
(a)
=
[
f(x)g(x)

]′ − [ˆ f ′(x)g(x) dx

]′
(b)
=
[
f(x)g(x)

]′ − f ′(x)g(x)

(c)
= f(x)g′(x) + f ′(x)g(x)− f ′(x)g(x)

= f(x)g′(x),

where (a) follows from the linearity of the derivative, (b) from the definition of the
indefinite integral, and (c) from the product rule for differentiation.
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The rule for integration by parts is commonly written in terms of differential 1-forms in the
form ˆ

f dg = fg −
ˆ
g df.

In this context, when using integration by parts to compute primitive functions one must
write the differential 1-form being integrated in the form f dg. Intuition for productively
choosing f and dg comes with experience, and we now offer a few examples.

Example 8.8: Using integration by parts

(i) Let us use integration by parts to compute the integralˆ
xr lnx dx, r ∈ R \ {−1}.

We choose f(x) = lnx and g′(x) = xr (so that dg = xr dx), and first compute

df = f ′(x) dx =
1

x
dx.

We then find a primitive function of g′(x) = xr, for example

g(x) =
xr+1

r + 1
,

and then apply the integration by parts formula to getˆ
xr lnx dx =

ˆ
f dg = fg −

ˆ
g df

= (lnx) · x
r+1

r + 1
−
ˆ

xr+1

r + 1
· 1
x
dx

=
xr+1 lnx

r + 1
−
ˆ

xr

r + 1
dx

=
xr+1 lnx

r + 1
− xr+1

(r + 1)2
+ C

=
xr+1

r + 1

(
lnx− 1

r + 1

)
+ C.

When r = 0, this result simplifies toˆ
lnx dx = x(lnx− 1) + C.

(ii) We will now solve the integral ˆ
x sinx dx.

We choose f(x) = x and g′(x) = sinx, so that dg = sinx dx. In this case
df = dx, g(x) = − cosx, and integration by parts producesˆ

x sinx dx =

ˆ
f dg = fg −

ˆ
g df

= −x cosx+

ˆ
cosx dx

= −x cosx+ sinx+ C.
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(iii) Finally, we will compute the indefinite integral of the function x 7→ x2ex using
two successive applications of integration by parts, first choosing f(x) = x2 and
dg = ex dx, and in the second application choosing f(x) = 2x and dg = ex dx.
The computation reads

ˆ
x2ex dx = x2ex −

ˆ
2xex dx

= x2ex −
(
2xex −

ˆ
2ex dx

)
= ex(x2 − 2x+ 2) + C.

The following, also very useful, technique may be viewed loosely as a reverse-engineered
form of the chain rule for differentiation.

Proposition 8.9: Integration by change of variables

Let F : U → R be a primitive function of the scalar function f : U → R defined on
the open subset U ⊂ R, let s : V → R be a differentiable function defined on the
open subset V ⊂ R, and assume s(V ) ⊂ U . In this case the function (f ◦ s) · s′ has a
primitive function and obeys

ˆ
f
(
s(x)

)
s′(x) dx = F ◦ s+ C.

Proof. We use the chain rule to directly verify

(F ◦ s+ C)′ = (F ′ ◦ s) · s′ = (f ◦ s) · s′.

It is instructive to write the formula for integration by change of variables in the form
ˆ
f
(
s(x)

)
s′(x) dx

(a)
=

ˆ
f
(
s(x)

)
ds

(b)
=

ˆ
f(s) ds

= F (s) + C

(c)
= F

(
s(x)

)
+ C,

where in (a) we have introduced the differential 1-form ds = s′(x) dx, in (b) we have
dropped the variable x and integrated over the new variable s, and in (c) we have again
made explicit that s is itself a function of x, which is justified by Proposition 8.9. The
technique gets its name by changing the variable of integration from x to s; this integration
technique is also commonly called integration by substitution.

Choosing an appropriate function s when using integration by substitution is often a matter
of experience, and we give a few examples below.
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Example 8.10: Using integration by change of variables

(1) Let us use change of variables to solve the integral
ˆ

dx

x− a
, a ∈ R.

We can solve the integral by introducing the new variable s = x− a, in which
case ds = dx and Proposition 8.9 gives

ˆ
dx

x− a
=

ˆ
ds

s
= ln |s|+ C = ln |x− a|+ C.

(2) Let us now solve the integral
ˆ

dx

a2 + x2
=

ˆ
dx

a2
[
1 + (x/a)2

] , a ∈ R+.

We will use the new variable s = x/a, in which case ds = (1/a) dx and
ˆ

dx

a2 + x2
=

1

a2

ˆ
dx

1 + (x/a)2

=
1

a

ˆ
ds

1 + s2
=

1

a
arctan(s) + C

=
1

a
arctan

(x
a

)
+ C.

(3) Finally, we will solve the integral
ˆ

tanx dx =

ˆ
sinx

cosx
dx.

We choose the new variable t = cosx, in which case dt = − sinx dx and
ˆ

tanx dx =

ˆ
sinx

cosx
dx

=

ˆ
−dt

t
= − ln |t|+ C

= − ln |cosx|+ C.

The domain of the tangent function is a countably infinite union of open,
pairwise disjoint integrals, so in this case the locally constant function C is
determined by a countably infinite number of constants, one for each of the
intervals in the tangent function’s domain.

8.2 Integration of rational functions

This chapter covers techniques that make possible the integration of an arbitrary rational
function—it turns out that the integral of an arbitrary rational function can always be
written as a linear combination of rational functions and inverse trigonometric functions.
We first consider two important cases, which we will use later.
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Example 8.11: Two important rational integrals

We will make use of the following two integrals later in this section.

(i) For any two real numbers a,A ∈ R and any natural number k ≥ 2 it holds that
ˆ

Adx

(x− a)k
= − A

(k − 1)(x− a)k−1
+ C,

and, when k = 1, it holds thatˆ
Adx

x− a
= A ln |x− a|+ C.

(ii) Let M,N ∈ R be two arbitrary real numbers, and let p, q ∈ R be two real
numbers such that the function

x 7→ x2 + px+ q

is an arbitrary second-degree polynomial without any real zeros; in this case
the polynomial’s discriminant is necessarily negative, i.e. D = p2 − 4q < 0.

Let us then solve the indefinite integralˆ
Mx+N

x2 + px+ q
dx.

We begin by writing the denominator in the form

x2 + px+ q =
(
x+

p

2

)2
− p2

4
+ q

=
(
x+

p

2

)2
+

−p2 + 4q

4
(a)
= t2 + µ2,

where in (a) we have defined the quantities

t = x+
p

2
and µ =

√
−p2 + 4q

4
=

√
−D
4
.

In terms of the new variable t and the constant µ, the integral becomes
ˆ

Mx+N

x2 + px+ q
dx =

ˆ
Mt− (Mp)/2 +N

t2 + µ2
dt

=M

ˆ
tdt

t2 + µ2
+

(
N − Mp

2

)ˆ
dt

t2 + µ2
.

Borrowing the result of Example 8.10 (2), the second integral comes out to
ˆ

dt

t2 + µ2
=

1

µ
arctan

(
t

µ

)
+ C,

while we can solve the first integral by substitution using the new variable
s2 = t2 + µ2 =⇒ ds = 2tdt. The calculation readsˆ

dt

t2 + µ2
=

1

2

ˆ
ds

s
=

1

2
ln |s|+ C =

1

2
ln
(
t2 + µ2

)
+ C.
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The complete result is then
ˆ

Mx+N

x2 + px+ q
dx =

M

2
ln
(
x2 + px+ q

)
+

2N −Mp√
−p2 + 4q

arctan

(
2x+ p√
−p2 + 4q

)
+ C

We now show how to manipulate a general rational function into a form suitable for
integrating. In general, a scalar rational function is a quotient of two real polynomials P
and Q and takes the general form

x 7→ P (x)

Q(x)
.

In the following discussion we assume without loss of generality that:

• the degree of the denominator polynomial Q is at least 1 (if Q were of degree 0, i.e.
simply a constant function, then P/Q would be a real polynomial, which we have
already shown how to integrate in Example 8.6), and

• the leading coefficient of Q is 1 (if it were not, and were equal to some other number,
say a ∈ R \ {1}, we could simply factor out a from each of Q’s terms; in the resulting
polynomial (P/a)/Q̃ the new denominator Q̃ = Q/a would have leading coefficient
equal to one).

Topic 8.2: Simplifying rational functions I

We aim to rearrange P/Q into a form conducive to integration; a good first step
is to simplify P/Q with polynomial division, which in general produces two real
polynomials S and R for which

P = SQ+R, deg(R) < deg(Q).

The integral of a general rational function can thus be written in the form
ˆ
P (x)

Q(x)
dx =

ˆ
S(x) dx+

ˆ
R(x)

Q(x)
dx, deg(R) < deg(Q).

The polynomial S may be integrated as in Example 8.6); it remains to integrate the
rational function R/Q, where we are now sure that deg(R) < deg(Q).

Topic 8.3: Simplifying rational functions II

It is possible to further simplify the expression R/Q by finding the zeros of the
polynomial Q and then writing Q as a product of irreducible terms of degree 1
or 2. Such a decomposition of Q is always possible by the fundamental theorem
of algebra, which states that every complex polynomial of positive degree has at
least one complex zero. Because non-real zeros of a real polynomial always occur in
complex conjugate pairs, we may then write any real polynomial Q as a product of
the form

Q(x) = (x− x1)
α1 · · · (x− xn)

αn · (x2 + p1x+ q1)
β1 · · · (x2 + pmx+ qm)

βm ,
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where:

• x1, . . . , xn are unique real zeros of Q;

• the terms (x2 + p1x+ q1), · · · , (x2 + pmx+ qm) are unique real polynomials of
degree 2 without real zeros;

• n,m ∈ N ∪ {0}; and

• α1, . . . , αn, β1, . . . , βm ∈ N.

For each natural number i ≤ n, the exponent αi is called the multiplicity of the
corresponding zero xi. Finally, we note that because the polynomial x2 + pjx+ qj
does not have real zeros, it has a negative discriminant, i.e.

Dj = p2j − 4qj < 0 for all j ≤ m.

The remaining procedure for integrating the rational function R/Q depends on the decom-
position of the polynomial Q. In certain cases it is easiest to compute the integral of R/Q
using a partial fraction decomposition. In more general cases the integral of R/Q can be
computed using an ansatz.

8.2.1 Partial fraction decomposition

In this section we will consider how to solve the integration problem
ˆ
P (x)

Q(x)
dx =

ˆ
S(x) dx+

ˆ
R(x)

Q(x)
dx,

where S, R, and Q are polynomials and deg(R) < deg(Q). For review, the denominator Q
can be written in the general form

Q(x) = (x− x1)
α1 · · · (x− xn)

αn · (x2 + p1x+ q1)
β1 · · · (x2 + pmx+ qm)

βm ,

where:

• x1, . . . , xn are unique real zeros of Q;

• the terms (x2 + p1x+ q1), · · · , (x2 + pmx+ qm) are unique real polynomials of degree
2 without real zeros;

• n,m ∈ N ∪ {0}; and

• α1, . . . , αn, β1, . . . , βm ∈ N.

Topic 8.4: Partial fraction decomposition when m = 0

We first consider the case when m = 0, in which case Q can be factored into the
product of first-degree polynomials with only real zeros in the form

Q(x) = (x− x1)
α1 · (x− xn)

αn .
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In this case the rational function R/Q can be written as a sum of partial fractions:

R(x)

Q(x)
=

A11

(x− x1)
+

A12

(x− x1)2
+ · · ·+ A1α1

(x− x1)α1

+
A21

(x− x2)
+

A22

(x− x2)2
+ · · ·+ A2α2

(x− x2)α2

+ · · ·

+
An1

(x− xn)
+

An2
(x− xn)2

+ · · ·+ Anαn
(x− xn)αn

,

where A11, . . . , A1α1 , A21, . . . , Anαn ∈ R are uniquely determined real constants.
These constants can by computed by forming a common denominator on the right-
hand side of the above equation for R(x)/Q(x), and then equating the numerators
of the left-hand side and right-hand side; this process produces a system of linear
equations that uniquely determines the constants.

With the constants A11, . . . , Anαn known, it follows that
ˆ
R(x)

Q(x)
dx =

ˆ
A11

x− x1
+ · · ·+

ˆ
Anαn

(x− xn)αn
dx,

where the integrals on the right-hand side can be computes as in Example 8.11 (i).

Topic 8.5: Partial fraction decomposition when m > 0 and βj = 1

We now assume that m > 0 and that each of Q’s complex zeros has multiplicity 1,
i.e. β1 = β2 = · · · = βm = 1. In this case Q takes the general form

Q(x) = (x− x1)
α1 · · · (x− xn)

αn · (x2 + p1x+ q1) · · · (x2 + pmx+ qm),

and the function R/Q can be written as a partial fraction decomposition of the form

R(x)

Q(x)
=

A11

(x− x1)
+

A12

(x− x1)2
+ · · ·+ A1α1

(x− x1)α1

+
A21

(x− x2)
+

A22

(x− x2)2
+ · · ·+ A2α2

(x− x2)α2

+ · · ·

+
An1

(x− xn)
+

An2
(x− xn)2

+ · · ·+ Anαn
(x− xn)αn

+
M1x+N1

x2 + p1x+ q1
+ · · ·+ Mmx+Nm

x2 + pmx+ qm
,

where A11, . . . , Anαn and M1, . . . ,Mm, N1, . . . , Nm ∈ R are uniquely determined real
constants. We compute these constants analogously to the case when m = 0, i.e.
by forming a common denominator on the right-hand side and then equating the
numerators of the left-hand side and right-hand side. With the constants known, the
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integral of R/Q can be written in the form

ˆ
R(x)

Q(x)
dx =

ˆ
A11

x− x1
+ · · ·+

ˆ
Anαn

(x− xn)αn
dx

+

ˆ
M1x+N1

x2 + p1x+ q1
dx+ · · ·+

ˆ
Mmx+Nm

x2 + pmx+ qm
dx,

where each of the integrals may be computed as in Example 8.11.

Example 8.12: Rational integration with partial fraction decomposition

Let us solve the following integral of a rational function:
ˆ

4x+ 1

(x+ 1)2(x− 1)
dx.

The degree of the numerator is already less than the degree of the denominator, so an
initial polynomial division step is unnecessary. The denominator is already written
as a product of irreducible terms, so we may proceed directly to partial fraction
decomposition; a decomposition of the integrand reads

4x+ 1

(x+ 1)2(x− 1)
=

A11

x+ 1
+

A12

(x+ 1)2
+

A21

x− 2

=
A11(x+ 1)(x− 2) +A12(x− 2) +A21(x+ 1)2

(x+ 1)2(x− 2)

=
x2(A11 +A21)

(x+ 1)2(x− 2)
+
x(−A11 +A12 + 2A21)

(x+ 1)2(x− 2)

+
(−2A11 − 2A12 +A21)

(x+ 1)2(x− 2)
.

Equating the numerators on the left-hand side and right-hand side produces the
system of linear equations

A11 +A21 = 0,

−A11 +A12 + 2A21 = 4,

−2A11 − 2A12 +A21 = 1,

which (without derivation) has the solution A11 = −1, A12 = 1, and A21 = 1. The
partial decomposition and subsequent solution of the original integral is then

ˆ
4x+ 1

(x+ 1)2(x− 1)
dx = −

ˆ
dx

x+ 1
+

ˆ
dx

(x+ 1)2
+

ˆ
dx

x− 2

= − ln |x+ 1| − 1

x+ 1
+ ln |x− 2|+ C.

When m > 0 and at least one of Q’s complex zeros has multiplicity greater than 1, i.e.
βj > 1 for at least one j = 1, . . . ,m, it is preferable to proceed with integration using a
generic ansatz instead of using partial fraction decomposition.
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8.2.2 Using an ansatz to integrate rational functions

In this section we consider the integration problem
ˆ
P (x)

Q(x)
dx =

ˆ
S(x) dx+

ˆ
R(x)

Q(x)
dx,

where S, R, and Q are polynomials, deg(R) < deg(Q), and Q can be factored into the form

Q(x) = (x− x1)
α1 · · · (x− xn)

αn · (x2 + p1x+ q1)
β1 · · · (x2 + pmx+ qm)

βm .

In general (without formal proof), the integral of any scalar rational function is a linear
combination of rational functions, the natural logarithmic function ln, and the inverse
tangent function arctan. As a result, the integral of an arbitrary rational function can
technically be written using an ansatz consisting of rational functions, ln, arctan, and
unknown constants. This ansatz reads
ˆ
R(x)

Q(x)
dx =

Asx
s +As−1x

s−1 + · · ·+A1x+A0

(x− x1)α1−1 · · · (x− xn)αn−1(x2 + p1x+ q1)β1−1 · · · (x2 + pmx+ qm)βm−1

+B1 ln |x− x1|+ · · ·+Bn ln |x− xn|
+ U1 ln

(
x2 + p1x+ q1

)
+ · · ·+ Um ln

(
x2 + pmx+ qm

)
+ V1 arctan

(
2x+ p1√
−p21 + 4q1

)
+ · · ·+ Vm arctan

(
2x+ pm√
−p2m + 4qm

)
+ C,

where A0, A1, . . . , As, B1, . . . , Bn, U1, . . . Um, V1, . . . , Vm ∈ R are real constants, and

s = (α1 − 1) + · · ·+ (αn − 1) + 2(β1 − 1) + · · ·+ 2(βm − 1)− 1.

The value of s means that the degree of the numerator of the ansatz’s rational function is at
least one less than the degree of denominator. We compute the constants by differentiating
the ansatz’s right-hand side, forming a common denominator for the entire resulting
derivative, equating the resulting numerator to R, and finally solving the resulting system
of linear equations for the unknown constants.

Example 8.13: Integrating rational functions using an ansatz

(1) Let us compute the indefinite integral
ˆ

dx

(1 + x2)2
.

Because the irreducible quadratic term (1 + x2) has multiplicity, we will use
an ansatz instead of integration by parts; the ansatz for this case reads
ˆ

dx

(1 + x2)2
=
A1x+A0

1 + x2
+ U1 ln

(
1 + x2

)
+ V1 arctan

(
2x√
4

)
+ C. (8.2)
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We begin by differentiating the Equation 8.2 to get

1

(1 + x2)2
=
A1(1 + x2)− 2x(A1x+A0)

(1 + x2)2
+

2U1x

1 + x2
+

V1
1 + x2

=
A1(1 + x2)− 2x(A1x+A0) + 2U1x(1 + x2) + V1(1 + x2)

(1 + x2)2

=
x3(2U1) + x2(−A1 + V1) + x(−2A0 + 2U1) + (A1 + V1)

(1 + x2)2
.

We then equate the numerators on the left-hand and right-hand sides to get
the system of equations

2U1 = 0

−A1 + V1 = 0

−2A0 + 2U1 = 0

A1 + V1 = 1;

without derivation, the solution to this system of equations is

A0 = 0, A1 = 1/2, U1 = 0, V1 = 1/2.

We then substitute these constants into Equation 8.2 to get the solutionˆ
dx

(1 + x2)2
=

x

2(1 + x2)
+

1

2
arctanx+ C. (8.3)

(2) Let us once again use an ansatz to compute the indefinite integralˆ
2x3 + 7x2 + 8x+ 4

(x2 + 2x+ 2)2
dx.

In this case the appropriate ansatz is
ˆ

2x3 + 7x2 + 8x+ 4

(x2 + 2x+ 2)2
dx =

Ax+B

x2 + 2x+ 2
+ E ln

(
x2 + 2x+ 2

)
+ F arctan

(
2x+ 2

2

)
+ C; (8.4)

we then differentiate Equation 8.4 to get

2x3 + 7x2 + 8x+ 4

(x2 + 2x+ 2)2
=
A(x2 + 2x+ 2)− (Ax+B)(2x+ 2)

(x2 + 2x+ 2)2

+
E(2x+ 2)

x2 + 2x+ 2
+

F

1 + (x+ 1)2

=
A(x2 + 2x+ 2)− (Ax+B)(2x+ 2)

(x2 + 2x+ 2)2

+

[
E(2x+ 2) + F

]
(x2 + 2x+ 2)

(x2 + 2x+ 2)2

=
x3(2E) + x2(−A+ 6E + F ) + x(−2B + 8E + 2F )

(x2 + 2x+ 2)2

+
(2A− 2B + 4E + 2F )

(x2 + 2x+ 2)2
.
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We then equate the numerators on the left-hand and right-hand sides to get
the system of equations

2E = 2

−A+ 6E + F = 7

−2B + 8E + 2F = 8

2A− 2B + 4E + 2F = 4,

which (without derivation) has the solution

A = 0, B = 1, E = 1, F = 1.

We then substitute these constants into Equation 8.4 to get the solution

ˆ
2x3 + 7x2 + 8x+ 4

(x2 + 2x+ 2)2
dx =

1

x2 + 2x+ 2
+ ln

(
x2 + 2x+ 2

)
+ arctan(x+ 1) + C.

8.3 Integrals of selected irrational functions

We will now consider a few special cases of indefinite integrals of irrational and trigonometric
functions. We will consider only rational functions whose denominator is the square root of
a second-degree polynomial—such functions arise regularly in integration of the equations
of motion of physical systems with one degree of freedom.

Example 8.14: Two special cases of irrational functions

We begin by computing the indefinite integrals of three special irrational functions,
which we will then use later in the section.

(1) Let us compute the indefinite integralˆ
dx√

x2 + px+ q
, (8.5)

where p, q ∈ R are arbitrary real numbers. Let us denote the discriminant of
the quadratic polynomial x2 + px+ q by

D = p2 − 4q.

The integrand in Equation 8.5 is defined for those values of the variable x for
which the polynomial x2 + px+ q is positive—thus the integrand’s domain is
R if D < 0 and otherwise a union of two disjoint, unbounded, open intervals.

Before computing the integral, we first write the polynomial in the form

x2 = px+ q =
(
x+

p

2

)2
+

−p2 + 4q

4
= t2 + ν,

where we have introduced the new variable t and constant ν given by

t = x+
p

2
and ν =

−p2 + 4q

4
= −D

4
.
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We then separately consider the following two subcases:

(a) If D ≠ 0, we can use integration by substitution with the new variable t
to get ˆ

dx√
x2 + px+ q

=

ˆ
dt√
t2 + ν

(a)
= ln

∣∣∣t+√t2 + ν
∣∣∣+ C

= ln
∣∣∣x+

p

2
+
√
x2 + px+ q

∣∣∣+ C,

where in (a) we have used the elementary integral from Example 8.4 (5).

(b) If D = 0, then ν = 0, the quantity under the square root is a perfect
square, and we can computeˆ

dx√
x2 + px+ q

=

ˆ
dt√
t2

=

ˆ
dt

|t|
= sgn(t) ln |t|+ C

= sgn
(
x+

p

2

)
ln
∣∣∣x+

p

2

∣∣∣+ C.

(2) Next, let us compute the integralˆ
dx√

−x2 + px+ q
, (8.6)

where p, q ∈ R are again arbitrary real numbers. Let us denote the discriminant
of the quadratic polynomial −x2 + px+ q by

D = p2 + 4q.

The integrand in Equation 8.6 is defined for those values of the variable x for
which the polynomial −x2+px+ q is positive, and so the integrand’s domain is
empty if D ≤ 0. Thus we will assume that D > 0, in which case the integrand’s
domain is a bounded, open interval.

We first write the polynomial −x2 + px+ q in the form

−x2 + px+ q = −
(
x− p

2

)2
+
p2 + 4q

4
= −(νt)2 + ν2

= ν2(1− t2),

where we have introduced the new variable t and constant η given by

t =
x− p/2

ν
and ν =

√
p2 + 4q

4
=

√
D

4
.

We may then use integration by substitution to computeˆ
dx√

−x2 + px+ q
=

ˆ
η dt√

η2(1− t2)
=

ˆ
dt√
1− t2

(a)
= arcsin t+ C

= arcsin

(
2x− p√
p2 + 4q

)
+ C,

where in (a) we have gain used an integral from Example 8.4 (5).

202



Points (1)a and (2) in Example 8.14 allow us to compute the integral
ˆ

dx√
ax2 + bx+ c

,

where a, b, c ∈ R are arbitrary real numbers. Namely:

• If a > 0, we factor out a from the square root and use point (1)a.

• If a < 0, we factor out |a| from the square root and use point (2).

• If a = 0 and b ̸= 0, we may compute the integral by substitution, using the new
variable t = bx+ c.

• If a = b = 0 and c ̸= 0, the integrand is simply a constant function, and
ˆ

1√
c
dx =

x√
c
+ C.

• If a = b = c = 0, then the integrand has an empty domain, and so the integral is not
well-defined.

8.3.1 Using an ansatz to integrate irrational functions

Let P be an arbitrary polynomial of degree n ≥ 1 and let a, b, c ∈ R be any three real
numbers for which a ̸= 0. In this case we may use an ansatz compute the indefinite integral

ˆ
P (x) dx√
ax2 + bx+ c

.

The approriate the ansatz is
ˆ

P (x) dx√
ax2 + bx+ c

= T (x)
√
ax2 + bx+ c+K

ˆ
dx√

ax2 + bx+ c
, (8.7)

where T is a real polynomial of degree at most n − 1 and K ∈ R is an arbitrary real
constant. We compute the coefficients of the polynomial T and the value of the constant
K by first differentiating Equation 8.7, arranging the right-hand side to use the common
demoninator

√
ax2 + bx+ c, equating the resulting numerator of the right-hand to P (x)

and then solving the resulting system of linear equations. We can compute the remaining
integral on the right-hand side of Equation 8.7 using the results of Example 8.14.

Example 8.15: Integrating an irrational function using an ansatz

Let us use an ansatz to compute the indefinite integralˆ √
α2 − x2 dx,

where α ∈ R \ {0} is an arbitrary nonzero constant. We first write the integral in
the form ˆ √

α2 − x2 dx =

ˆ
α2 − x2√
α2 − x2

dx,

which allows to then introduce the ansatzˆ
α2 − x2√
α2 − x2

dx = (Ax+B)
√
α2 − x2 +K

ˆ
dx√

α2 − x2
. (8.8)
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We will first compute the values of the constants A, B, and K; we begin by differen-
tiating Equation 8.8 to get

α2 − x2√
α2 − x2

= A
√
α2 − x2 +

(Ax+B)(−2x)

2
√
α2 − x2

+
K√

α2 − x2

=
A(α2 − x2)− (Ax+B)x+K√

α2 − x2

=
x2(−2A) + x(−B) + (Aα2 +K)√

α2 − x2
.

We then equate coefficients on the left-hand side and right-hand side’s numerators
to get the system of equations

−2A = −1

−B = 0

Aα2 +K = α2,

which (without derivation), has the solution

A =
1

2
, B = 0, K =

α2

2
.

We can then substitute these constant back into Equation 8.8 and complete the
remaining integral to get the result

ˆ
α2 − x2√
α2 − x2

dx =
x

2

√
α2 − x2 +

α2

2

ˆ
dx√

α2 − x2

=
x

2

√
α2 − x2 +

α2

2
arcsin

(x
α

)
+ C.

8.4 Change of variables for integrating trigonometric functions

We conclude this chapter with a brief section on integrating trigonometric functions.

Topic 8.6: The universal trigonometric substitution

Let f be any scalar function produced by any combination of the addition, multipli-
cation, and division of constant functions, the sine function, and the cosine function
of the scalar variable x. Integrals of such functions can be solved with change of
variables using the so-called universal trigonometric substitution

t = tan
(x
2

)
, dx =

2dt

1 + t2
.

In this case it is straightforward to verify using half-angle formulae and the definition
of the tangent function that

sinx =
2t

1 + t2
and cosx =

1− t2

1 + t2
,

and so changing any integral of f over x to the new variable t results in an integral
of a rational function of the variable t, which can in principle always be solved using
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the methods of Section 8.2. Note that universal trigonometric substitution is also
called the tangent half-angle substitution.

We illustrate this substitution technique in the following example.

Example 8.16: A simple example of the universal trigonometric substitution

We will use the change of variables t = tan(x/2) to solve the indefinite integral
ˆ

dx

sinx
=

ˆ
1 + t2

2t
· 2

1 + t2
dt =

ˆ
dt

t
= ln |t|+ C = ln

∣∣∣tan(x
2

)∣∣∣+ C.

While, in principle, the universal trigonometric substitution can be used to solve any
trigonometric integral, in certain special cases it is much simpler to use more specialized
integration techniques. We conclude this section with a technique for computing products
of sine and cosine functions.

Topic 8.7: Integrating products of the sine and cosine functions

Let f be any scalar function produced by any combination of the sums and products
of constant functions, sine functions, and cosine functions of the scalar variable
x. Because of the linearity of the indefinite integral, the integral of such functions
reduces to solving integrals of the form

Fm,n(x) =

ˆ
(sinm x) · (cosn x) dx, m, n ∈ N ∪ {0}.

Such integrals can be computed recursively using induction on the sum m+ n. As a
base case we take the integrals F0,0, F1,0, and F0,1, which are simply the integrals of
the constant function, sine function, and cosine function, respectively. For m+n ≥ 2,
we then consider the following cases:

(i) If m is odd, we solve the integral Fm,n using the change of variables t = cosx.

(ii) If n is odd, we solve the integral Fm,n using the change of variables s = sinx.

(iii) If both m and n are even, we first rearrange the integral Fm,n using the power
reduction formulae

sin2 x =
1− cos(2x)

2
and cos2 x =

1 + cos(2x)

2
.

We then introduce the new variable u = 2x, which reduces the integral to a
linear combination of integrals of the form

Fi,j , i+ j ≤ n+m

2
,

which we can solve by the induction step using the cases mentioned so far.

We illustrate this technique in the following example.
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Example 8.17: Integrating products of sine and cosine functions

(1) We begin by computing the following integral
ˆ

sin2k+1 x dx, k ∈ N ∪ {0}.

Since the power of the sine function is odd, we can solve the integral with the
change of variables t = cosx; the calculation reads

ˆ
sin2k+1 x dx =

ˆ (
sin2 x

)k
sinx dx =

ˆ
(1− cos2 x)k sinx dx

(a)
= −

ˆ
(1− t2)k dt,

where in (a) we have reduced the problem to the integral of a polynomial,
which we could then solved as in Example 8.6.

We can analogously compute the following integral for all k ∈ N ∪ {0}, now
using the substitution s = sinx:

ˆ
cos2k+1 x dx =

ˆ (
cos2 x

)k
cosx dx =

ˆ
(1− sin2 x)k cosx dx

=

ˆ
(1− s2)k ds,

again reducing the problem to the integral of a polynomial function.

(2) We now consider even powers of sine and cosine and will compute the integrals
ˆ

sin2k x dx and
ˆ

cos2k x dx, k ∈ N.

In this case we will recursively reduce the power of the sine and cosine using
power reduction formulae as in point (iii) of Topic 8.7; the calculation reads

ˆ
sin2k x dx =

ˆ [
1− cos(2x)

2

]k
dx =

1

2k

k∑
j=0

(−1)j
(
j

k

) ˆ
cosj(2x) dx,

ˆ
cos2k x dx =

ˆ [
1 + cos(2x)

2

]k
dx =

1

2k

k∑
j=0

(
j

k

) ˆ
cosj(2x) dx.

In both cases we have reduced the original integrals to a linear combination
of integrals in which the maximum power of the cosine function is reduced to
half of its original value. We could then, in principle, solve the integral of any
even-powered sine or cosine function by repeating the process recursively until
reaching only integrals of the cosine function to the first power.
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As a concrete example, let us consider the case k = 4, which we solve as follows:
ˆ

cos4 x dx
(a)
=

ˆ [
1 + cos(2x)

2

]2
dx =

1

4

ˆ [
1 + 2 cos(2x) + cos2(2x)

]
dx

=
1

4

ˆ
1 dx+

1

4

ˆ
2 cos(2x) dx+

1

4
cos2(2x) dx

(b)
=
x

4
+

1

4
· 2 · sin(2x)

2
+

1

4

[
1 + cos(4x)

2

]
dx

=
x

4
+

1

4
sin(2x) +

1

8

ˆ
1 dx+

1

8

ˆ
cos(4x) dx

=
x

4
+

1

4
sin(2x) +

x

8
+

1

8

sin(4x)

4
+ C

=
3x

8
+

sin(2x)

4
+

sin(4x)

32
+ C,

where both (a) and (b) use a power reduction formula to halve the power of
the cosine function.

(3) We compute the following integral using a change of variables:
ˆ

sin3 x cos3 x dx =

ˆ
(sin3 x)(1− sin2 x) cosx dx

=

ˆ
s3(1− s2) dx =

s4

4
− s6

6
+ C

=
sin4 x

4
− sin6 x

6
+ C.

(4) Let us conclude by computing the integral
ˆ

sin2 x cos2 x dx.

In this case both the power of the sine and cosine functions are even, so we
will simplify the integral with power reduction formulae. The calculation reads

ˆ
sin2 x cos2 x dx =

ˆ [
1− cos(2x)

2

] [
1 + cos(2x)

2

]
dx

=
1

4

ˆ [
1− cos2(2x)

]
dx

=
1

4

ˆ [
1− 1 + cos(4x)

2

]
dx

=
1

8

ˆ
1 dx− 1

8

ˆ
cos(4x) dx

=
x

8
− sin(4x)

32
+ C.
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9 The definite integral

The definite integral is closely related to the problem of finding the area under the graph
of a scalar function. Indefinite and definite integration are related by the fundamental
theorem of calculus, which we will cover later in this chapter.

9.1 The Darboux integral

Definition 9.1: Partition of a closed interval

Let a, b ∈ R be two real numbers for which a < b. A partition of the closed interval
[a, b] is any finite subset D ⊂ [a, b] for which a, b ∈ D.

We now introduce some partition-related notation that we will use throughout the chapter.

Topic 9.1: Some partition-related notation

For any n ∈ N, we will write partitions containing n+ 1 points in the forms

D = {x0, x1, . . . , xn−1, xn} = {xk}nk=0,

where we will assume the n+ 1 points in the partition are ordered by size, i.e.

a = x0 < x1 < · · · < xn−1 < xn = b.

A partition D = {xk}nk=0 divides an interval [a, b] into n subintervals

[xk−1, xk], k = 1, 2, . . . , n;

we will denote the length of the partition’s k-th subinterval by

∆xk = xk − xk−1, k = 1, 2, . . . , n.

We will use ∆D to denote the maximum subinterval length in the partition, i.e.

∆D = max∆xk = max
{
∆xk ; k ∈ {1, 2, . . . , n}

}
.

We will sometimes use the symbol n without qualification in this chapter when
defining partitions—in such cases n implicitly refers to an arbitrary natural number.

Topic 9.2: Suprema and infima on partition subintervals

Let f : [a, b] → R be an arbitrary bounded function and let D = {xk}nk=0 be an
arbitrary partition of the interval [a, b]. For all k = 1, 2, . . . , n, we will denote the
supremum and infimum of f on the partition’s k-th subinterval by

mk = mk(f,D) = inf
(
f([xk−1, xk])

)
,

Mk = Mk(f,D) = sup
(
f([xk−1, xk])

)
.

For all k = 1, 2, . . . , n, these subinterval suprema and infima obey the bounds

inf(f) ≤ mk(f,D) ≤ Mk(f,D) ≤ sup(f).
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Topic 9.3: Approximating the area under a function’s curve

For a given function f : [a, b] → R, a partition D of the interval [a, b] defines a
segmentation of the area between f ’s graph and the horizontal axis into vertical
slices. In this case—assuming the function is bounded—the area of the k-th slice
may be approximated by either

(i) the area of the rectangle of width ∆xk bounded by the horizontal lines
[xk−1, xk]× {0} and [xk−1, xk]× {mk}, or

(ii) the area of the rectangle of width ∆xk bounded by the horizontal lines
[xk−1, xk]× {0} and [xk−1, xk]× {Mk}.

By adding up the areas of each partition-induced slice between f ’s graph and the
horizontal axis, we may approximate the entire area between f ’s graph and the
horizontal axis.

Each of the above two approximation methods for a slice’s area produces leads to a
corresponding approximations for the area between f ’s graph and the horizontal axis.
Loosely, these two approximations are called lower and upper Darboux sums; we define
these concepts precisely below.

Definition 9.2: Lower and upper Darboux sum

Let a, b ∈ R be two real numbers for which a < b, let f : [a, b] → R be an arbitrary
bounded function, and let D = {xk}nk=0 be any partition of the interval [a, b].

In this case the lower Darboux sum of the function f with respect to the partition D
is the real number

s(f,D) =
n∑
k=1

mk(f,D)∆xk ∈ R,

while the upper Darboux sum of the function f with respect to the partition D is

S(f,D) =
n∑
k=1

Mk(f,D)∆xk ∈ R.

The definition of the Darboux sums and the numbers mk and Mk immediately implies the
following useful bound, which we will refer back to later in this section.

Proposition 9.3: A simple bound on lower and upper Darboux sums

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be an
arbitrary bounded function. In this case the following inequality holds for any
partition D = {xk}nk=0 of the interval [a, b]:

inf(f) · (b− a) ≤ s(f,D) ≤ S(f,D) ≤ sup(f) · (b− a).

Proof. The function f is bounded on [a, b], so it has a supremum and infimum on
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both [a, b] and on each subinterval of [a, b]. We can then directly compute

s(f,D) =
n∑
k=1

mk(f,D)∆xk =
n∑
k=1

inf
(
f([xk−1, xk])

)
∆xk

(a)

≥
n∑
k=1

inf(f)∆xk

= inf(f)

n∑
k=1

∆xk = inf(f) · (b− a),

S(f,D) =

n∑
k=1

Mk(f,D)∆xk =

n∑
k=1

sup
(
f([xk−1, xk])

)
∆xk

(b)

≤
n∑
k=1

sup(f)∆xk

= sup(f)

n∑
k=1

∆xk = sup(f) · (b− a),

where (a) and (b) follow from the inequalities inf(f) ≤ inf
(
f([xk−1, xk])

)
and

sup(f) ≥ sup
(
f([xk−1, xk])

)
for all k = 1, 2, . . . , n.

The final bound, i.e. s(f,D) ≤ S(f,D), follows immediately from the fact that
mk ≤ Mk for all k = 1, 2, . . . , n.

Proposition 9.4: Darboux sums on different partitions

Let a, b ∈ R be two real numbers for which a < b, and let f : [a, b] → R be an
arbitrary bounded function. In this case

(i) Any two partitions D and D′ of the interval [a, b] obey the inequality

s(f,D) ≤ S(f,D′).

In other words, a function’s lower Darboux sum will always be less than or
equal to any upper Darboux sum, regardless of the partition used for each sum.

(ii) If D and D′ are two partitions of the interval [a, b] for which D ⊂ D′, then

s(f,D) ≤ s(f,D′) ≤ S(f,D′) ≤ S(f,D).

Proof.

(ii) If D and D′ are equal, the bound follows immediately from Proposition 9.3.

Now assume that the partition D′ contains only one element more than D, and
let x′ denote the single element in the set difference D′ \ D. We then denote
D = {xk}nk=0, let i be the index in the set {1, 2, . . . , n} for which x′ ∈ (xi−1, xi),
and define the quantities

mk = mk(f,D), k = 1, 2, . . . , n,

m′ = inf
(
f([xi−1, x

′])
)
,

m′′ = inf
(
f([x′, xi])

)
.

The point x′ divides the i-th subinterval of the partition D into two parts, while
the remaining subintervals in D are identical to the corresponding subintervals
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in D′. Because x′ ∈ (xi−1, xi), the interval [xi−1, xi] is larger than either
[xi−1, x

′] or [x′, xi], and so

mi ≤ m′ and mi ≤ m′′.

These two inequalities in turn imply that

s(f,D′)− s(f,D) = m′ · (x′ − xi−1) + m′′ · (xi − x′)−mi · (xi − xi−1)

≥ mi · (x′ − xi−1) + mi · (xi − x′)−mi · (xi − xi−1)

= mi · (x′ − xi−1 + xi − x′ − xi + xi−1)

= 0,

which we then rearrange to get s(f,D) ≤ s(f,D′). The proof of the inequality
S(f,D′) ≤ S(f,D) when D and D′ differ by only one element is analogous.

We now consider the case when the set difference D′ \ D has more than one
element. In this case, for some p ∈ N, there exists a chain of partitions

D = D0 ⊂ D1 ⊂ · · · ⊂ Dp = D′

of the interval [a, b] for which each partition Dj will have exactly one element
more than Dj−1 for all j = 1, 2, . . . , p. We have already shown that the
proposition holds for every neighboring partition pair (Dj−1,Dj) (which differ
by one element), and so the proposition must also hold for the pair (D,D′) by
the transitive nature of the subset and inequality relations.

(i) We first define the union D′′ = D ∪ D′. By construction, D′′ is a partition
of the interval [a, b] for which D ⊂ D′′ and D′ ⊂ D′′, and so we can apply
point (ii) to directly show that

s(f,D)
(a)

≤ s(f,D′′)
(b)

≤ S(f,D′′)
(c)

≤ S(f,D′),

where (a) and (c) follow from point (ii) and (b) from Proposition 9.3.

Prop 9.4 (ii) states that for any bounded function f and any partition D′ of f ’s domain
containing more points than some other partition D,

• any lower sum using D′ will be larger than any lower sum using D, and

• any upper sum using D′ will be smaller than any upper sum using D.

Intuitively, this observation suggests that as more and more points are added to a partition,
the corresponding lower and upper sums grow closer and closer together. It is reasonable to
ask if a function’s lower and upper sums might “converge” to a fixed value as the partition
on which they are computed contains more and more points. In certain cases this intuition
turns out to be (loosely) correct—we will formalize the idea in the following two definitions.
Before doing so, we first note the following:

• Proposition 9.4 (i) implies that every upper Darboux sum of a bounded function f is
an upper bound of the set of f ’s lower Darboux sums. This means that the set of f ’s
lower Darboux sums is bounded, and thus has a supremum.
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• Similarly, Proposition 9.4 (i) implies that every lower Darboux sum of the function f
is a lower bound of the set of f ’s upper Darboux sums. This means that the set of
f ’s upper Darboux sums is bounded, and thus has a infimum.

These two observations provide the context for the following definition.

Definition 9.5: Upper and lower Darboux integral

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be a bounded
function. In this case:

(i) The function f ’s lower Darboux integral is defined as the supremum of the set
of f ’s lower Darboux sums and is denoted by

s(f) =

ˆ b

a
f(x) dx = sup

{
s(f,D) ; D is a partition of [a, b]

}
.

(ii) The function f ’s upper Darboux integral is defined as the infimum of the set of
f ’s upper Darboux sums and is denoted by

S(f) =

ˆ b

a
f(x) dx = inf

{
S(f,D) ; D is a partition of [a, b]

}
.

We pause momentarily to note the useful inequality

s(f,D) ≤ s(f) ≤ S(f) ≤ S(f,D), (9.1)

which holds for any bounded function f : [a, b] → R, where a < b and D is any partition of
the interval [a, b]. Equation 9.1 follows directly from Proposition 9.3 and the definition of
the upper and lower Darboux integrals, and we will refer back to it when proving a few
propositions later in the chapter.

Definition 9.6: Darboux integrability

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be a scalar
function. The function f is said to be Darboux integrable if it is bounded and its
upper and lower Darboux integrals are equal, i.e. s(f) = S(f). In this case we write

ˆ b

a
f(x) dx = s(f) = S(f) ∈ R,

and call the resulting real number the Darboux integral of f .

Remark 9.7: Technicality: integrals over intervals of zero length

Definition 9.6 assumes that the scalar function f is defined on a closed, bounded
interval of finite length. But it is straightforward to generalize Definition 9.6 to
functions defined at a single point. Namely, for any a ∈ R we define functions of the
form f : [a, a] → R to be Darboux integrable with Darboux integral equal to zero, i.e.

ˆ a

a
f(x) dx = 0.
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Remark 9.8: Some terminology related to Darboux integration

(1) Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be any
Darboux integrable function. The function f ’s Darboux integral

ˆ b

a
f(x) dx

is also called the definite integral of f from a to b or the definite integral of f
on the interval [a, b]; the numbers a and b are called the limits or bounds of
integration.

We may also define the definite integral of f from b to a, which is equal to
ˆ a

b
f(x) dx = −

ˆ b

a
f(x) dx.

In other words, reversing limits of integration changes the sign of the integral.

(2) We now introduce a shorthand notation for integration over a closed interval
contained within an open subset. Let f : U → R be a scalar function defined on
an arbitrary open subset U ⊂ R, let a, b ∈ R be two numbers for which a < b,
and let [a, b] be a nonempty, closed, bounded interval for which [a, b] ⊂ U .

In this case, if the restricted function f |[a,b] is Darboux integrable, we define
the shorthand notation

ˆ b

a

(
f |[a,b]

)
(x) dx =

ˆ b

a
f(x) dx.

Going forward, we will refer to Darboux integrable functions as simply integrable functions
unless explicitly noted otherwise. We denote the set of all integrable scalar functions defined
on the nonempty, closed, bounded interval [a, b] by

R
(
[a, b]

)
.

As mentioned in this chapter’s introduction, the definite integral of an integrable function
is directly related to the problem of finding the area between the function’s graph and the
horizontal axis. Having defined Darboux integrability, we are now ready to formalize this
notation of area.

Remark 9.9: Area between a function’s graph and the horizontal axis

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be any
integrable function. We first consider two special cases:

(i) If f(x) ≥ 0 for all x ∈ [a, b], then we define the area of the planar region
bounded by the graph of f and the horizontal line [a, b]× {0} toˆ b

a
f(x) dx.

(ii) If f(x) ≤ 0 for all x ∈ [a, b], then the definite integral of f over [a, b] is also
less than or equal to zero. Since negative area doesn’t make sense, in this case
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we define the area between the graph of f and the horizontal line [a, b]× {0}
to be equal to

−
ˆ b

a
f(x) dx.

More generally, when f(x) is neither nonnegative nor nonpositive for all x ∈ [a, b],
we must consider the sign of f when defining the area between f ’s graph and the
horizontal axis. In such cases we split the interval [a, b] onto subintervals on which f
is either nonnegative or nonpositive, apply the above two cases to each subinterval,
and sum the resulting areas to get the area between f and the horizontal axis.

Example 9.10: Darboux integrability

(1) Any constant function f : R → R with value α ∈ R is integrable on every
nonempty, closed, and bounded interval of the real line, and for any two
a, b ∈ R has an integral equal to

ˆ b

a
f(x) dx =

ˆ b

a
α dx = α(b− a).

To verify this, we first note that the equality holds trivially when a = b by
Remark 9.7, simply reducing to the equality 0 = 0.

Let us then assume that a < b and let D = {xk}nk=0 be an arbitrary partition
of the interval [a, b]. Because f is constant,

mk(f,D) = Mk(f,D) = α for all k = 1, 2, . . . , n.

This implies that f ’s upper and lower Darboux sums are both equal to

s(f,D) = S(f,D) = α(b− a),

which in turn implies that

s(f) = S(f) = α(b− a).

Finally, if a > b, the statement follows from the calculation
ˆ b

a
f(x) dx = −

ˆ a

b
f(x) dx = −α(a− b) = α(b− a).

As a special case when α = 1, this example implies that
ˆ b

a
1 dx =

ˆ b

a
dx = b− a for all a, b ∈ R.

(2) Consider the function f : [0, 1] → R given by

f(x) =

{
1 x ∈ [0, 1] ∩Q,
0 x ∈ [0, 1] \Q.
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This function’s value is equal to one at rational numbers in the interval [0, 1]
and equal to zero at real numbers the real interval [0, 1].

For an arbitrary partition D = {xk}nk=0 of the interval [0, 1], it holds that

mk(f,D) = 0 and Mk(f,D) = 1 for all k = 1, 2, . . . , n,

which in turn implies that

s(f,D) = 0 and S(f,D) = 1.

Thus s(f) = 0 while S(f) = 1, and so the function f is not Darboux integrable.

In passing, although it falls beyond the scope of this course, we note that f is
Lebesgue integrable. Loosely, the Lebesgue integral of f can be interpreted as
the probability that a real number chosen at random from the interval [0, 1]
is rational. This probability, and thus the Lebesgue integral of f , is equal to
zero, since there are only countably many rational numbers (but uncountably
many real numbers) in the interval [0, 1].

Proposition 9.11: Criterion for integrability

Let a, b ∈ R be two real numbers for which a < b. A scalar function f : [a, b] → R is
integrable if, and only if, it is bounded and for all ϵ ∈ R+ there exists a partition D
of the interval [a, b] for which

S(f,D)− s(f,D) < ϵ.

Proof. (⇐) Assume that f bounded and satisfies the condition S(f,D)− s(f,D) < ϵ.
We first recall from Equation 9.1 that the function f ’s upper and lower Darboux
integrals and sums are ordered as follows:

s(f,D) ≤ s(f) ≤ S(f) ≤ S(f,D).

This inequality, combined with the assumption that S(f,D)− s(f,D) < ϵ implies

S(f)− s(f) < ϵ.

And because ϵ ∈ R+ is arbitrary, the inequality S(f) − s(f) < ϵ implies that
s(f) = S(f), i.e. f is integrable.

(⇒) Assume f is integrable and choose arbitrary ϵ ∈ R+. Because f ’s lower integral
s(f) is the supremum of f ’s lower Darboux sums, there exists a partition D′ of the
interval [a, b] for which

s(f)− s(f,D′) <
ϵ

2
.

Similarly, because f ’s upper integral S(f) is the infimum of f ’s upper Darboux sums,
there exists a partition D′′ of the interval [a, b] for which

S(f,D′)− S(f) <
ϵ

2
.
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Now let D = D′∪D′′. Because D′ ⊂ D and D′′ ⊂ D, Proposition 9.4 (ii) then implies

S(f,D)− s(f,D) ≤ S(f,D′′)− s(f,D′)

(a)
= S(f,D′′)− S(f) + s(f)− s(f,D′)

(b)
=

ϵ

2
+
ϵ

2
= ϵ,

where (a) holds because f is integrable and so s(f) = S(f), and (b) holds by the
bounds established earlier in the proof.

Proposition 9.12: Continuity implies integrability

Every continuous scalar function f : [a, b] → R is integrable for any two real numbers
a, b ∈ R for which a ≤ b.

Proof. If a = b, the proposition follows trivially from Remark 9.7, so we will assume,
without loss of generality, that a < b. We will prove the proposition by showing that
f meets the conditions of Proposition 9.11.

First choose arbitrary ϵ ∈ R+. Because f is continuous and defined on a closed,
bounded interval, f is both bounded and uniformly continuous by Theorem 6.36 and
Proposition 6.46. There thus exists δ ∈ R+ for which

|f(y)− f(x)| < ϵ

b− a
for all x, y ∈ [a, b] for which |y − x| < δ.

Now let D = {xk}nk=0 be a partition of the interval [a, b] for which max∆xk < δ. The
function f is continuous, so it assumes a maximum and minimum value (i.e. attains
is supremum and infimum) on every subinterval of the partition D by Theorem 6.37.
Thus, for every natural number k ≤ n, there exist points uk, vk ∈ [xk−1, xk] for which

f(uk) = Mk(f,D) and f(vk) = mk(f,D).

We then combine the inequalities |uk − vk| < max∆xk and max∆xk < δ to get
|uk − vk| < δ, which in turn implies that

Mk(f,D)−mk(f,D) = f(uk)− f(vk)
(a)
<

ϵ

b− a
for all k ≤ n,

where (a) follows from f ’s uniform continuity. We then complete the proof with the
calculation

S(f,D)− s(f,D) =

n∑
k=1

Mk(f,D)∆xk −
n∑
k=1

mk(f,D)∆xk

=

n∑
k=1

[
Mk(f,D)−mk(f,D)

]
∆xk

<

n∑
k=1

ϵ

b− a
∆xk =

ϵ

b− a

n∑
k=1

∆xk

=
ϵ

b− a
· (b− a) = ϵ.

We have shown that f is bounded and S(f,D)− s(f,D) < ϵ for arbitrary ϵ ∈ R+, so
f is integrable by Proposition 9.11.
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Definition 9.13: Piecewise continuity

A scalar function defined on a closed, bounded interval is said to be piecewise-
continuous if it is continuous at all points in its domain, with the possible exception
of finitely many points.

Having defined piecewise continuity, we can now give a generalization of Proposition 9.12.

Proposition 9.14: Piecewise continuity implies integrability

Every bounded, piecewise-continuous scalar function f : [a, b] → R is integrable for
any two real numbers a, b ∈ R for which a ≤ b.

Proof. If f is continuous in addition to being piecewise-continuous, the proposition
follows immediately from Proposition 9.12, so we will assume that f is piecewise-
continuous, but not continuous.

Because f is piecewise-continuous, it is continuous at all points in the interval [a, b]
except for at finitely many points, which we will denote by

z1, z2, . . . , zp ∈ [a, b], p ∈ N.

We also note that because f is piecewise-continuous but not continuous, it cannot
be constant, and so inf(f) < sup(f). We then choose arbitrary ϵ ∈ R+ and define

α =
ϵ

8p
[
sup(f)− inf(f)

] .
Since f is piecewise-continuous, it is continuous on the closed, bounded subset

A = [a, b] \
p⋃
i=1

(zi − α, zi + α) ⊂ R.

More so, since A is closed and bounded, f is uniformly continuous on A by Proposi-
tion 6.46, and so there exists δ ∈ R+ for which δ < α and

|f(y)− f(x)| < ϵ

2(b− a)
for all x, y ∈ A for which |y − x| < δ.

Next, let D = {xk}nk=0 be a partition of the interval [a, b] for which max∆xk < δ,
and define

J = {k ∈ N ; k ≤ n, [xk−1, xk] ⊂ A},
J ′ = {k ∈ N ; k ≤ n, [xk−1, xk] ̸⊂ A}.

On the partition subintervals for which k ∈ J , we will use a similar procedure to
that used in the proof of Proposition 9.12. Namely, for all k ∈ J the function f
is continuous on the interval [xk−1, xk], so there exist points uk, vk ∈ [xk−1, xk] for
which

f(uk) = Mk(f,D) and f(vk) = mk(f,D).

Because ∆xk < δ, it follows that |uk − vk| < δ and so

Mk(f,D)−mk(f,D) = f(uk)− f(vk)
(a)
<

ϵ

2(b− a)
for all k ∈ J, (9.2)
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where (a) follows from f ’s uniform continuity on A; we will use this bound shortly.

Next, for the partition subintervals for which k ∈ J ′, we make the bound∑
k∈J ′

∆xk
(a)
< p · (2α+ 2δ)

(b)
< p · 4α, (9.3)

where (a) holds because max∆xk < δ and (b) holds under the assumption that
δ < α. The function f ’s integrability then follows from the calculation

S(f,D)− s(f,D) =

n∑
k=1

[
Mk(f,D)−mk(f,D)

]
∆xk

=
∑
k∈J

[
Mk(f,D)−mk(f,D)

]
∆xk

+
∑
k∈J ′

[
Mk(f,D)−mk(f,D)

]
∆xk

(a)
<
∑
k∈J

ϵ

2(b− a)
∆xk +

∑
k∈J ′

[
sup(f)− inf(f)

]
∆xk

(b)
<

ϵ

2(b− a)
(b− a) +

[
sup(f)− inf(f)

]
· p · 4α = ϵ,

where (a) uses Equation 9.2 and (b) uses Equation 9.3. The result S(f,D)−s(f,D) < ϵ
means that f is integrable by Proposition 9.11.

Proposition 9.15: Monotonic functions are integrable

Every monotonic scalar function f : [a, b] → R is integrable for any two real numbers
a, b ∈ R for which a ≤ b.

Proof. Like in the proof of Proposition 9.14, we will assume without loss of generality
that a < b. Assume f is increasing and—since we have already shown in Example 9.10
that constant functions are integrable—that f is not constant. We then choose
arbitrary ϵ ∈ R+, define

δ =
ϵ

f(b)− f(a)
,

and let D = {xk}nk=0 be a partition of the interval [a, b] for which max∆xk < δ.
Finally, we note that, because f is increasing,

mk(f,D) = f(xk−1) and Mk(f,D) = f(xk) for all k ≤ n.
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The proposition then follows from the calculation

S(f,D)− s(f,D) =

n∑
k=1

[
Mk(f,D)−mk(f,D)

]
∆xk

=

n∑
k=1

[
f(xk)− f(xk−1)

]
∆xk

<

n∑
k=1

[
f(xk)− f(xk−1)

]
δ

=
([
f(x1)− f(x0)

]
+ · · ·+

[
f(xn)− f(xn−1)

])
δ

=
[
f(xn)− f(x0)

]
δ

=
[
f(b)− f(a)

]
· ϵ

f(b)− f(a)
= ϵ.

The result S(f,D)− s(f,D) < ϵ means that f is integrable by Proposition 9.11. The
proof is analogous if f is decreasing instead of increasing.

9.2 The Riemann integral

Definition 9.16: Riemann sum

Let a, b ∈ R be two real numbers for which a < b, and let f : [a, b] → R be an
arbitrary scalar function. For an arbitrary partition D = {xk}nk=0 of the interval
[a, b] and for any set of points

ξk ∈ [xk−1, xk], k = 1, 2, . . . , n,

the Riemann sum of the function f (with respect to the partition D and points
{ξk}nk=0) is defined as

R(f,D, {ξk}nk=1) =
n∑
k=1

f(ξk)∆xk.

The points {ξk}nk=1 are sometimes called tagging points and the partition D together
with the points {ξk} is called a tagged partition.

For a given partition, a function’s Riemann sum will generally fall between the function’s
lower and upper Darboux sums on the same partition. More formally, if the function
f : [a, b] → R is bounded, then for any partition D = {xk}nk=0 of the interval [a, b] and for
any set of tagging points ξk ∈ [xk−1, xk], k = 1, 2, . . . , n, the function f ’s Riemann sum
and upper and lower Darboux sums obey the inequality

s(f,D) ≤ R(f,D, {ξk}nk=0) ≤ S(f,D). (9.4)

This inequality follows from s(f,D) and S(f,D) being defined in terms of f ’s infimum and
supremum on each partition subinterval, respectively, while R(f,D, {ξk}nk=0) is defined in
terms of f ’s value at an, in general, arbitrary point in each subinterval.
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Definition 9.17: Riemann integrability and Riemann integral

Let a, b ∈ R be two real numbers for which a < b. A scalar function f : [a, b] → R is
said to be Riemann integrable if there exists a real number I ∈ R for which for all
ϵ ∈ R+ there exists corresponding δ ∈ R+ for which

|R(f,D, {ξk}nk=1)− I| < ϵ

for all partitions D = {xk}nk=0 of the interval [a, b] for which max∆xk < δ and for
any choice of tagging points ξk ∈ [xk−1, xk], k = 1, 2, . . . , n.

In this case we define

I = lim
max∆xk→0

R(f,D, {ξk}nk=1),

and call the number I the Riemann integral of the function f .

It turns out that many conditions for Riemann integrability are completely analogous to
the conditions for Darboux integrability already developed in Section 9.1. We list some of
these conditions below.

Corollary 9.18: Conditions for Riemann integrability

(i) Every continuous scalar function f : [a, b] → R is Riemann integrable for any
two real numbers a, b ∈ R for which a ≤ b.

(ii) Every bounded, piecewise-continuous scalar function f : [a, b] → R is Riemann
integrable for any two real numbers a, b ∈ R for which a ≤ b.

(iii) Every monotonic scalar function f : [a, b] → R is Riemann integrable for any
two real numbers a, b ∈ R for which a ≤ b.

Proof.

(i) First choose arbitrary ϵ ∈ R+. As in the proof of Proposition 9.12, because
f is continuous and defined on a closed, bounded interval, f is both bounded
and uniformly continuous by Theorem 6.36 and Proposition 6.46. There thus
exists δ ∈ R+ for which

|f(y)− f(x)| < ϵ

b− a
for all x, y ∈ [a, b] for which |y − x| < δ.

Let D = {xk}nk=0 be a partition of the interval [a, b] for which max∆xk < δ.
In this case, as we have already shown in Proposition 9.12,

S(f,D)− s(f,D) < ϵ.

Since f is integrable, its upper and lower Darboux integrals are equal, and we
define

ID = s(f) = S(f).

From Equation 9.1 and Equation 9.4 we then recall the inequalities

s(f,D) ≤ s(f) ≤ S(f) ≤ S(f,D),

s(f,D) ≤ R(f,D, {ξk}nk=0) ≤ S(f,D),
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which hold for any partition D of the interval [a, b] and any set of tagging
points {ξk}nk=0. Together with the earlier result S(f,D) − s(f,D) < ϵ, these
inequalities imply that

|R(f,D, {ξk}nk=0)− ID| < ϵ

for any partition D = {xk}nk=0 for which max∆xk < δ and any set of tagging
points {ξk}nk=0. Thus f is Riemann integrable on [a, b].

(ii) Analogous to the proof of (i), but this time using the proof of Proposition 9.14.

(iii) Analogous to the proof of (i), but this time using the proof of Proposition 9.15.

In fact, as we show in the following proposition, Riemann integrability is in general equivalent
to Darboux integrability (this is why we have used the term “integrability” without further
qualification in this chapter).

Proposition 9.19: Riemann and Darboux integrability are equivalent

Let a, b ∈ R be two real numbers for which a < b. A function f : [a, b] → R is
Riemann integrable if, and only if, it is Darboux integrable, and in this case the
Riemann and Darboux integrals of f are equal.

Proof. (⇒) We will first show that Riemann integrability implies Darboux integra-
bility. Assume f is Riemann integrable and let I denote its Riemann integral. The
proof is a bit lengthy, and we will complete it in two stages.

(i) We will first show, by contradiction, that f is bounded. Assume that f is
unbounded above. Since f is Riemann integrable, there exists δ1 ∈ R+ such
that, for all partitions D = {xk}nk=0 of the interval [a, b] for which max∆xk < δ1,
and for any choice of tagging points ξk ∈ [xk−1, xk], k = 1, 2, . . . , n, it holds
that

|R(f,D, {ξk}nk=1)− I| < 1. (9.5)

Next, we choose a large-enough natural number q ∈ N such that

b− a

q
< δ1,

define the points {vj} according to

vj = a+ j · (b− a)

q
, j = 0, 1, . . . , q,

and define the partition D = {vj}qj=0. Note that, by construction,

∆vj =
b− a

q
for all j = 1, 2, . . . , q, implying max∆vj < δ1. (9.6)

Since we have assumed that f is unbounded above, there exists a point v ∈ [a, b]
for which

f(v) ≥ f(vj) +
2q

b− a
for all j = 1, 2, . . . , q. (9.7)
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We then choose a natural number l ≤ q for which v ∈ [vl−1, vl], and define
ζl = v and ζj = vj for all j ≤ q for which j ̸= l. We can then make the bound

R(f,D, {ζj}qj=1)− R(f,D, {vj}qj=1) =
[
f(v)− f(vl)

]
∆vl

(a)

≥ 2q

b− a
· b− a

q

= 2,

where (a) follows from Equations 9.6 and 9.7. On the other hand, because f is
Riemann integrable, we may also make the bound∣∣∣R(f,D, {ζj}qj=1)− R(f,D, {vj}qj=1)

∣∣∣
≤
∣∣∣R(f,D, {ζj}qj=1)− I

∣∣∣+ ∣∣∣I − R(f,D, {vj}qj=1)
∣∣∣

< 1 + 1 = 2,

where (a) follows from Equation 9.5. The two bounds contradict each other,
which means that f is not unbounded above. We can prove analogously that f
is not unbounded below, and so f is bounded.

(ii) We will now show, using Proposition 9.11, that a Riemann integrable (and
thus, by point (i), necessarily bounded) function f is Darboux integrable. Fix
arbitrary ϵ ∈ R+. Because f is Riemann integrable, there exists δ ∈ R+ such
that, for all partitions D = {xk}nk=0 of the interval [a, b] for which max∆xk < δ,
and for any choice of tagging points ξk ∈ [xk−1, xk], k = 1, 2, . . . , n, it holds
that

|R(f,D, {ξk}nk=1)− I| < ϵ

4
.

Let D = {xk}nk=0 be any partition of the interval [a, b] for which max∆xk < δ.
Because the function f is bounded, for all k = 1, 2, . . . , n, there exists a point
ξk ∈ [xk−1, xk] for which

Mk(f,D)− f(ξk) <
ϵ

4(b− a)
; (9.8)

similarly, there exists a point ηk ∈ [xk−1, xk] for which

f(ηk)−mk(f,D) <
ϵ

4(b− a)
. (9.9)

We then continue by computing the bound

0
(a)

≤ S(f,D)− R(f,D, {ξk}nk=1)

=
n∑
k=1

[
Mk(f,D)− f(ξk)

]
∆xk

(b)
<

n∑
k=1

ϵ

4(b− a)
∆xk =

ϵ

4
,
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where (a) holds by Equation 9.4 and (b) by Equation 9.8. Analogously,

0 ≤ R(f,D, {ηk}nk=1)− s(f,D)

=

n∑
k=1

[
f(ηk)−mk(f,D)

]
∆xk

(a)
<

n∑
k=1

ϵ

4(b− a)
∆xk =

ϵ

4
,

where (a) holds by Equation 9.9

We then combine the results so far to get

S(f,D)− s(f,D) ≤ |S(f,D)− R(f,D, {ξk}nk=1)|
+ |R(f,D, {ξk}nk=1)− I|
+ |I − R(f,D, {ηk}nk=1)|
+ |R(f,D, {ηk}nk=1)− s(f,D)|

<
ϵ

4
+
ϵ

4
+
ϵ

4
+
ϵ

4
= ϵ.

Since S(f,D)− s(f,D) < ϵ, the function f is Darboux integrable by Proposition 9.11.

(⇐) We will now show that Darboux integrability implies Riemann integrability.
Assume f is Darboux integrable and let I denote its Darboux integral. Since f is
Darboux integrable it is also bounded, so there exists constant K ∈ R+ for which

sup(|f |) ≤ K.

Next, choose arbitrary ϵ ∈ R+. Because f is Darboux integrable, by Proposition 9.11
there exists a partition D0 of the interval [a, b] for which

S(f,D0)− s(f,D0) <
ϵ

2
.

Let N ∈ N denote the number of points in the partition D0, and define

δ =
ϵ

8NK
.

Next, let D = {xk}nk=0 be any partition of the interval [a, b] for which max∆xk < δ,
and define an additional partition D′ = D ∪ D0, which we will write in the form
D′ = {ui}pi=0 for some p ∈ N. Because D0 ⊂ D′, Proposition 9.4 (ii) then implies
that

S(f,D0)− s(f,D0) <
ϵ

2
=⇒ S(f,D′)− s(f,D′) <

ϵ

2
.

Next, for any natural number k ≤ n, we define the set Jk as

Jk =
{
i ∈ N ; i ≤ p and [ui−1, ui] ⊂ [xk−1, xk]

}
.

Note that for all k ≤ n the set Jk must have at least one element, since D ⊂ D′. If
Jk has only one element for a given k, then the open interval (xk−1, xk) does not
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contain any elements in D0, in which case the closed subinterval [xk−1, xk] is also a
subinterval in the partition D′ and

Mk(f,D)∆xk −
∑
i∈Jk

Mi(f,D′)∆ui = 0 (if |Jk| = 1).

Alternatively, if Jk has at least two elements for a given k, then the open interval
(xk−1, xk) contains points in the partition D0. In this case we make the bound

Mk(f,D)∆xk −
∑
i∈Jk

Mi(f,D′)∆ui ≤ K∆xk −
∑
i∈Jk

(−K)∆ui

= K

∆xk +
∑
i∈Jk

∆ui


= K (∆xk +∆xk)

= K · 2∆xk < K · 2δ (if |Jk| ≥ 2).

Next, we note that there can never be more than N indices k for which the set Jk
has at least two elements, since the partition D0 has only N elements. With this
observation in mind, we make the bound

0 ≤ S(f,D)− S(f,D′)

=

n∑
k=1

Mk(f,D)∆xk −
p∑
i=1

Mi(f,D′)∆ui

=

n∑
k=1

Mk(f,D)∆xk −
n∑
k=1

∑
i∈Jk

Mi(f,D′)∆ui

=

n∑
k=1

Mk(f,D)∆xk −
∑
i∈Jk

Mi(f,D′)∆ui


< N ·K · 2δ = 2NK · ϵ

8NK
=
ϵ

4
.

Analogously, this time considering f ’s lower Darboux sums, we can show that

0 ≤ s(f,D′)− s(f,D) <
ϵ

4
.

We then use these results to make the bound

S(f,D)− s(f,D) = S(f,D)− S(f,D′)

+ S(f,D′)− s(f,D′)

+ s(f,D′)− s(f,D)

<
ϵ

4
+
ϵ

2
+
ϵ

4
= ϵ.

Finally, recalling that I = s(f) = S(f) denotes f ’s Darboux integral and referring
back to Equations 9.1 and 9.4, we combine the three relationships

s(f,D) ≤ I ≤ S(f,D),

s(f,D) ≤ R(f,D, {ξk}nk=1) ≤ S(f,D),

S(f,D)− s(f,D) < ϵ
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to conclude that
|R(f,D, {ξk}nk=1)− I| < ϵ,

for any set of tagging points ξk ∈ [xk−1, xk], k = 1, 2, . . . , n. This completes the proof
that Darboux integrability implies Riemann integrability, and thus that Darboux
and Riemann integrability are equivalent.

9.3 Properties of the definite integral

Having defined the definite integral and shown that all continuous functions, bounded
piecewise-continuous functions, and monotonic functions are integrable, we will now cover
some important properties of integrable functions. In particular, in this section we will
state and prove the fundamental theorem of calculus, which relates definite and indefinite
integration.

Proposition 9.20: Integrability of composite functions

Let a, b ∈ R be two real numbers for which a ≤ b, let f : [a, b] → R be an integrable
function, and let ϕ : V → R be a continuous function defined on a closed, bounded
subset V ⊂ R for which f([a, b]) ⊂ V . In this case the composite function ϕ ◦
f : [a, b] → R is integrable.

Proof. The function ϕ is continuous and defined on a closed, bounded subset, so it is
bounded and uniformly continuous by Theorem 6.36 and Proposition 6.46. Because
ϕ is bounded, the composite function ϕ ◦ f : [a, b] → R must also be bounded.

Using the same reasoning as in the proof of Proposition 9.12, we will assume without
loss of generality that a < b. We then choose arbitrary ϵ ∈ R+ and define

µ =
ϵ

b− a+ 2 sup(|ϕ|)
.

Because ϕ is uniformly continuous, there exists δ ∈ R+ for which δ ≤ µ and,

|ϕ(v)− ϕ(u)| < µ for all u, v ∈ V for which |v − u| < δ.

Because f is integrable, by Prop 9.11 there exists a partition D = {xk}nk=0 of the
interval [a, b] for which

S(f,D)− s(f,D) < δ2.

Next, for all natural numbers k ≤ n we define the quantities

mk = mk(f,D) Mk = Mk(f,D)

m′
k = m′

k(ϕ ◦ f,D) M′
k = M′

k(ϕ ◦ f,D).

Additionally, we define the sets A and B as

A = {k ∈ N ; k ≤ n,Mk −mk < δ},
B = {k ∈ N ; k ≤ n,Mk −mk ≥ δ}.

If k ∈ A, then Mk −mk < δ and so, by the definition of mk and Mk,

|f(y)− f(x)| < δ for all x, y ∈ [xk−1, xk].
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In this case, by ϕ’s uniform continuity,∣∣ϕ(f(y))− ϕ
(
f(x)

)∣∣ < µ for all x, y ∈ [xk−1, xk],

which in turn implies that M′
k −m′

k ≤ µ for k ∈ A.

Meanwhile, the sum of the lengths of all subintervals with indices k ∈ B obeys

δ
∑
k∈B

∆xk =
∑
k∈B

δ∆xk
(a)

≤
∑
k∈B

(Mk −mk)∆xk

(b)

≤
n∑
k=1

(Mk −mk)∆xk

= S(f,D)− s(f,D) < δ2,

where (a) follows from the definition of the set B and (b) holds because the set B
can contain at most, but no more than, all indices k in the partition D. Removing
the intermediate steps, the above result reads

δ
∑
k∈B

∆xk ≤
∑
k∈B

(Mk −mk)∆xk < δ2,

which after dividing through by δ, implies that∑
k∈B

∆xk < δ
(a)

≤ µ, (9.10)

where (a) follows from the definition of the set B. Additionally, for k ∈ B, we can
liberally make the bound

M′
k −m′

k ≤ 2 sup(|ϕ|), k ∈ B;

a simple graph of a hypothetical bounded and continuous function ϕ should convince
you of this bound. We then complete the proof with the calculation

S(ϕ ◦ f,D)− s(ϕ ◦ f,D) =
n∑
k=1

(M′
k −m′

k)∆xk

=
∑
k∈A

(M′
k −m′

k)∆xk +
∑
k∈B

(M′
k −m′

k)∆xk

≤
∑
k∈A

µ∆xk +
∑
k∈B

2 sup(|ϕ|)∆xk

≤ µ
∑
k∈A

∆xk + 2 sup(|ϕ|)
∑
k∈B

∆xk

(a)

≤ µ(b− a) + 2 sup(|ϕ|)µ

=
ϵ · (b− a)

b− a+ 2 sup(|ϕ|)
+

ϵ · 2 sup(|ϕ|)
b− a+ 2 sup(|ϕ|)

= ϵ,

where the second term in (a) makes use of the bound in Equation 9.10. The function
ϕ ◦ f is thus integrable by Proposition 9.11.
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Proposition 9.21: Combinations of integrable functions

Let a, b ∈ R be two real numbers for which a ≤ b, let f, g : [a, b] → R be two
integrable functions, and let α ∈ R be an arbitrary constant. In this case:

(i) The function f + g is integrable and obeys
ˆ b

a

[
f(x) + g(x)

]
dx =

ˆ b

a
f(x) dx+

ˆ b

a
g(x) dx.

(ii) The function αf is integrable and obeys
ˆ b

a
(αf)(x) dx = α

ˆ b

a
f(x) dx.

(iii) The function fg is integrable.

(iv) The function |f | is integrable and satisfies the inequality∣∣∣∣ˆ b

a
f(x) dx

∣∣∣∣ ≤ ˆ b

a
|f(x)|dx.

(v) If f(x) ≤ g(x) for all x ∈ [a, b], then
ˆ b

a
f(x) dx ≤

ˆ b

a
g(x) dx.

(vi) If M ∈ R is a real constant for which |f(x)| ≤M for all x ∈ [a, b], then∣∣∣∣ˆ b

a
f(x) dx

∣∣∣∣ ≤M · (b− a).

Proof. As in Proposition 9.12, we will assume without loss of generality that a < b.

(i) We first note that for an arbitrary partition D of the interval [a, b], the infimum
of f plus the infimum of g on each partition subinterval is always less than or
or equal to the infimum of f + g on the same subinterval, implying

s(f,D) + s(g,D) ≤ s(f + g,D).

For any two partitions D′ and D′′ of the interval [a, b], it then holds that

s(f,D′) + s(g,D′′)
(a)

≤ s(f,D′ ∪ D′′) + s(g,D′ ∪ D′′)

≤ s(f + g,D′ ∪ D′′),

where (a) holds by Proposition 9.4. Since the partitions D′ and D′′ are arbitrary,
it follows that

s(f) + s(g) ≤ s(f + g).

We can use an analogous procedure to show that S(f + g) ≤ S(f) + S(g), so

s(f) + s(g) ≤ s(f + g) ≤ S(f + g) ≤ S(f) + S(g)
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Since f and g are both integrable, it must hold that s(f) + s(g) = S(f) + S(g),
which, combined with the above inequality, gives

s(f) + s(g) = s(f + g) = S(f + g) = S(f) + S(g),

and so f + g is integrable and equal to the sum of the integrals of f and g.

(ii) Let the function ϕ : R → R be given by ϕ(t) = αt, so that αf = ϕ ◦ f . Because
ϕ is continuous by construction and because f is integrable, the function
αf = ϕ ◦ f is also integrable by Proposition 9.20.

It remains to show that the integral of αf equals the integral of f times α. Let
D be an arbitrary partition of the interval [a, b]. We begin by assuming that
α ≤ 0, in which case

s(αf,D) = α · s(f,D)

for any partition D of the interval [a, b]; since D is arbitrary, this implies that

s(αf) = α · s(f).

We can show analogously that

S(αf) = α · S(f).

Since f is integrable, S(f) = s(f), which in turn implies that α · S(f) = α · s(f)
and so

s(αf) = α · s(f) = α · S(f) = S(αf),

which is the desired proof of equality when α ≥ 0.

We now consider the case when α < 0. In this case

s(αf,D) = α · S(f,D),

since a corresponding inequality holds for the infima and suprema of α · f and
(αf) on every subinterval of the partition D. In this case

s(αf) = sup
{
s(αf,D) ; D is a partition of [a, b]

}
= sup

{
αS(f,D) ; D is a partition of [a, b]

}
= α · inf

{
S(f,D) ; D is a partition of [a, b]

}
= α · S(f).

Similarly, we can show that S(αf) = α ·s(f), and, following the same procedure
as when α ≥ 0, that

s(αf) = α · S(f) = α · s(f) = S(αf),

which completes the proof of equality for all α ∈ R.

(iii) Let ψ : R → R be the continuous function given by ψ(t) = t2. Because the
functions f and g are integrable, by points (i) and (ii) the functions f + g and
f − g are also integrable, and so by Proposition 9.20 the functions

(f + g)2 = ψ ◦ (f + g) and (f − g)2 = ψ ◦ (f − g)

228



are also integrable. Again by points (i) and (ii), it then follows that the function

fg =
1

4

[
(f + g)2 − (f − g)2

]
is also integrable.

(v) The assumption f(x) ≤ g(x) for all x ∈ [a, b] means that

s(f,D) ≤ s(g,D)

for every partition D of the interval [a, b], which in turn implies that

s(f) ≤ s(g).

Combined with the fact that s(f) = S(f) and s(g) = S(g) (because f and g
are both integrable) the inequality s(f) ≤ s(g) implies that

ˆ b

a
f(x) dx = S(f) = s(f) ≤ s(g) = S(g) =

ˆ b

a
g(x) dx.

(iv) Let the function θ : R → R be given by θ(t) = |t|. Because θ is continuous and
f is integrable, the function |f | = θ ◦ f is also integrable by Proposition 9.20.

It remains to prove the inequality in point (iv). To do this, note that

−|f(x)| ≤ f(x) ≤ |f(x)| for all x ∈ [a, b],

which be combine with points (ii) and (v) to get

−
ˆ b

a
|f(x)| dx =

ˆ b

a

(
−|f(x)|

)
dx ≤

ˆ b

a
f(x) dx ≤

ˆ b

a
|f(x)|dx.

Written slightly more compactly, the inequality

−
ˆ b

a
|f(x)|dx ≤

ˆ b

a
f(x) dx ≤

ˆ b

a
|f(x)| dx,

together with the definition of the absolute value, implies that∣∣∣∣ˆ b

a
f(x) dx

∣∣∣∣ ≤ ˆ b

a
|f(x)|dx.

(vi) This point follows directly from the calculation∣∣∣∣ˆ b

a
f(x) dx

∣∣∣∣ (a)≤ ˆ b

a
|f(x)|dx

(b)

≤
ˆ b

a
M dx

=M(b− a).

where (a) follows from point (iv) and (b) from point (v) and the assumption
that |f(x)| ≤M for all x ∈ [a, b].
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Proposition 9.22: Splitting an integration interval in two parts

Let a, b, c ∈ R be thee real numbers for which a ≤ b ≤ c. A function f : [a, c] → R is
integrable on the interval [a, c] if, and only if, it is integrable on the intervals [a, b]
and [b, c], and in this case it holds that

ˆ c

a
f(x) dx =

ˆ b

a
f(x) dx+

ˆ c

b
f(x) dx.

Proof. For the same reason as in Proposition 9.12, we will assume that a < b < c.

(⇒) Assume that f is integrable on [a, c]. This means that f must be bounded on
[a, c], and so f is also bounded on [a, b] and [b, c]. By the criterion for integrability
in Proposition 9.11, for all ϵ ∈ R+ there exists a partition D of the interval [a, c] for
which

S(f,D)− s(f,D) < ϵ.

We now define the partitions D1 and D2 according to

D1 = (D ∪ {b}) ∩ [a, b]

D2 = (D ∪ {b}) ∩ [b, c].

Thus D1 is a partition of [a, b] and D2 is a partition of [b, c]; by construction, the
partitions D, D1, and D2 obey

s(f,D ∪ {b}) = s(f |[a,b],D1) + s(f |[b,c],D2)

S(f,D ∪ {b}) = S(f |[a,b],D1) + S(f |[b,c],D2).

We can then make the bound[
S(f |[a,b],D1)− s(f |[a,b],D1)

]
+
[
S(f |[b,c],D2)− s(f |[b,c],D2)

]
= S(f,D ∪ {b})− s(f,D ∪ {b})
(a)

≤ S(f,D)− s(f,D) < ϵ,

where (a) holds by Proposition 9.4. This in turn implies that

S(f |[a,b],D1)− s(f |[a,b],D1) < ϵ

S(f |[b,c],D2)− s(f |[b,c],D2) < ϵ,

and so the restricted functions f |[a,b] and f |[b,c] are both integrable by Proposition 9.11.

(⇐) Assume the restricted functions f |[a,b] and f |[b,c] are both integrable. Thus both
restrictions are bounded, and so the function f is itself bounded. For any partition
D′ of the interval [a, b] and for any partition D′′ of the interval [b, c] it holds that

s(f |[a,b],D′) + s(f |[b,c],D′′) = s(f,D′ ∪ D′′)

≤ S(f,D′ ∪ D′′)

= S(f |[a,b],D′) + S(f |[b,c],D′′),

which, since the partitions D′ and D′′ are arbitrary, in turn implies that

s(f[a,b]) + s(f[b,c]) ≤ s(f) ≤ S(f) ≤ S(f[a,b]) + S(f[b,c]).
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The functions f |[a,b] and f |[b,c] are both integrable, so

s(f[a,b]) + s(f[b,c]) = S(f[a,b]) + S(f[b,c]),

which immediately implies that

s(f[a,b]) + s(f[b,c]) = s(f) = S(f) = S(f[a,b]) + S(f[b,c]),

and so f is integrable.

Proposition 9.22 immediately implies the following:

Corollary 9.23: Splitting an integration interval into subintervals

For any integrable function f : U → R defined on a closed, bounded, nonempty
subset U ⊂ R:

(i) The function f is integrable on every closed, bounded, nonempty subinterval
of the interval U .

(ii) For any a, b, c ∈ U it holds that
ˆ c

a
f(x) dx =

ˆ b

a
f(x) dx+

ˆ c

b
f(x) dx.

Corollary 9.23 can then be applied recursively to split an integration interval into an
arbitrary number of subintervals.

Proposition 9.24: The definite integral is unaffected by changing a finite
set of function values

Let a, b ∈ R be two real numbers for which a ≤ b and let f, g : [a, b] → R be two
functions for which f(x) = g(x) at every point x ∈ [a, b], with the possible exception
of finitely many points. If f is integrable, then g is also integrable and obeys

ˆ b

a
g(x) dx =

ˆ b

a
f(x) dx.

Proof. Without loss of generality, we will assume that a < b. Because the value of
the function f − g is nonzero only at a finite number of points, the function f − g
must be bounded and piecewise-continuous, and thus integrable by Proposition 9.14;
by Proposition 9.21 (iv) the function |f − g| is also integrable. The function |f − g|
is nonzero at only a finite number of points, which means that

s(|f − g|,D) = 0 (9.11)

for any partition D of the interval [a, b], in turn implying that∣∣∣∣ˆ b

a

[
f(x)− g(x)

]
dx

∣∣∣∣ (a)≤ ˆ b

a
|f(x)− g(x)|dx (b)

= 0,

where (a) follows from Proposition 9.21 (iv) and (b) from Equation 9.11. But the
absolute value of a real number can be less than or equal to zero only if the number
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itself is zero, and so ˆ b

a

[
f(x)− g(x)

]
dx = 0.

The function g is thus integrable by Proposition 9.21, since g is the difference of
the integrable functions f and f − g. We can then complete the proof with the
calculation

ˆ b

a
g(x) dx

(a)
=

ˆ b

a
f(x) dx−

ˆ b

a

[
f(x)− g(x)

]
dx =

ˆ b

a
f(x) dx− 0,

where (a) holds by Proposition 9.21.

Proposition 9.24 means that an integrable function’s integral is unchanged by changing
a finite number of the function’s values. This fact will allow us to somewhat generalize
the notion of integrability and the definite integral, but we will first need to introduce the
concept of the extension of a function to an interval.

Definition 9.25: Extension of a function

Let a, b ∈ R be two real numbers for which a ≤ b, let P be a finite subset of the
interval [a, b], and let f : [a, b] \ P → R be an arbitrary function. We then define the
extension of f to the interval [a, b] as the function f̂ : [a, b] → R given by

f̂(x) =

{
f(x) x ∈ [a, b] \ P
0 x ∈ P.

In other words, f̂ equals f wherever f is defined, and zero elsewhere.

We now extend the definition of integrability to functions that may be undefined at isolated
points in their domain.

Definition 9.26: Integrability on an interval

Let a, b ∈ R be two real numbers for which a ≤ b, let P be a finite, nonempty subset
of the interval [a, b], and let f : [a, b] \ P → R be any function. The function f is
said to be integrable on the interval [a, b] if its extension f̂ : [a, b] → R is integrable.
In this case f and f̂ ’s definite integrals from a to b are equal, and we write

ˆ b

a
f(x) dx =

ˆ b

a
f̂(x) dx.

Example 9.27: Integrability on subintervals

Let a, b ∈ R be two real numbers for which a < b, and let P be a finite subset of
the closed, bounded interval [a, b]. In this case every bounded, continuous function
f : [a, b] \P → R is integrable, since its extension f̂ to the interval P is bounded and
piecewise-continuous.
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Proposition 9.28: Integrals involving the zero function

Let a, b ∈ R be two real numbers for which a < b and let f : [a, b] → R be a continuous
function for which f(x) ≥ 0 for all x ∈ [a, b]. In this case if

ˆ b

a
f(x) dx = 0,

then f(x) = 0 for all x ∈ [a, b].

Proof. We will prove the proposition by contradiction. Let x be an arbitrary point
in the interval [a, b], and assume that f(x) ̸= 0. Because f is nonnegative at all
points in its domain and f(x) ̸= 0, it follows that

f(x) > 0 for all x ∈ [a, b].

Because f is continuous, f ’s values on any sufficiently small neighborhood of an
arbitrary point x ∈ [a, b] are arbitrarily close to f(x). As a result, there exist points
u, v ∈ [a, b] for which u < v

f(t) >
f(x)

2
for all t ∈ [u, v].

Now let the set D = {a, u, v, b} be a partition of the interval [a, b]. Because f is
bounded below by the number f(x)/2 on the subinterval [u, v] of the partition D,
we can make the bound

s(f) ≥ s(f,D) ≥ f(x)

2
· (v − u)

(a)
> 0,

where (a) holds from the assumption that f(x) > 0 for all x ∈ [a, b]. The result
s(f) > 0 contradicts the proposition’s assumption that

´ b
a f(x) dx = 0, which requires

that s(f) = 0. We thus conclude that f(x) = 0 for all x ∈ [a, b].

Definition 9.29: Average value of a scalar function

Let a, b ∈ R be two real numbers for which a < b, and let f : [a, b] → R be an
integrable function. The average value of the function f on the interval [a, b] is then
equal to

1

b− a

ˆ b

a
f(x) dx.

Proposition 9.30: Continuous functions take on their average value

Let a, b ∈ R be two real numbers for which a < b. For any continuous function
f : [a, b] → R there exists a point ξ ∈ [a, b] for which

f(ξ) =
1

b− a

ˆ b

a
f(x) dx.

In other words, every continuous function defined on a closed interval assumes its
average value on this interval.
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Proof. Because f is continuous and defined on a closed, bounded interval, it is
bounded by Theorem 6.36. We then note that

inf(f) ≤ f(x) ≤ sup(f) for all x ∈ [a, b];

combined with Proposition 9.21 (v), this inequality implies that

inf(f) · (b− a) =

ˆ b

a
inf(f) dx ≤

ˆ b

a
f(x) dx ≤

ˆ b

a
sup(f) dx = sup(f) · (b− a).

We then divide through by the quantity (b− a) to get

inf(f) ≤ 1

b− a

ˆ b

a
f(x) dx ≤ sup(f).

By Proposition 6.38, a continuous function defined on a closed interval attains all
values between its supremum and infimum; since 1

b−a
´ b
a f(x) dx lies between f ’s

supremum and infimum, there exists a point ξ ∈ [a, b] for which

f(ξ) =
1

b− a

ˆ b

a
f(x) dx.

Theorem 9.31: First fundamental theorem of calculus

Let a, b ∈ R be two real numbers for which a ≤ b, let f : [a, b] → R be an integrable
function, and let c be an arbitrary point in the interval [a, b]. In this case the function
F : [a, b] → R given by

F (x) =

ˆ x

c
f(t) dt, x ∈ [a, b],

is continuous. More so, if f is continuous at any point u ∈ (a, b), then F is
differentiable at u and obeys

F ′(u) = f(u).

The first fundamental theorem of calculus thus guarantees the existence of a primitive
function F for a continuous function f .

Proof. We first note that the function f is integrable on every closed, nonempty
subinterval of the interval [a, b] by Corollary 9.23, and so the function F is well-defined
for any c ∈ [a, b].

We will first show that F is uniformly continuous, then show that F ′(u) = f(u).

(i) Because f is integrable, it is necessarily bounded by Proposition 9.11. For any
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two x, y ∈ [a, b], we then make the calculation

|F (y)− F (x)| (a)=
∣∣∣∣ˆ y

c
f(t) dt−

ˆ x

c
f(t) dt

∣∣∣∣
(b)
=

∣∣∣∣ˆ c

x
f(t) dt+

ˆ y

c
f(t) dt

∣∣∣∣
(c)
=

∣∣∣∣ˆ y

x
f(t) dt

∣∣∣∣
(d)

≤ sup(f) · |y − x|,

(9.12)

where (a) follows from the definition of the function F , (b) from swapping the
limits of integration in the second integral, (c) from Proposition 9.22, and (d)
from Proposition 9.21 (vi) and the fact that f(t) ≤ sup(f) for all t ∈ [x, y].
Now choose arbitrary ϵ > 0 and define

δ =
ϵ

sup(f)
.

In this case, for all ξ, η ∈ [a, b] for which |ξ − η| < δ it holds that

|F (η)− F (ξ)|
(a)

≤ sup(f) · |η − ξ| < sup(f) · δ = sup(f) · ϵ

sup(f)
= ϵ,

where (a) follows from the result of Equation 9.12, and so F is uniformly
continuous (and thus also continuous) on [a, b].

(ii) We will now show that F ′(u) = f(u) for all u ∈ (a, b) at which f is continuous.
Let f be continuous at the point u ∈ (a, b), which means that for all ϵ ∈ R+

there exists δ ∈ R+ for which

|f(t)− f(u)| < ϵ

2
for all t ∈ [a, b] for which |t− u| < δ.

For all x ∈ [a, b] for which 0 < |x− u| < δ we can then make the bound∣∣∣∣F (x)− F (u)

x− u
− f(u)

∣∣∣∣ (a)= ∣∣∣∣ 1

x− u

(ˆ x

c
f(t) dt−

ˆ u

c
f(t) dt

)
− f(u)

∣∣∣∣
(b)
=

∣∣∣∣ 1

x− u

(ˆ x

c
f(t) dt+

ˆ c

u
f(t) dt

)
− f(u)

∣∣∣∣
(c)
=

∣∣∣∣ 1

x− u

ˆ x

u
f(t) dt− f(u)

x− u

ˆ x

u
dt

∣∣∣∣
(d)
=

∣∣∣∣ 1

x− u

(ˆ x

u
f(t) dt−

ˆ x

u
f(u) dt

)∣∣∣∣
(e)
=

1

|x− u|

∣∣∣∣ˆ x

u

[
f(t)− f(u)

]
dt

∣∣∣∣
(f)

≤ 1

|x− u|
· ϵ
2
· |x− u| < ϵ,

where (a) follows from the definition of the function F , (b) from swapping the
limits of integration in the second integral, (c) from Proposition 9.22 and the
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fact that
´ x
u dt = x−u, (d) from factoring out the common term 1/(x−u), and

(e) and (f) from Proposition 9.21 and the earlier bound |f(t)− f(u)| < ϵ/2.
The above calculation shows that

f(u) = lim
x→u

F (x)− F (u)

x− u
,

i.e. that F ′(u) = f(u).

Theorem 9.32: The second fundamental theorem of calculus

Let a, b ∈ R be two real numbers for which a ≤ b, let f : [a, b] → R be an integrable
function, and let the function F : [a, b] → R be continuous on the closed interval
[a, b], differentiable on the open interval (a, b), and let

F ′(x) = f(x) for all x ∈ (a, b).

In this case ˆ b

a
f(x) dx = F (b)− F (a).

The second fundamental theorem of calculus thus makes possible the computation of
definite integrals from indefinite integrals.

Proof. As in Proposition 9.12, we will assume without loss of generality that a < b.
First choose arbitrary ϵ ∈ R+. Because the function f is integrable, by Proposi-
tion 9.11 there exists a partition D = {xk}nk=0 of the interval [a, b] for which

S(f,D)− s(f,D) < ϵ.

For all k = 1, 2, . . . , n, the mean value theorem applied to the function F on the
partition subinterval [xk−1, xk] guarantees the existence of a point ξk ∈ (xk−1, xk)
for which

F (xk)− F (xk−1) = F ′(ξk) · (xk − xk−1) = f(ξk)∆xk.

Using this equality, the Riemann sum of f with respect to the partition D and the
set of tagging points {ξk}nk=1 is equal to

R(f,D, {ξk}nk=1) =
n∑
k=1

f(ξk)∆xk

=

n∑
k=1

[
F (xk)− F (xk−1)

]
= F (xn)− F (x0) = F (b)− F (a).

Recalling Equations 9.1 and 9.4, we momentarily pause to note the inequalities

s(f,D) ≤
ˆ b

a
f(x) dx ≤ S(f,D), and s(f,D) ≤ R(f,D, {ξk}nk=1) ≤ S(f,D)

which we then use to make the calculation∣∣∣∣F (b)− F (a)−
ˆ b

a
f(x) dx

∣∣∣∣ = ∣∣∣∣R(f,D, {ξk}nk=1)−
ˆ b

a
f(x) dx

∣∣∣∣
≤ S(f,D)− s(f,D) < ϵ.
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The inequality holds for arbitrary ϵ ∈ R+, which implies that

F (b)− F (a)−
ˆ b

a
f(x) dx = 0,

which we then trivially rearrange to get the desired result

F (b)− F (a) =

ˆ b

a
f(x) dx.

Oftentimes, the expression F (b)− F (a) in the second fundamental theorem of calculus is
written in the shorthand form

F (b)− F (a) = F (x)
∣∣x=b
x=a

= F (x)
∣∣b
a
.

We will now use the second fundamental theorem of calculus to apply some of the indefinite
integration rules from Chapter 8 to the computation of definite integrals.

Proposition 9.33: Integration by parts for computation of definite integrals

Let a, b ∈ R be two real numbers for which a ≤ b, let f, g : [a, b] → R be two
integrable functions and let the functions F,G : [a, b] → R be continuous on the
closed interval [a, b], differentiable on the open interval (a, b), and obey F ′(x) = f(x)
and G′(x) = g(x) for all x ∈ (a, b). In this case

ˆ b

a
F (x)g(x) dx = F (b)G(b)− F (a)G(a)−

ˆ b

a
f(x)G(x) dx.

Proof. We first define the function H = F · G. As the product of continuous and
differentiable functions, H is itself continuous on [a, b] and differentiable on (a, b).
More so, for all x ∈ (a, b) it holds that

H ′(x)
(a)
= F ′(x)G(x) + F (x)G′(x) = (fG+ Fg)(x),

where (a) uses the product rule for differentiation. Because the functions f , g, F ,
and G are all integrable, the function fG+Fg is also integrable. We can then apply
the second fundamental theorem of calculus to get

ˆ b

a

[
f(x)G(x) + F (x)g(x)

]
dx =

ˆ b

a
H ′(x) dx

= H(b)−H(a)

= F (b)G(b)− F (a)G(a).

Proposition 9.34: Change of variables for computation of definite integrals

Let f : U → R be a function defined on the real subset U ⊂ R, let a, b ∈ R be two
real numbers for which a ≤ b, and let s : [a, b] → R be a continuous function for
which s([a, b]) ⊂ U . More so, let F : U → R be a continuous function for which the
following properties hold for all x ∈ (a, b):

• s(x) is an interior point of U ,
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• F is differentiable at the point s(x), and

• F ′(s(x)) = f
(
s(x)

)
.

Finally, assume that s is differentiable on the interval (a, b) and that the function
(f ◦ s) · s′ : (a, b) → R is integrable on the interval [a, b].

In this case, ˆ b

a
f
(
s(x)

)
s′(x) dx = F

(
s(b)

)
− F

(
s(a)

)
.

Proof. The functions F and s are both continuous, so the composite function F ◦ s
is itself continuous on [a, b]. Similarly, by the chain rule, F ◦ s is differentiable on
(a, b) and for all x ∈ (a, b), its derivative is equal to

(F ◦ s)′(x) = F ′(s(x)) · s′(x) = f
(
s(x)

)
· s′(x).

Next, let ϕ : [a, b] → R be the extension of the function (f ◦ s) · s′ : (a, b) → R to the
interval [a, b], defined so that ϕ(a) = ϕ(b) = 0. The function (f ◦ s) · s′ : (a, b) → R
is integrable by the proposition’s assumptions, so by Definition 9.26 the extension ϕ
is also integrable. We then apply the second fundamental theorem of calculus to get

ˆ b

a
f
(
s(x)

)
s′(x) dx =

ˆ b

a
ϕ(x) dx = (F ◦ s)(b)− (F ◦ s)(a).

Admittedly, Proposition 9.34 is written in a rather general form. Under stricter restrictions,
the proposition simplifies considerably.

Corollary 9.35: Simplified change of variables for definite integration

Let v, w ∈ R be two real numbers for which v ≤ w, and let f : [v, w] → R be a
continuous function. Let a, b ∈ R be two real numbers for which a ≤ b and let
the function s : [a, b] → R be continuous on the closed interval [a, b], continuously
differentiable on the open interval (a, b), and let s

(
(a, b)

)
⊂ (v, w). If the function

(f ◦ s) · s′ : (a, b) → R is bounded, then

ˆ b

a
f
(
s(x)

)
s′(x) dx =

ˆ s(b)

s(a)
f(t) dt.

Proof. We first define the function F : [v, w] → R according to

F (u) =

ˆ u

s(a)
f(t) dt, u ∈ [v, w].

By the first fundamental theorem of calculus, the function F is continuous on [v, w],
differentiable on (v, w), and for all u ∈ (v, w) obeys

F ′(u) = f(u).

Because s is continuous and s
(
(a, b)

)
⊂ (v, w) by the proposition’s assumptions,

it follows from Corollary 6.40 that s([a, b]) ⊂ [v, w]. Again by the proposition’s
assumptions, the function (f ◦ s) · s′ : (a, b) → R is continuous and bounded, and so
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is integrable on the interval [a, b]. We then apply Proposition 9.34 and the second
fundamental theorem of calculus to get

ˆ b

a
f
(
s(x)

)
s′(x) dx = F

(
s(b)

)
− F

(
s(a)

)
=

ˆ s(b)

s(a)
f(t) dt.

We will now illustrate the above integration rules with a number of practical examples.

Example 9.36: Computing definite integrals

(1) (Integrating the power function) For any natural number n ∈ N and real
numbers a, b ∈ R, we can use the second fundamental theorem of calculus to
compute ˆ b

a
xn dx =

xn+1

n+ 1

∣∣∣∣b
a

=
bn+1 − an+1

n+ 1
.

(2) (Integrating the sine function) The definite integral of the sine function over
the interval spanned by any two real numbers a, b ∈ R is

ˆ b

a
sinx dx = − cosx

∣∣b
a
= − cos b+ cos a.

As a concrete example, the area between the sine function’s graph and the
horizontal axis on the interval from 0 to π is

ˆ π

0
sinx dx = cos 0− cosπ = −(−1) + 1 = 2.

On the other hand, the integral of the sine function from 0 to 2π is
ˆ 2π

0
sinx dx = cos 0− cos 2π = −(−1)− 1 = 0.

Even though the area between the sine function’s graph and the horizontal axis
on the interval from π to 2π is also equal to 2, this area contributes negatively
to the above definite integral because the sine function is negative on the
interval x in (π, 2π) (perhaps see the discussion in Remark 9.9 for context).

(3) (Computing the area of a circle) Consider the semicircle bounded by horizontal
axis and the graph of the function

f(x) =
√
r2 − x2, x ∈ [−r, r].

The area Sc of a circle of radius r is twice the area, say Ssc, of the above
semicircle. We will compute the integral with the change of variables

x = r sin t, dx = r cos t dt.

In this case the interval of integration changes to t ∈ [−π/2, π/2], and the area
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of the circle is

Sc = 2Ssc = 2

ˆ r

−r

√
r2 − x2 dx

= 2

ˆ π/2

−π/2

√
r2 − r2 sin2 t r cos t dt

= 2r2
ˆ π/2

−π/2

√
1− sin2 t cos t dt = 2r2

ˆ π/2

−π/2
cos2 tdt

= 2r2
ˆ π/2

−π/2

1 + cos 2t

2
dt

= r2
(
t+

sin 2t

2

)π/2
−π/2

= πr2.

As expected from elementary geometry, the area of a circle of radius r is πr2.

9.4 Numerical integration

The second fundamental theorem of calculus is a powerful tool for the computation of
definite integrals, but is useful only when one can analytically compute the primitive function
of the integrand. When a primitive function is not known or its computation is infeasible,
it is possible to approximate definite integrals to arbitrary precision using integration.
Numerical integration falls within the scope of the more general field of numerical methods,
and we will only cover two simple techniques here.

Topic 9.4: Building up to the trapezoidal rule

Let a, b ∈ R be two real numbers for which a < b, let f : [a, b] → R be an integrable
function, and let n ∈ N be an arbitrary natural number. We first divide the interval
[a, b] into n subintervals determined by the evenly-spaced boundary points

xk = a+ k
b− a

n
, k = 0, 1, . . . , n.

On each of these n subintervals, we approximate the region between the horizontal
line [xk−1, xk]× {0} and f ’s graph with the region between [xk−1, xk]× {0} and the
line connecting the points

(
xk−1, f(xk−1)

)
and

(
xk, f(xk)

)
. As long as f(xk−1) and

f(xk) have the same sign, this approximation region is a trapezoid, hence the name
“trapezoidal rule”.

Letting yk = f(xk) for k = 0, 1, . . . , n, we then sum the area of each of the trapezoids
to get the approximation

ˆ b

a
f(x) dx ≈ b− a

n

(
yn − y0

2
+ y1 + y2 + · · ·+ yn−1

)
.

Of course, any approximation is of little use without an estimate of its error; we formulate
the trapezoidal rule’s error precisely in the following proposition.

240



Proposition 9.37: The trapezoidal rule

Let f : U → R be a twice continuously differentiable function defined on the open
interval U ⊂ R, let a, b ∈ U be two points for which a < b, fix arbitrary n ∈ N, and
define

yk = f

(
a+ k

b− a

n

)
, k = 0, 1, . . . , n.

In this case (without proof) there exists a point c ∈ [a, b] for which
ˆ b

a
f(x) dx =

(
yn + y0

2
+ y1 + y2 + · · ·+ yn−1

)
− (b− a)3

12n2
f ′′(c).

Because f is twice continuously differentiable, the function |f ′′|, being continuous, is
bounded above by some constant on the interval [a, b], and so the above proposition
gives an estimate of the error of the trapezoidal rule; this error is inversely proportional
to the square of the number of subintervals n.

In most cases the area approximation using the trapezoidal rule is better than the corre-
sponding Riemann sum approximation for a given number of subintervals n.

Simpson’s rule is a generalization of the trapezoidal rule that uses parabolas instead of
line segments to approximate the area between a function’s graph and the horizontal axis
on each subinterval. We state Simpson’s rule and its corresponding error bound in the
following proposition.

Proposition 9.38: Simpson’s rule

Let f : U → R be a four-times continuously differentiable function defined on the
open interval U ⊂ R, let a, b ∈ U be two points for which a < b, fix arbitrary n ∈ N,
and define

yk = f

(
a+ k

b− a

2n

)
, k = 0, 1, . . . , 2n.

In this case (without proof) there exists a point c ∈ [a, b] for which

ˆ b

a
f(x) dx =

b− a

6n

(
y0 + 4

n∑
k=1

y2k−1 + 2

n−1∑
k=1

y2k + y2n

)
− (b− a)5

2880n4
f (4)(c).

Because f is twice continuously differentiable, the function |f ′′|, being continuous, is
bounded above by some constant on the interval [a, b], and so the above proposition
gives an estimate of the error of the trapezoidal rule; this error is inversely proportional
to the fourth power of the number of subintervals n.

9.5 Improper integrals

We have thus far computed definite integrals only of bounded functions defined on closed,
bounded intervals. In this section we will expand the definition of the definite integral to
apply to unbounded functions or to functions defined on unbounded domains. This type of
generalized definite integral is called an improper integral ; we will see that its existence
depends on the existence of one or more limits. In cases where an improper integral exists,
it is said to converge; when an improper integral does not exist, it is said to diverge.
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9.5.1 Improper integrals on bounded intervals

For the entirety of this section, let a, b ∈ R be two real numbers for which a < b.

Topic 9.5: Improper integrals on bounded intervals

(I) The improper integral of a continuous function f : (a, b] → R exists if the limit

lim
ϵ→0+

ˆ b

a+ϵ
f(x) dx

also exists. In this case the limit is called the improper integral of f in the
limits from a to b, and we use the shorthand notation

ˆ b

a
f(x) dx = lim

ϵ→0+

ˆ b

a+ϵ
f(x) dx.

(II) The improper integral of a continuous function f : [a, b) → R exists if the limit

lim
ϵ→0+

ˆ b−ϵ

a
f(x) dx

also exists. In this case the limit is called the improper integral of f in the
limits from a to b, and we use the shorthand notation

ˆ b

a
f(x) dx = lim

ϵ→0+

ˆ b−ϵ

a
f(x) dx.

(III) Let P be a nonempty, finite subset of the interval [a, b], let f : [a, b] \ P → R
be a continuous function, and let r0, r1, . . . , rn ∈ R be real numbers for which

a = r0 < r1 < · · · < rn−1 < rn = b

and either

(a) P ∩ [rk−1, rk] = {rk−1} or

(b) P ∩ [rk−1, rk] = {rk} for all k = 1, 2, . . . , n.

In this case the function f ’s improper integral exists if each of the type (I) or
type (II) improper integrals

ˆ rk

rk−1

f(x) dx, k = 1, 2, . . .

also exist. In this case, f ’s improper integral of f in the limits from a to b is

ˆ b

a
f(x) dx =

n∑
k=1

ˆ rk

rk−1

f(x) dx.

Note that there are many possible choices of the numbers r0, r1, . . . , rn, but
the resulting value of the improper integral is independent of the choice.
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If the function f mentioned in the cases (I), (II), and (III) above is bounded in addition to
being continuous, then f is integrable by Example 9.27, and f ’s improper integral in the
limits from a to b converges to f ’s definite integral from a to b.

Proposition 9.39: Applying the second fundamental theorem of calculus
to improper integrals

Let a, b ∈ R be two real numbers for which a < b, let P be a nonempty, finite subset
of the interval [a, b], and let f : [a, b]\P → R be a continuous function. If there exists
a continuous function F : [a, b] → R that is differentiable on the subset (a, b) \P and
obeys

F ′(x) = f(x) for all x ∈ (a, b) \ P,
then the improper integral of f exists and obeys

ˆ b

a
f(x) dx = F (b)− F (a).

Proof. We divide the proof into the following three cases:

(i) If P = {a}, the proposition follows from the calculation
ˆ b

a
f(x) dx = lim

ϵ→0+

ˆ b

a+ϵ
f(x) dx

(a)
= lim

ϵ→0+

[
F (b)− F (a+ ϵ)

]
(b)
= F (b)− F (a),

where (a) follows from the second fundamental theorem of calculus and (b)
from the continuity of F at a.

(ii) If P = {b}, we make the analogous calculation
ˆ b

a
f(x) dx = lim

ϵ→0+

ˆ b−ϵ

a
f(x) dx

= lim
ϵ→0+

[
F (b− ϵ)− F (a)

]
= F (b)− F (a).

(iii) Now let P be an arbitrary nonempty, finite subset of the interval [a, b]. Let
r0, r1, . . . , rn ∈ R be real numbers for which

a = r0 < r1 < · · · < rn−1 < rn = b

and either

(a) P ∩ [rk−1, rk] = {rk−1} or

(b) P ∩ [rk−1, rk] = {r1} for all k = 1, 2, . . . , n.

In this case points (i) and (ii) imply that for each k = 1, 2, . . . , n the improper
integral of the function f exists on the interval [rk−1, rk] and is equal toˆ rk

rk−1

f(x) dx = F (rk)− F (rk−1).
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We then divide the integration integral as in Corollary 9.23 to get

ˆ b

a
f(x) dx =

n∑
k=1

ˆ rk

rk−1

f(x) dx

=

n∑
k=1

[
F (rk)− F (rk−1)

]
= F (b)− F (a),

which completes the proof.

Example 9.40: Improper integrals on bounded intervals

(1) The improper integral of the function x 7→ 1/
√
x in the limits from 0 to 1

converges by the calculation
ˆ 1

0

dx√
x
= lim

ϵ→0+

ˆ 1

ϵ

dx√
x
= lim

ϵ→0+
2
√
x
∣∣1
ϵ
= lim

ϵ→0+
(2− ϵ) = 2.

(2) The improper integral of the function x 7→ 1/x in the limits from 0 to 1 diverges
by the calculation

ˆ 1

0

dx

x
= lim

ϵ→0+

ˆ 1

ϵ

dx

x
= lim

ϵ→0+
ln |x|

∣∣∣1
ϵ
= lim

ϵ→0+
(ln 1− ln ϵ) = ∞.

Notice that both of the above integrands take the form f(x) = 1/xα for some α ∈ R; we
consider a more general form of this type of integrand in the following proposition.

Proposition 9.41: Convergence criterion for improper integrals of power-
function denominators on bounded domains

Let a, b ∈ R be two real numbers for which a < b, let g : [a, b] → R be a continuous
function, and define the constant α ∈ R. In this case the improper integral

ˆ b

a

g(x)

(x− a)α
dx

(i) converges if α < 1 and

(ii) diverges if α ≥ 1 and g(a) ̸= 0.

Proof.

(i) Let n ∈ N be a natural number for which n(1 − α) > 1 and define the new
integration variable

t = n
√
x− a,
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in which case x = a+ tn and dx = ntn−1. We then make the calculation
ˆ b

a

g(x)

(x− a)α
dx

(a)
= lim

ϵ→0+

ˆ b

a+ϵ

g(x)

(x− a)α
dx

(b)
= lim

ϵ→0+

ˆ n√b−a

n√ϵ
ng(a+ tn)tn(1−α)−1 dt

(c)
=

ˆ n√b−a

0
ng(a+ tn)tn(1−α)−1 dt,

where (a) holds by the definition of an improper integral, (b) from the change
of variables x = a + tn, and in (c) we have switched the order of limit and
integral evaluation because the function t 7→ ng(a+ tn)tn(1−α)−1 is continuous
on the interval [0, n

√
b− a]. And since the function t 7→ ng(a+ tn)tn(1−α)−1 is

continuous and defined on a closed interval, it must also be integrable, and so
the above improper integral reduces to the corresponding definite integral.

(ii) Assume g(a) > 0. The function g is continuous, so there exists a point c ∈ (a, b]
for which c− a < 1 and

g(x) > g(a)/2 for all x ∈ [a, c].

It suffices to show that the improper integral of the function x 7→ g(x)/(x−a)α
diverges in the limits from a to c. To show this integral indeed diverges, for
any small-enough ϵ ∈ R+ we first make the calculation

ˆ c

a+ϵ

g(x)

(x− a)α
dx ≥

ˆ c

a+ϵ

g(a)

2(x− a)

=
g(a)

2

[
ln(c− a)− ln ϵ

]
.

The improper integral evidently diverges because the limit

lim
ϵ→0+

[
ln(c− a)− ln ϵ

]
also diverges. The proof is analogous when g(a) < 0.

9.5.2 Improper integrals on unbounded intervals

Topic 9.6: Improper integrals on unbounded intervals

(IV) Let b ∈ R be an arbitrary real number and let f : (−∞, b] → R be a continuous
function. The improper integral of the function f exists if the limit

lim
a→−∞

ˆ b

a
f(x) dx
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also exists. In this case the limit is called the improper integral of f in the
limits from −∞ to b, and we use the shorthand notation

ˆ b

−∞
f(x) dx = lim

a→−∞

ˆ b

a
f(x) dx.

(V) Let a ∈ R be an arbitrary real number and let f : [a,∞) → R be a continuous
function. The improper integral of the function f exists if the limit

lim
b→∞

ˆ b

a
f(x) dx

also exists. In this case the limit is called the improper integral of f in the
limits from a to ∞, and we use the shorthand notation

ˆ ∞

a
f(x) dx = lim

b→∞

ˆ b

a
f(x) dx.

(VI) Let b ∈ R be an arbitrary real number, let P be a nonempty, finite subset of the
interval (−∞, b], let f : (−∞, b]\P → R be a continuous function, and let v ∈ R
be any real number less than the smallest value in P . The improper integral of
the function f exists if the type (IV) and type (III) improper integrals

ˆ v

−∞
f(x) dx and

ˆ b

v
f(x) dx

also exist. In this case the improper integral of f is given by
ˆ b

−∞
f(x) dx =

ˆ v

−∞
f(x) dx+

ˆ b

v
f(x) dx.

Note that the result is independent of the choice of v.

(VII) Let a ∈ R be an arbitrary real number, let P be a nonempty, finite subset of the
interval [a,∞), let f : [a,∞) \ P → R be a continuous function, and let w ∈ R
be any real number larger than the largest value in P . The improper integral
of the function f exists if the type (III) and type (IV) improper integrals

ˆ w

a
f(x) dx and

ˆ ∞

w
f(x) dx

also exist. In this case the improper integral of f is given byˆ ∞

a
f(x) dx =

ˆ w

a
f(x) dx+

ˆ ∞

w
f(x) dx

Note that the result is independent of the choice of w.

(VIII) Let P be a finite subset of the real numbers, let f : R \P → R be a continuous
function, and let u ∈ R \ P be an arbitrary real number. In this case the
improper integral of the function f exists if the type (IV)/(VI) or (V)/(VII)
improper integrals ˆ u

−∞
f(x) dx and

ˆ ∞

u
f(x) dx
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also exist. In this case the improper integral of f is given by
ˆ ∞

−∞
f(x) dx =

ˆ u

−∞
f(x) dx+

ˆ ∞

u
f(x) dx.

Note that the result is independent of the choice of u ∈ R \ P .

Example 9.42: Improper integrals on unbounded domains

(1) Let us first solve the following integral:
ˆ ∞

1

dx

x
= lim

b→∞

ˆ b

1

dx

x

= lim
b→∞

ln |x|
∣∣∣b
1

= lim
b→∞

(ln b− ln 1) = ∞.

The limit diverges, and so the improper integral of the function x 7→ 1/x in
the limits from 1 to ∞ also diverges.

(2) We now consider the exponential function x 7→ ex on the interval (−∞, 0]. This
improper integral does exist, as shown by the calculation

ˆ 0

−∞
ex dx = lim

a→−∞

ˆ 0

a
ex dx

= lim
a→−∞

ex
∣∣∣0
a
= lim

a→−∞

(
e0 − ea

)
= 1.

(3) We conclude the example with one more convergent improper integral:

ˆ ∞

1

dx

x3
= lim

b→∞

ˆ b

1

dx

x3
= lim

b→∞

1

−2x2

∣∣∣∣b
1

= lim
b→∞

(
− 1

2b2
+

1

2

)
=

1

2
.

We conclude the chapter with two convergence criteria for improper integrals on unbounded
domains.

Proposition 9.43: Convergence criterion for improper integrals on un-
bounded domains

Let a ∈ R be an arbitrary real number and let f : [a,∞) → R be a continuous
function. The improper integral

ˆ ∞

a
f(x) dx

converges if, and only if, for all ϵ ∈ R+ there exists a real number b ∈ R for which
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b > a and ∣∣∣∣ˆ v

u
f(x) dx

∣∣∣∣ < ϵ for all u, v ∈ R for which b < u < v.

Proof. We first define the function F : [a,∞) → R according to

F (t) =

ˆ t

a
f(x) dx.

(⇒) Assume the improper integral converges, which means that the limit

L = lim
t→∞

F (t)

exists. For all ϵ ∈ R+ there thus exists a large-enough real number b > a such that

|F (t)− L| < ϵ

2
for all t > b.

For any real number u, v ∈ R for which b < u < v we then make the calculation∣∣∣∣ˆ v

u
f(x) dx

∣∣∣∣ = |F (v)− F (u)| = |F (V )− L+ L− F (u)|

≤ |F (v)− L|+ |L− F (u)|

<
ϵ

2
+
ϵ

2
= ϵ.

(⇐) Assume the proposition’s convergence criterion holds for the function f . For
arbitrary ϵ ∈ R+ there thus exists a sufficiently large real number b > a such that

|F (v)− F (u)| =
∣∣∣∣ˆ v

u
f(x) dx

∣∣∣∣ < ϵ

2

for any two real numbers u and v for which b < u < v. The result |F (v)− F (u)| < ϵ
means that the sequence

(
F (a+n)

)
n∈N is a Cauchy sequence, and is thus convergent

by Proposition 4.31. LetQ denote the limit of this sequence and choose a large-enough
natural number n ∈ N such that a+ n > b and

|F (a+ n)−Q| < ϵ

2
.

For every real number t for which t > b, we can make the bound

|F (t)−Q| = |F (t)− F (a+ n) + F (a+ n)−Q|
≤ |F (t)− F (a+ n)|+ |F (a+ n)−Q|

<
ϵ

2
+
ϵ

2
= ϵ.

The result |F (t)−Q| < ϵ for arbitrary ϵ ∈ R+ means that

Q = lim
t→∞

F (t),

and so the improper integral converges.
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Proposition 9.44: Convergence criterion for improper integrals of power-
function denominators on unbounded domains

Let a ∈ R+ be any positive real number, let g : [a,∞) → R be a bounded, continuous
function, and let α ∈ R be a continuous constant. In this case the improper integralˆ ∞

a

g(x)

xα
dx

(i) converges if α > 1 and

(ii) diverges if α ≤ 1 and inf{|g(x)| ; x ∈ [c,∞)} > 0 for some c ∈ [a,∞).

Proof. We prove the two parts in turn:

(i) For any real numbers u, v ∈ R for which a < u < v we first make the calculation∣∣∣∣ˆ v

u

g(x)

xα
dx

∣∣∣∣ ≤ sup(|g|)
ˆ v

u

dx

xα

= sup(|g|) x
1−α

1− α

∣∣∣∣v
u

,

=
sup(|g|)
1− α

(
v1−α − u1−α

)
(a)

≤ sup(|g|)
α− 1

u1−α.

where (a) follows from the fact that u and v are both positive. We note that

lim
u→∞

u1−α = 0 (if α > 1),

then complete the proof with the calculation

lim
u→∞

∣∣∣∣ˆ v

u

g(x)

xα
dx

∣∣∣∣ ≤ sup(|g|)
α− 1

· lim
u→∞

u1−α = 0,

which, by Proposition 9.43, means that the improper integral of g/xα converges
in the limits from a to ∞.

(ii) We will assume without loss of generality that a = c and a, c > 1, and define

W = inf{|g(x)| ; x ∈ [a,∞)}.

Because W > 0 and the function g is continuous, either

g([a,∞)) ⊂ [W,∞) or g([a,∞)) ⊂ (−∞,−W ].

For any real number b > a we can then make the bound
ˆ b

a

g(x)

xα
dx

(a)

≥
ˆ b

a

g(x)

x
dx ≥W

ˆ b

a

dx

x
=W (ln b− ln a),

where (a) holds because α ≤ 1 and a > 0. We then note that

lim
b→∞

(ln b− ln a) = ∞,

and so the associated improper integral diverges in the limits from a to ∞.
The proof is analogous when g([a,∞)) ⊂ (−∞,−W ].
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9.6 The integral test for series convergence

We conclude this chapter with the integral test, in which definite integration is used to test
the convergence of series of real numbers as studied in Chapter 5.

Proposition 9.45: The integral test

Let f : [1,∞) → R be a decreasing, continuous function for which

f(x) ≥ 0 for all x ∈ [1,∞).

In this case the improper integral
ˆ ∞

1
f(x) dx

converges if, and only if, the series of real numbers∑[
f(k)

]∞
k=1

also converges.

Proof. We will first prove an auxiliary inequality, the prove the proposition itself.
Choose arbitrary n ∈ N and define the set

Dn = {1, 2, . . . , n+ 1} ⊂ R.

The set Dn is a partition of the interval [1, n+ 1] into n subintervals, and we will
write it in the form Dn = {k+1}nk=0. Because the function f is decreasing, its upper
and lower Darboux sums on the partition Dn are

s(f,Dn) =
n∑
k=1

f(k + 1) and S(f,Dn) =
n∑
k=1

f(k + 1),

which we then combine with Equation 9.1 to get the desired inequality

n∑
k=1

f(k + 1) ≤
ˆ n+1

1
f(x) dx ≤

n∑
k=1

f(k). (9.13)

We will now prove the proposition itself.

(⇒) Assume that the improper integral
´∞
1 f(x) dx converges to the number I ∈ R.

For all n ∈ N, Equation 9.13 then implies the inequality

n+1∑
j=1

f(j) = f(1) +

n∑
k=1

f(k + 1) ≤ f(1) +

ˆ n+1

1
f(x) dx ≤ f(1) + I. (9.14)

Equation 9.14 means that

n∑
k=1

f(k + 1) ≤ I for all n ∈ N,
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and so the increasing sequence of partial sums of the series of nonnegative numbers∑[
f(k)

]∞
k=1

is bounded above by I, and is thus convergent by the monotone
convergence theorem (Proposition 4.15).

(⇐) assume the series of real numbers
∑[

f(k)
]∞
k=1

converges to the sum A ∈ R.
Equation 9.13 implies that

ˆ n+1

1
f(x) dx ≤

n∑
k=1

f(k) ≤ A,

and so the increasing function I : [1,∞) → R given by

I(b) =

ˆ b

1
f(x) dx

is bounded above by the number A. Because I is bounded above it must have
a supremum; because I is increasing this supremum must also be I’s limit as b
approaches infinity, and so the improper integral

ˆ ∞

1
f(x) dx

converges.

A classic application of the integral test is proving the divergence of the harmonic series,
which we show in the following example.

Example 9.46: Using the integral test

Consider the series of real numbers∑(
1

kα

)∞

k=1

, α ∈ R, (9.15)

and let the function f : R+ → R be given by

f(x) =
1

xα
.

By the integral test, the series in Equation 9.15 converges if, and only if, the
improper integral of the function f on the interval from 1 to ∞ converges, and by
Proposition 9.44 this improper integral converges if α > 1, and diverges otherwise.

In particular, letting α = 1, this result means that the harmonic series∑(
1

k

)∞

k=1

diverges, as we have already shown in Example 5.7.
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10 Taylor series and power series

In this section we will explore some elementary properties of power series, focusing in
particular on the construction of Taylor series.

10.1 Taylor’s formula

Loosely, Taylor’s formula approximates a differentiable function around a point in its
domain using a polynomial weighted by the function’s derivatives at that point.

As a simple motivating example using only the first derivative, let f : U → R be a
differentiable function defined on the open subset U ⊂ R and define the point a ∈ U . As
mentioned in Remark 7.4, the tangent line to the graph of the function f at the point
a is the line that best approximates f ’s graph at the point

(
a, f(a)

)
. We may thus use

f ’s derivative to approximate f ’s function values around a using the linear, or first-order,
approximation

f(x) ≈ f(a) + f ′(a)(x− a) (if x is “near” a).

We will have more to say on the validity of the approximation and how to be sure x is “near
enough” to a in the coming pages.

Example 10.1: Computing a cube root with a linear approximation

Let us use a linear approximation to compute the cube root of the number 1003. We
first note that—intentionally—the number 1003 is relatively close to 1000, which
has a cube root of 10.

To use a first-order approximation to compute 3
√
1003, let the function f : R → R be

given by
f(x) = 3

√
x,

and so its derivative is
f ′(x) =

1

3
x−2/3.

We will then form a linear approximation of f about the point 1000. The function
value and derivative value at 1000 are

f(1000) = 10 and f ′(1000) =
1

300
,

and so the linear approximation of f about a reads

f(x) ≈ f(1000) + f ′(1000)(x− 1000) = 10 +
(x− 1000)

300
.

We then this approximation to compute the estimate

3
√
1003 ≈ 10 +

(1003− 1000)

300
= 10.01.

The true value of 3
√
1003 to six decimal places turns out to be 10.009990, so the

approximation appears to be quite “good”.

Importantly, the approximation method used in the Example 10.1 offered no self-contained
estimate of the approximation’s error—we had to resort to external means (in this case, a
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simple scientific calculator)—to compute the true value of 3
√
1000.

Quite, generally, an approximation method is of little use without a self-contained estimate
of its error. Fortunately, Taylor’s approximation formula does include an estimate of its
error. We will build up to this formula in the coming pages, and begin with an auxiliary
result showing how to express a real-valued polynomial in terms of its derivatives.

Proposition 10.2: Expressing a polynomial in terms of its derivatives

Let P : R → R be a scalar polynomial of degree at most n ∈ N ∪ {0} and let a ∈ R
be a real constant. In this case, for all x ∈ R, the polynomial P can be expressed as

P (x) = P (a) + P ′(a)(x− a) +
P ′′(a)

2
(x− a)2 + · · ·+ P (n)(a)

n!
(x− a)n.

Proof. We first write the polynomial P in the form

P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0,

where a0, a1, . . . , an ∈ R are real constants. We then define the new variable h = x−a
(and so x = h+ a) and expand the polynomial P in powers of h to get

P (a+ h) = an(a+ h)n + an−1(a+ h)n−1 + · · ·+ a1(a+ h) + a0.

This expression can alternatively be written in the general form

P (a+ h) = bnh
n + bn−1h

n−1 + · · ·+ b1h+ b0,

where the new coefficients b0, b1, . . . , bn depend on both the point a and the original
coefficients of the polynomial P . We could compute the explicit form of the {bk}
coefficients using the binomial formula, but we will instead compute them using
differentiation. Namely, we repeatedly differentiate the expression for P (a+ h) with
respect to h to get(

P (a+ h)
)′
= nbnh

n−1 + (n− 1)bn−1h
n−2 + · · · 2b2h+ b1(

P (a+ h)
)′′

= n(n− 1)bnh
n−2 + (n− 1)(n− 2)bn−1h

n−2 + · · ·+ 2b2
...(

P (a+ h)
)(n)

= n(n− 1) · · ·
[
n− (n− 1)

]
bn.

We then simply evaluate each derivative at h = 0 to get

P (k)(a) = k!bk =⇒ bk =
P (k)(a)

k!
, k = 0, 1, . . . , n.

Having solved for the coefficients {bk}, we can immediately write P (x) in the form

P (x) = P (a+ h) = b0 + b1h+ · · ·+ bn−1h
n−1 + bnh

n

= P (a) + P ′(a)(x− a) + · · ·+ P (n−1)(a)

(n− 1)!
+
P (n)(a)

n!
(x− a)n,

which completes the proof by construction.
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Proposition 10.2 implies that a scalar polynomial P of degree at most n ∈ N is uniquely
determined by the set of numbers

{P (a), P ′(a), . . . , P (n)(a)}

for a given point a ∈ R. Thus, for any smooth function f : U → R, Proposition 10.2 means
it is possible to find a unique polynomial whose derivatives up to order n at a chosen point
a in the function’s domain agree exactly with f ’s derivatives at a. More precisely:

Corollary 10.3: Polynomial approximation of a function at a point

Define the integer n ∈ N ∪ {0}, let U ⊂ R be an open subset of R, let f : U → R be
an n-times differentiable function, and define the point a ∈ U . In this case there
exists exactly one real polynomial P : R → R of degree at most n for which

P (k)(a) = f (k)(a), k = 0, 1, . . . , n.

This polynomial is given by the formula

P (x) =

n∑
k=0

f (k)(a)

k!
(x− a)k.

Proof. The corollary follows directly from Proposition 10.2.

The polynomial P in Corollary 10.3 is a special case of a so-called Taylor polynomial, which
we define more precisely below.

Definition 10.4: Taylor polynomial and Taylor expansion

Define the integer n ∈ N ∪ {0}, let U ⊂ R be an open subset of R, let f : U → R be
an n-times differentiable function, and define the point a ∈ U . In this case the n-th
order Taylor polynomial of the function f expanded about the point a is defined as

Tnf(x; a) =
n∑
k=0

f (k)(a)

k!
(x− a)k.

This polynomial is sometimes also called the n-th order Taylor expansion of the
function f about the point a, and is used to approximate f ’s values near a.

We will now compute the Taylor polynomials of some common functions.

Example 10.5: Taylor polynomials of common functions

(1) (A polynomial) Let use compute the Taylor expansion of the polynomial

f(x) = x3 − 2x2 − 4x+ 8

about the point 2, i.e. in powers of (x − 2). Currently, the polynomial is
expanded in powers of the variable x about the point 0; to switch to powers of
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(x− 2), we first compute the three derivatives

f ′(x) = 3x2 − 4x− 4 f ′(2) = 0

f ′′(x) = 6x− 4 f ′′(2) = 8

f ′′′(x) = 6 f ′′′(2) = 6.

We then note that f(2) = 0 and apply the polynomial expansion formula in
Proposition 10.2 to write f(x) in the form

f(x) = 0 + 0(x− 2) +
8

2
(x− 2)2 +

6

3!
(x− 2)3

= 4(x− 2)2 + (x− 2)3.

The first few Taylor polynomial of the function f are

T0f(x; 2) = 0

T1f(x; 2) = 0

T2f(x; 2) = 4(x− 2)2

T3f(x; 2) = 4(x− 2)2 + (x− 2)3.

Because f is a polynomial of degree 3, its higher-order Taylor polynomials are
equal to the function f itself, i.e.

f(x) = Tnf(x; 2) for all natural numbers n ≥ 3.

(2) (Exponential function) Let us compute the Taylor expansion of the function

f : x 7→ ex

about the point a = 0. We first note the simple relationship f (k)(x) = ex, so

f (k)(0) = 1 for all integers k ≥ 0.

For all n ∈ N ∪ {0}, the Taylor expansion of the exponential function is thus

Tnf(x; 0) =
n∑
k=0

xk

k!
= 1 + x+

x2

2
+
x3

3
+ · · ·+ xn

n!
.

(3) (Sine function) Let us compute Taylor polynomial of the sine function

f : x 7→ sinx

about the point a = 0. The sine function’s first four derivatives are

f ′(x) = cosx

f ′′(x) = − sinx

f ′′′(x) = − cosx

f ′′′′(x) = sinx.
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Notice that f ′′′′ = f . In fact, f ’s higher derivatives repeat with period 4, and
so for all integers p ≥ 0 the sine function’s derivatives at x = 0 are

f (4p)(0) = 0

f (4p+1)(0) = 1

f (4p+2)(0) = 0

f (4p+3)(0) = −1.

For every integer m ≥ 0, the m-th order Taylor polynomial of the sine function
expanded about the point 0 is thus

T2m+1f(x; 0) = 0 +
1

1
x+

0

2
x2 − 1

3!
x3 +

0

4!
x4 + · · ·+ (−1)mx2m+1

(2m+ 1)!

= x− x3

3!
+
x5

5!
− x7

7!
+ · · ·+ (−1)mx2m+1

(2m+ 1)!

=
m∑
k=0

(−1)kx2k+1

(2k + 1)!
.

Note that this Taylor expansion contains only terms with odd powers, which is
in fact a consequence of the sine function being odd.

(4) (Cosine function) We conclude this example with the Taylor polynomial of the
cosine function f : x 7→ cosx about the point a = 0. Following an analogous
procedure to that used above for the sine function, for all integers p ≥ 0 the
cosine function’s derivatives at x = 0 are

f (4p)(0) = 1

f (4p+1)(0) = 0

f (4p+2)(0) = −1

f (4p+3)(0) = 0

For every integer m ≥ 0, the m-th order Taylor polynomial of the cosine
function expanded about the point 0 is thus

T2mf(x; 0) = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·+ (−1)mx2m

(2m)!

=
m∑
k=0

(−1)kx2k

(2k)!
.

This Taylor expansion contains only terms with even powers, which is in fact a
consequence of the cosine function being even.

Definition 10.6: Taylor approximation and remainder

Define the integer n ∈ N∪{0}, let f : U : R be an arbitrary (n+1)-times differentiable
function defined on the open subset U ⊂ R, and let a ∈ U be a constant. For each
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x ∈ U \ {a} the n-th order Taylor approximation of the function f at the point a is

f(x) ≈ Tnf(x; a) = f(a) + f ′(a)(x− a) + · · ·+ f (n)(a)

n!
(x− a)n.

The error or remainder of the n-th order approximation, denoted by Rn, is the
difference between the true function value and the Taylor approximation Tn, i.e.

Rn(x) = f(x)− Tnf(x; a).

In terms of this remainder, for every x ∈ U the function value f(x) can be written
exactly in the form

f(x) = f(a) + f ′(a)(x− a) + · · ·+ f (n)(a)

n!
(x− a)n +Rn(x).

We will dedicate the next few pages to deriving (and thus constructively proving) Taylor’s
formula, which gives a bound on the remainder in Taylor approximations.

Topic 10.1: Deriving Taylor’s formula

Define the integer n ∈ N∪{0}, let f : U : R be an arbitrary (n+1)-times differentiable
function defined on the open subset U ⊂ R, and let a ∈ U be a constant. Fix an
arbitrary point x ∈ U \ {a} and natural number p ∈ N and define the function
F : U → R according to

F (t) = f(x)− f(t)− f ′(t)(x− t)− · · · − f (n)(t)(x− t)n

n!
−Rn(x)

(
x− t

x− a

)p
.

Assume that the chosen point x is close enough to the expansion point a that the
entire interval between x and a lies inside the set U , so that the function F of the
variable t is defined at all points t ∈ [x, a].

We first note that, by construction, the function F is continuous on the closed interval
[a, x] and differentiable on the open interval (a, x). At the interval endpoints, the
function F obeys

F (a) = f(x)− f(a)− f ′(a)(x− a)− · · · − f (n)(a)(x− a)n

n!
−Rn(x)

(
x− a

x− a

)p
= f(x)− f(x)− 0− · · · − 0− 0 = 0,

F (x) = f(x)− f(x)− f ′(x)(x− x)− · · · − f (n)(x)(x− x)n

n!
−Rn(x)

(
x− x

x− a

)p
= f(x)− f(x)− 0− · · · − 0− 0 = 0.

Thus F (a) = F (x) = 0, and so F meets the criteria for Rolle’s theorem. By Rolle’s
theorem there then exists a point ξ in the open interval (a, x) for which F ′(ξ) = 0.

Before computing the derivative F ′, we first use the product rule to make the auxiliary
calculation

d

dt

[
f (k)(t)(x− t)k

k!

]
=
f (k+1)(t)(x− t)k

k!
− f (k)(t)(x− t)k−1

(k − 1)!
. (10.1)
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We then differentiate F with respect to t to get

F ′(t) =
d

dt

[
f(x)−

n∑
k=0

f (k)(t)(x− t)k

k!
−Rn(x)

(
x− t

x− a

)p]
(a)
= 0−

n∑
k=0

f (k+1)(t)(x− t)k

k!
+

n∑
k=1

f (k)(t)(x− t)k−1

(k − 1)!
+
pRn(x)

x− a

(
x− t

x− a

)p−1

(b)
= −

n∑
k=0

f (k+1)(t)(x− t)k

k!
+

n−1∑
l=0

f (l+1)(t)(x− t)l

l!
+
pRn(x)

x− a

(
x− t

x− a

)p−1

= −f
n+1(t)(x− t)n

n!
+
pRn(x)

x− a

(
x− t

x− a

)p−1

,

where (a) follows from Equation 10.1 and (b) from introducing the new summation
index l = k − 1. We then evaluate the above equality at the Rolle’s theorem point
ξ ∈ (a, x) at which F ′(ξ) = 0 to get

F ′(ξ) = 0 =⇒ fn+1(ξ)(x− ξ)n

n!
=
pRn(x)

x− a

(
x− ξ

x− a

)p−1

,

then rearrange and solve for the remainder to get

Rn(x) =
(x− ξ)n−p+1f (n+1)(ξ)

p · n!
(x− a)p.

Different choices of the number p ∈ N lead to different expressions for the remainder,
but in any case the remainder depends on the (n+ 1)-th derivative of the function f .
Resultantly, an upper bound on the magnitude of the function f (n+1) will also place
an upper bound on the magnitude of the remainder Rn(x); finding such an upper
bound is the motivation for Taylor’s formula, which we are close to deriving.

Next, we will parameterize the line between the points x and a in terms of the
parameter θ ∈ (0, 1), and write the number ξ ∈ (a, x) in the form

ξ = a+ θ(x− a), θ ∈ (0, 1).

The parameter θ indicates where the point ξ lies on the line between a and x; note
that θ = 0 corresponds to ξ = a and θ = 1 to ξ = x. It then follows that

x− ξ = x− a− θ(x− a) = (x− a)(1− θ),

in terms of which the expression for the remainder Rn(x) reads

Rn(x) =
(1− θ)n−p+1f (n+1)

(
a+ θ(x− a)

)
p · n!

· (x− a)n+1.

Choosing p = n + 1 in this expression gives the Lagrange form of the remainder,
which reads

Rn(x) =
f (n+1)

(
a+ θ(x− a)

)
(n+ 1)!

· (x− a)n+1
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for some value of the parameter θ ∈ (0, 1). Meanwhile, choosing p = 1 gives the
Cauchy form of the remainder, which reads

Rn(x) =
(1− θ)nf (n+1)

(
a+ θ(x− a)

)
n!

(x− a)n+1,

again for some value of the parameter θ ∈ (0, 1).

We stress that, for a given function f : U → R, order n ∈ N, and expansion point
a ∈ U , the value of θ will differ for different choices of the number p ∈ N; similarly, the
value of θ also depends on the value of x at which the remainder Rn(x) is evaluated.
The above derivation proves by construction the following forms of Taylor’s formula:

Theorem 10.7: Taylor’s formula

Define the integer n ∈ N ∪ {0}, let U ⊂ R be an open interval, let f : U → R be an
arbitrary (n+ 1)-times differentiable function, and let a ∈ U be a constant. In this
case for every x ∈ U \ {a} there exists θ ∈ (0, 1) for which

(i) (Lagrange form of the remainder)

f(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k +

f (n+1)
(
a+ θ(x− a)

)
(n+ 1)!

(x− a)n+1

(ii) (Cauchy form of the remainder)

f(x) =

n∑
k=0

f (k)(a)

k!
(x− a)k +

(1− θ)nf (n+1)
(
a+ θ(x− a)

)
n!

(x− a)n+1.

10.2 Taylor series

In both the Lagrange and Cauchy forms of the Taylor series remainder in Theorem 10.7, the
bound on the approximation’s error decreases rapidly with increasing n, i.e. as more and
more terms are added to the approximating Taylor polynomial. This observation raises the
question of what happens in the limit as n approaches infinity. As we will see in this section,
under certain conditions the resulting Taylor series converges exactly to the function being
approximated, potentially over the function’s entire domain.

As we have seen in Definition 10.6, for a given n ∈ N ∪ {0} and sufficiently differentiable
function f : U → R, the function value f(x) equals the sum of the n-th order Taylor
approximation Tnf(x; a) and the associated remainder Rn(x), i.e.

f(x) = Tnf(x; a) +Rn(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k +Rn(x).

If the function f is not a polynomial, then in general the remainder Rn is nonzero. It is
possible, however, that for a given x ∈ U the remainder value Rn(x) converges to zero as n
approaches infinity. If limn→∞Rn(x) = 0, then

f(x) =
∞∑
k=0

f (k)(a)

k!
(x− a)k.
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The real number on the right hand side is the sum of f ’s Taylor series, which we now define.

Definition 10.8: Taylor series

Let f : U → R be a smooth function defined on the open subset U ⊂ R, and define
the point a ∈ U . The Taylor series of the function f expanded about the point a is
the infinite series ∑[

f (k)(a)

k!
(x− a)k

]∞
k=0

.

Note that a function’s Taylor series expanded about a given point need not converge to a
function’s value at that given point. The series can converge to some other value or not
converge at all—a Taylor series converges to the corresponding function value only when
the remainder Rn vanishes at that point.

We also stress the subtle but important distinction between the Taylor series∑[
f (k)(a)

k!
(x− a)k

]∞
k=0

,

which is an infinite series, and the sum of the series
∞∑
k=0

f (k)(a)

k!
(x− a)k,

which is a real number (assuming the series converges).

Example 10.9: Taylor series of the exponential function

Let us compute the Taylor series of the exponential function about the point a = 0.
From Example 10.5, the exponential function’s Taylor polynomials about a = 0 are

Tnf(x; 0) =
n∑
k=0

xk

k!
= 1 + x+

x2

2
+
x3

3
+ · · ·+ xn

n!
,

and so the corresponding Taylor series is∑(xk
k!

)∞
k=0

.

We now aim to find for which points x ∈ R the exponential Taylor series converges
to the exponential function. First, noting that f (n+1)(x) = ex, the Lagrange form of
the series’s remainder is

Rn =
eθx

(n+ 1)!
xn+1 for some θ ∈ (0, 1).

Because θ ∈ (0, 1), we can bound the expression eθx above by the number ex. We
will now show that the sequence (|x|n/n!)n converges to zero for all x ∈ R. First fix
N ∈ N for which N ≥ |x|. For every natural number n ≥ N it then holds that

|x|n+1

(n+ 1)!
=

|x|n

n!
· |x|
n+ 1

<
|x|n

n!
· |x|
N

(a)
<

|x|n

n!
,
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where (a) holds because N ≥ |x|. The sequence of nonnegative (and thus bounded
below by zero) real numbers (|x|n/n!)n is thus strictly decreasing from the N -th term
forward, and thus converges by Proposition 4.15. More so, we can directly compute
the sequence’s limit with the calculation

lim
n→∞

|x|n

n!

(a)
= lim

n→∞

|x|n+1

(n+ 1)!
= lim

n→∞

|x|n

n!
· lim
n→∞

|x|
n+ 1

= lim
n→∞

|x|n

n!
· 0 = 0,

where (a) holds because offsetting the index n by one does not changes the limit’s
value. The sequence (|x|n/n!)n converges to zero, and so

lim
n→∞

Rn(x) = 0 for all x ∈ R,

which in turn implies that the exponential Taylor series converges to the exponential
for all x ∈ R, i.e.

ex =

∞∑
k=0

xk

k!
= 1 + x+

x2

2!
+
x3

3!
+ · · · .

In particular, setting x = 1 gives the interesting equality.

e =
∞∑
k=0

1

k!
= 1 + 1 +

1

2!
+

1

3!
+ · · · .

Example 10.10: Taylor series of the sine function

Let us compute the Taylor series of the sine function expanded about the point a = 0.
From Example 10.5, the sine function’s Taylor polynomials about a = 0 are

T2n+1f(x; 0) =

n∑
k=0

(−1)kx2k+1

(2k + 1)!

= x− x3

3!
+
x5

5!
− x7

7!
+ · · ·+ (−1)nx2n+1

(2n+ 1)!
,

and the corresponding Taylor series is∑[
(−1)kx2k+1

(2k + 1)!

]∞
k=0

.

We now aim to find the associated remainder. We first note that the derivatives of
the sine function are—up to a sign—either sine or cosine functions, and are thus
bounded by 1 in absolute value. For all n ∈ N ∪ {0} we can thus make the bound

|Rn(x)| =

∣∣∣∣∣f (n+1)(θx)

(n+ 1)!
xn+1

∣∣∣∣∣ ≤ |x|n+1

(n+ 1)!
.

We showed in Example 10.9 that the sequence (|x|n/n!)n converges to zero, and so

lim
n→∞

Rn(x) = 0.
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The sine series thus converges to the sine function for all x ∈ R, i.e.

sinx =

n∑
k=0

(−1)kx2k+1

(2k + 1)!
= x− x3

3!
+
x5

5!
− x7

7!
± · · · .

Example 10.11: Taylor series of the cosine function

From Example 10.5, the Taylor polynomials of the cosine function are

T2nf(x; 0) =
n∑
k=0

(−1)kx2k

(2k)!

= 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·+ (−1)nx2n

(2n)!
.

The corresponding Taylor series is

∑[
(−1)kx2k

(2k)!

]∞
k=0

.

Following an analogous procedure to that used for the remainder of the sine series,
the remainder of the cosine series also converges to zero:

lim
n→∞

Rn(x) = 0.

The cosine series thus converges to the cosine function for every x ∈ R, i.e.

cosx =

n∑
k=0

(−1)kx2k

(2k)!
= 1− x2

2!
+
x4

4!
− x6

6!
± · · · .

Example 10.12: Taylor series of the logarithmic function

Let us compute the Taylor series of the logarithmic function

f : x 7→ ln(x+ 1)

about the point a = 0. Note that the function f has a vertical asymptote at the
point x = −1, so we should not expect that the function’s Taylor series will converge
to the function for all x ∈ R.

We first compute the function’s first few derivatives:

f ′(x) =
1

x+ 1
= (x+ 1)−1

f ′′(x) = −1!(x+ 1)−2

f ′′′(x) = 2!(x+ 1)−3

f ′′′′(x) = −3!(x+ 1)−4.

We can then deduce that for every k ∈ N the function f ’s k-th derivative is

f (k)(x) = (−1)k−1(k − 1)!(x+ 1)−k.
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The function value at the expansion point is f(0) = 0 and for all k ∈ N the function’s
k-th order derivative value at a = 0 is

f (k)(0) = (−1)k−1(k − 1)!.

The function f ’s Taylor series about a = 0 is thus

∑[
(−1)k−1xk

k

]∞
k=1

.

For all n ∈ N ∪ {0}, the Lagrange form of the series’s remainder is

Rn(x) =
f (n+1)(θx)

(n+ 1)!
=

(−1)nn!(1 + θx)−n−1

(n+ 1)!

=
(−1)n

n+ 1

(
x

1 + θx

)n+1

, θ ∈ (0, 1).

If x ∈ [0, 1] then 1 + θx ≥ 1, which leads to the bound

|Rn(x)| =

∣∣∣∣∣(−1)n

n+ 1

(
x

1 + θx

)n+1
∣∣∣∣∣ ≤ xn+1

n+ 1
.

The sequence (xn/n)n converges to 0 for x ∈ [0, 1], and so

lim
n→∞

Rn(x) = 0, x ∈ [0, 1].

When x ∈ (−1, 0), it is more useful to consider the series’s Cauchy remainder, which
for all n ∈ N ∪ {0} reads

Rn(x) =
(1− θ)nf (n+1)(θx)

n!
xn+1

=
(1− θ)n(−1)nn!(1 + θx)−n−1

n!
xn+1

=
(−1)nx

1 + θx
·
[
(1− θ)x

1θx

]n
, θ ∈ (0, 1).

Assuming x ∈ (−1, 0), it follows that 1 + θx > 1− θ and so∣∣∣∣(1− θ)x

1 + θx

∣∣∣∣ < ∣∣∣∣(1− θ)x

1− θ

∣∣∣∣ = |x|,

which in turn leads to the bound

|Rn(x)| =
∣∣∣∣(−1)nx

1 + θx
·
[
(1− θ)x

1 + θx

]n∣∣∣∣ < |x|
1− |x|

· |x|n.

The right-hand side is geometric sequence with initial term a = |x|/(1 − |x|) and
ratio q = |x| ∈ (0, 1), and thus converges to zero by Example 4.20, so

lim
n→∞

Rn(x) = 0, x ∈ (−1, 0).
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We have shown that the logarithmic series converges to the logarithmic function for
all x ∈ (−1, 1] and that

ln(x+ 1) =

∞∑
k=1

(−1)k−1xk

k
= x− x2

2
+
x3

3
− x4

4
± · · · .

When evaluated at x = −1, the logarithmic Taylor series reduces to the negative of
the divergent harmonic series, and thus diverges. Similarly, the logarithmic Taylor
series diverges for |x| > 1, since in this case its terms increase without bound in
absolute value with increasing n.

Remark 10.13: Computing logarithms of larger numbers

With the help of a small trick, one can use the logarithmic Taylor series to compute
the logarithms of numbers larger than 1 in absolute value. We first recall from
Example 10.12 that for arbitrary x ∈ (−1, 1) it holds that

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
± · · · ,

ln(1− x) = −x− x2

2
− x3

3
− x4

4
− · · · ,

and that both series converge. We then subtract the two series to get

ln(1 + x)− ln(1− x) = ln

(
1 + x

1− x

)
= 2x+

2x3

3
+

2x5

5
+

2x7

7
+ · · ·

= 2x

(
1 +

x2

3
+
x4

5
+
x6

7
+ · · ·

)
.

The result, i.e.

ln

(
1 + x

1− x

)
= 2x

(
1 +

x2

3
+
x4

5
+
x6

7
+ · · ·

)
,

makes it possible to compute the logarithm of an arbitrary positive number, since
the function x 7→ (1 + x)/(1− x) takes on every value in R+ for x ∈ (−1, 1).

Example 10.14: The binomial series

We will derive the binomial series from the Taylor series of the power function.

Let α ∈ R be an arbitrary real number and let f be the scalar function f : x 7→ (1+x)α.
We will expand the power function f into a Taylor series about the point a = 0. We
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first compute the derivatives of the function f , which are

f ′(x) = α(1 + x)α−1

f ′′(x) = α(α− 1)(1 + x)α−2

...
f (k)(x) = α(α− 1) · · · (α− k + 1)(1 + x)α−k, k ∈ N.

For all k ∈ N, the derivative values at zero are

f (k)(0) = α(α− 1) · · · (α− k + 1).

For shorthand, we now introduce the generalized binomial symbol(
α

k

)
=
α(α− 1) · · · (α− k + 1)

k!
, α ∈ R, k ∈ N ∪ {0},

in terms of which the Taylor series of the power function f expanded about the point
a = 0, also called the binomial series, reads∑[

α(α− 1) · · · (α− k + 1)

k!
xk
]∞
k=0

=
∑[(

α

k

)
xk
]∞
k=0

.

We will divide the analysis of its convergence into two separate cases:

(i) If α ∈ N ∪ {0}, i.e. if α is a nonnegative integer, then f is a polynomial, and
we will write α = m to make clear that the power is an integer. In this case
the generalized binomial symbols reduces to the familiar binomial symbol(

m

k

)
=
m(m− 1) · (m− k + 1)

k!

=
m!

k!(m− k)!
, k = 0, 1, . . . ,m.

Meanwhile, for k > m we define
(
m
k

)
= 0. In this case the binomial series has

only a finite number of nonzero terms and thus converges for all x ∈ R. For all
x ∈ R we can then write the power function x 7→ (1 + x)m in the familiar form

(1 + x)m =

m∑
k=0

(
m

k

)
xk.

(ii) Now assume α ∈ R is an arbitrary real number. We aim to find a bound for
the remainder of the binomial series. If x ∈ [0, 1), it is convenient to use the
Lagrange form of the remainder, which for all n ∈ N ∪ {0} and some θ ∈ (0, 1)
reads

Rn(x) =
f (n+1)(θx)

(n+ 1)!
xn+1

=

(
α

n+ 1

)
(1 + θx)α−(n+1)xn+1

= (1 + θx)α · α(α− 1) · · · (α− n)

1 · 2 · · · (n+ 1)

(
x

1 + θx

)n+1

.
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We can bound the expression (1 + θx)α above by the constant max{1, 2α}.
Because x ∈ [0, 1) and θ ∈ (0, 1), it follows that x/(1 + θx) ≤ x, which leads to
the bound

|Rn(x)| ≤ max{1, 2α} ·
∣∣∣α
1

∣∣∣ · ∣∣∣∣α− 1

2

∣∣∣∣ · · · ∣∣∣∣α− n

n+ 1

∣∣∣∣xn+1

= max{1, 2α} ·
∣∣∣α
1
x
∣∣∣ · ∣∣∣∣α− 1

2
x

∣∣∣∣ · · · ∣∣∣∣α− n

n+ 1
x

∣∣∣∣
We then note that

lim
n→∞

∣∣∣∣α− n

n+ 1
x

∣∣∣∣ = lim
n→∞

∣∣∣∣(α/n)− 1

1 + (1/n)
x

∣∣∣∣ = |x| < 1,

which means that for large enough n we can bound the sequence (|Rn(x)|)n
above by the convergent geometric sequence, which means that the remainder
must also converge, i.e.

lim
n→∞

Rn(x) = 0, x ∈ [0, 1).

For x ∈ (−1, 0), we will use the Cauchy form of the binomial series’s remainder,
which for all n ∈ N ∪ {0} and some θ ∈ (0, 1) reads

Rn(x) = (1− θ)n
α(α− 1) · · · (α− n)

n!
· (1 + θx)α−(n+1)xn+1

= (1 + θx)α−1x

(
α · α− 1

1
· α− 2

2
· · · α− n

n

)
·
[
(1− θ)x

1 + θx

]n
.

Similarly to the process used in the analysis of the logarithmic series, because
x ∈ (−1, 0) we can make the bound∣∣∣∣(1− θ)x

1 + θx

∣∣∣∣ < ∣∣∣∣(1− θ)x

1− θ

∣∣∣∣ = |x|.

More so, we can bound the expression
∣∣(1 + θx)α−1x

∣∣ above by the constant
value max{1, 2α−1}, which leads to the bound

|Rn(x)| ≤ max{1, 2α−1} · |α| ·
∣∣∣∣α− 1

1
x

∣∣∣∣ · ∣∣∣∣α− 2

2
x

∣∣∣∣ · · · ∣∣∣∣α− n

n
x

∣∣∣∣..
We then note that

lim
n→∞

∣∣∣∣α− n

n
x

∣∣∣∣ = |x| < 1,

which means that for large enough n we can again bound the sequence
(|Rn(x)|)n above by the convergent geometric sequence, which means that
the remainder must also converge for x ∈ (−1, 0), i.e.

lim
n→∞

Rn(x) = 0, x ∈ (−1, 0).

We have shown that the binomial series converges to the power function
f : x 7→ (1 + x)α for all x ∈ (−1, 1), i.e.

(1 + x)α =
∞∑
k=0

(
α

k

)
xk, x ∈ (−1, 1).
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10.3 Power series

In this section we will generalize Taylor series to power series, which allow for complex-valued
variables.

10.3.1 Convergence of power series

Definition 10.15: Power series and their convergence

A power series expanded about the point a ∈ C is a series of the form∑[
an(z − a)n

]∞
n=0

,

where a0, a1, . . . ∈ C are complex constants and z ∈ C is a complex-valued variable.

Setting the value of the complex variable z to an arbitrary complex number produces
a series of complex numbers of the form studied in Chapter 5. If the resulting series
is absolutely or conditionally convergent, we say that the power series converges
absolutely or converges conditionally, respectively, at the point z. Otherwise, the
power series is said to diverge at z.

The region of convergence of a power series is the set of all complex numbers at which
the power series converges. Generally the region of convergence of a power series is a
circular region centered at the point a ∈ C about which the series is expanded.

Remark 10.16: Translation of power series

Most often, we will analyze power series expanded about the point a = 0, i.e. power
series of the form ∑(

anz
n
)∞
n=0

.

Note, however, that we can derive an arbitrary power series∑[
an(z − a)n

]∞
n=0

from the zero-centered series
∑(

anz
n
)∞
n=0

from a simple translation by a in the
complex plane. As a consequence of this observation, all results that we will prove for
complex series expanded about a = 0 can be straightforwardly transfered to power
series expanded about an arbitrary point a ∈ C.

Proposition 10.17: Convergence of power series

If a power series
∑(

anz
n
)∞
n=0

converges at the point z0 ∈ C, then the series also
converges at every point z ∈ C for which |z| < |z0|.

Proof. We will assume that z0 ̸= 0, because in this case the condition |z| < |z0|
is meaningless. The power series

∑(
anz

n
0

)∞
n=0

converges, so by Corollary 5.6 its
individual terms converge to zero, which in turns means that the sequence (anz

n
0 )n

is bounded. There thus exists a real number M > 0 for which

|anzn0 | ≤M for all n ∈ N ∪ {0}.

Now let z ∈ C be any complex number for which |z| < |z0|. We then define the
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nonnegative real number

q =

∣∣∣∣ zz0
∣∣∣∣ < 1 ⇐= |z| < |z0|,

and note that the series
∑(

Mqn
)∞
n=0

is a convergent geometric series because q < 1.
We then conclude the proof with the bound

|anzn| =
∣∣∣∣anzn0 ( z

z0

)n∣∣∣∣ = |anzn0 |an ≤Mqn,

which means the convergent series
∑(

Mqn
)∞
n=0

majorizes the series
∑(

anz
n
)∞
n=0

,
which thus converges absolutely by the comparison test in Proposition 5.13.

Proposition 10.17 implies that if a power series
∑(

anz
n
)∞
n=0

converges at some point
z0 ∈ C, then it converges absolutely at all points in the interior of the disk of radius |z0|
centered at the origin at the complex plane. This observation raises the question of what is
the largest-radius disk for which a given power series converges, which leads to the concept
of a series’s radius of convergence.

Definition 10.18: Radius of convergence

Let
∑(

anz
n
)∞
n=0

be an arbitrary power series and define the set

B =
{
|z| ; z ∈ C and

∑(
anz

n
)∞
n=0

converges at z
}
⊂ R.

The radius of convergence of the series
∑(

anz
n
)∞
n=0

, denoted by R, is then defined as

R =

{
supB, B is bounded above
∞, B is not bounded above.

Note that B is always nonempty, since it always contains at least the number 0. If R = 0,
the power series

∑(
anz

n
)∞
n=0

converges only at the point z = 0. If R = ∞, the radius of
convergence is obviously not a real number. Rather, we take R = ∞ to mean the radius of
convergence is larger than every real number, in which case the series converges absolutely
in the entire complex plane.

The radius of convergence is characterized by the following properties, which follow directly
from its definition in Definition 10.18.

Corollary 10.19: Characterizing the radius of convergence

The radius of convergence of the power series
∑(

anz
n
)∞
n=0

is the real number
R ∈ [0,∞) ∪ {∞} for which:

(i) The series
∑(

anz
n
)∞
n=0

converges absolutely for all z ∈ C for which |z| < R.

(ii) The series
∑(

anz
n
)∞
n=0

diverges for all z ∈ C for which |z| > R.

It follows that a power series with radius of convergence R converges absolutely inside the
complex disk with radius R, diverges outside the complex disk of radius R, and may either
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converge or diverge on the disk’s border.

Although we have stated Proposition 10.17 and Corollary 10.19 in terms of a series expanded
about the point a = 0 ∈ C, we can straightforwardly generalize these statements to power
series expanded about an arbitrary point a ∈ C using a simple translation by a in the
complex plane. Namely, the radii of convergence of the power series∑[

an(z − a)n
]∞
n=0

and
∑(

anz
n
)∞
n=0

are identical and equal to, say, R. The series
∑[

anz
n
]∞
n=0

converges absolutely for all z
inside the complex disk K(0, R), while the translated series

∑[
an(z − a)n

]∞
n=0

converges
absolutely for all z inside the complex disk K(a,R).

Definition 10.20: Limit inferior and limit superior

Let (rn) be an arbitrary sequence of real numbers and let E be the set of all cluster
points of the sequence (rn). In this case the limit superior of the sequence (rn),
denoted by lim sup

n→∞
(rn), is defined as

lim sup
n→∞

(rn) =


∞, (rn) unbounded above
supE, (rn) bounded above and E ̸= ∅
−∞, (rn) unbounded above.

The number lim supn→∞(rn) can be loosely interpreted as the sequence’s largest
cluster point. The limit superior of a convergent real sequence is by definition equal
to the sequence’s limit.

We may also define the limit inferior of an arbitrary real sequence (rn) as

lim inf
n→∞

(rn) = − lim sup
n→∞

(−rn).

Loosely, a real sequence’s limit inferior is the sequence’s smallest cluster point.

Remark 10.21: Some abuse of notation

We will use the following very convenient abuses of notation when working with
inferior and superior limits:

• −(∞) = −∞,

• −(−∞) = ∞,

• x/∞ = 0 for all x ∈ R+, and

• x/0 = ∞ for all x ∈ R+.

These are all abuses of notation because they treat ∞ and −∞ as a a real number,
when really ∞ and −∞ are a shorthand notation used to indicate that a sequence
or series diverges without bound, as mentioned in Remarks 4.22 and 5.3

Using the limit superior, we can now generalize many of series convergence tests from
Chapter 5 to power series.
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Proposition 10.22: Radius of convergence using the root test

The radius of convergence R of an arbitrary power series
∑(

anz
n
)∞
n=0

is equal to

R =
1

lim supn→∞
n
√

|an|
.

Proof. We first define the quantity

ρ =
1

lim supn→∞
n
√
|an|

,

then make the calculation

lim sup
n→∞

n
√
|anzn| = lim sup

n→∞

(
|z| n
√
|an|

)
= |z| lim sup

n→∞
n
√
|an| =

|z|
ρ
.

If |z| < ρ, the largest cluster point of the sequence
(
n
√

|anzn|
)
n

is strictly less than
1, meaning there exists a natural number N ∈ N and real number q ∈ R for which

n
√
|anzn| ≤ q < 1 for all n ≥ N.

We can then apply the root test for series convergence (Proposition 5.17) to conclude
that the series

∑
(anz

n)∞n=0 converges absolutely for all |z| < ρ.

If |z| > ρ, then either the largest cluster point of the sequence
(
n
√
|anzn|

)
n

is strictly
greater than 1 or the sequence

(
n
√
|anzn|

)
n

is unbounded below. In either case there
exists a natural number M ∈ N for which n

√
|anzn| ≥ 1 for all n ≥ M , and so the

series
∑

(anz
n)∞n=0 diverges by the root test.

We have shown that the series
∑(

anz
n
)∞
n=0

converges for |z| < ρ and diverges for
|z| > ρ, and so ρ is the series’s radius of convergence.

Proposition 10.23: Radius of convergence using the ratio test

The radius of convergence R of an arbitrary power series
∑(

anz
n
)∞
n=0

is equal to

R =
1

lim supn→∞

∣∣∣an+1

an

∣∣∣ .
Proof. The proof is essentially analogous to the proof of Proposition 10.22, with the
ratio test replacing the root test. For the sake of completeness, we first define

ρ =
1

lim supn→∞

∣∣∣an+1

an

∣∣∣ ,
and then make the calculation

lim sup
n→∞

∣∣∣∣an+1

an
z

∣∣∣∣ = lim sup
n→∞

|z|
∣∣∣∣an+1

an

∣∣∣∣ = |z| lim sup
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = |z|
ρ
.
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If |z| < ρ, the largest cluster point of the sequence
(∣∣∣an+1

an
z
∣∣∣)
n

is strictly less than 1,
meaning there exists a natural number N ∈ N and real number q ∈ R for which∣∣∣∣an+1

an
z

∣∣∣∣ ≤ q < 1 for all n ≥ N.

We can then apply the ratio test for series convergence (Proposition 5.18) to conclude
that the series

∑
(anz

n)∞n=0 converges absolutely for all |z| < ρ.

If |z| > ρ, then either the largest cluster point of the sequence (|(an+1z)/(an)|)n is
strictly greater than 1 or the sequence (|(an+1z)/(an)|)n is unbounded below. In
either case there exists a natural number M ∈ N for which (|(an+1z)/(an)|) ≥ 1 for
all n ≥M , and so the series

∑
(anz

n)∞n=0 diverges by the ratio test.

Under certain conditions it is possible multiply power series in a well-defined manner. Series
multiplication is, loosely, a generalization of polynomial multiplication; we give a more
precise formulation below.

Definition 10.24: Multiplication of series and the Cauchy product

Let
∑(

anz
n
)∞
n=0

and
∑(

bnz
n
)∞
n=0

be two power series. The product of these two
series is the series∑(

cnz
n
)∞
n=0

=
[∑(

anz
n
)∞
n=0

]
·
[∑(

bnz
n
)∞
n=0

]
,

whose coefficients are given by

cn = a0bn + a1bn−1 + · · ·+ anb0 =

n∑
k=0

akbn−k.

More generally, let
∑(

un
)∞
n=0

and
∑(

vn
)∞
n=0

be two series of complex numbers.
The Cauchy product of these two series is the series∑(

wn
)∞
n=0

=
[∑(

un
)∞
n=0

]
·
[∑(

vn
)∞
n=0

]
,

whose terms are given by

wn =
n∑
k=0

ukvn−k.

Note that, by construction, the Cauchy product of two series is commutative. In general, a
Cauchy product of two series does not converge; the following proposition gives a condition
when a Cauchy product does converge.

Proposition 10.25: Convergence of the Cauchy product

Let
∑(

un
)∞
n=0

and
∑(

vn
)∞
n=0

be two convergent series of complex numbers. If at
least one of the series is also absolutely convergent, then the Cauchy product of the
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series converges, and its sum is equal to

∞∑
n=0

(
n∑
k=0

ukvn−k

)
=

( ∞∑
k=0

un

)
·

( ∞∑
k=0

vn

)
.

Proof. Assume the series
∑(

un
)∞
n=0

is absolutely convergent. For conciseness, we
first define the shorthand sums

U =

∞∑
n=0

un, V =

∞∑
n=0

vn,

and also the following shorthand partial sums for all n ∈ N:

wn =

n∑
k=0

ukvn−k

Un = u0 + u1 + · · ·+ un,

Vn = v0 + v1 + · · ·+ vn,

Wn = w0 + w1 + · · ·+ wn.

To complete the proof’s preparation, we note that for all n,m ∈ N it holds that

Wn = u0Vn + u1Vn−1 + · · ·+ unV0

Wn+m = u0Vn+m + · · ·umVn + um+1Vn−1 + · · ·+ um+nV0.

We aim to show that the sequence of partial sums (Wn) converges to the number UV .
To do so, first choose arbitrary ϵ ∈ R+. Because the series

∑(
vn
)∞
n=0

converges, it
sequence of partials sums converges and is thus bounded, so there exists a sufficiently
large real number B ∈ R+ for which

|Vk| ≤ B for all k ∈ N ∪ {0}.

More so, there exists a sufficiently large natural number n ∈ N for which

|Vn+p − V | < ϵ for all p ∈ N ∪ {0};

for each such p let ηp = Vn+p − V . For each m ∈ N we can then write

u0Vn+m + · · ·+ umVn = (u0 + · · ·+ um)V + u0ηm + · · ·+ umη0.

Because each ηp is less than ϵ in absolute value, we can make the bound

|u0ηm + · · ·+ umη0| <
(
|u0|+ |u1|+ · · ·+ |um|

)
ϵ ≤ Aϵ,

where A is the sum of the convergent series

A = |u0|+ |u1|+ |u2|+ · · · =
∞∑
k=0

|uk| ≥ 0.

Continuing, there exists a sufficiently large natural number m0 such that

|um+1|+ · · ·+ |um+l| < ϵ for all m ≥ m0 and l ∈ N.
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We can then complete the proof with the calculation

|Wn+m − UV | = |u0Vn+m + · · ·umVn
um+1Vn−1 + · · ·+ um+nV0 − UV |

= |(u0 + · · ·+ um)V + u0ηm + · · ·+ umη0

um+1Vn−1 + · · ·+ um+nV0 − UV |
= |(Um − U)V + u0ηm + · · ·+ umη0

+ um+1Vn−1 + · · ·+ um+nV0|
(a)

≤ |(Um − U)V |+ |u0ηm + · · ·+ umη0|
+ |um+1Vn−1|+ · · ·+ |um+nV0|

≤ ϵ|V |+Aϵ+
(
|um+1|+ · · ·+ |um+n|

)
B

≤
(
|V |+A+B

)
ϵ,

where (a) follows from the triangle inequality. Since ϵ ∈ R+ was arbitrary and the
quantity |V |+A+B is just a constant, the end result, i.e.

|Wn+m − UV | ≤
(
|V |+A+B

)
ϵ

means that, for large enough m, the partial sum Wn+m grows arbitrarily close to
the number UV , which completes the proof.

Corollary 10.26: Cauchy product of power series

Let
∑(

anz
n
)∞
n=0

and
∑(

bnz
n
)∞
n=0

be two power series that both converge at the
point z ∈ C. If at least one of these series also converges absolutely at z, then the
product of the series converges at z, and the sum of the product is equal to

∞∑
n=0

(
n∑
k=0

akbn−k

)
zn =

( ∞∑
n=0

anz
n

)
·

( ∞∑
n=0

bnz
n

)
.

As a result, the radius of convergence of the product must be greater than or equal
to the radius of convergence of both of the multiplied series.

10.3.2 The complex exponential function

In this section we will use power series to expand the exponential function to the complex
numbers; in this sense, this section can be seen as a continuation of Section 6.5, in which
we defined the real-valued exponential function.

If fact, power series make it possible to generalize the definition of many elementary
functions to the complex numbers—we will see some in this section.
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Definition 10.27: The complex exponential function

The complex exponential function exp: C → C is defined as

exp(z) = ez =
∞∑
n=0

zn

n!
, z ∈ C.

This expression is well-defined because, as shown in Example 10.9, the exponential
series converges absolutely on the entire complex plane.

Definition 10.28: Te complex sine and cosine functions

The complex sine and cosine functions sin : C → C and cos : C → C are defined as

sin z =
∞∑
k=0

(−1)kz2k+1

(2k + 1)!
, z ∈ C

cos z =
∞∑
k=0

(−1)kz2k

(2k)!
, z ∈ C.

Like the complex exponential function, the complex sine and cosine function are
defined on the entire complex plane.

We now prove the famous Euler formula, which uses power series to relate the complex
exponential function to the sine and cosine functions.

Proposition 10.29: Euler’s formula

For any x ∈ R the complex exponential, sine, and cosine functions obey the equality

eix = cosx+ i sinx.

This relationship is usually called Euler’s formula.

Proof. Euler’s formula follows directly from the calculation

cosx+ i sinx
(a)
=

∞∑
k=0

(−1)kx2k

(2k)!
+ i

∞∑
k=0

(−1)kx2k+1

(2k + 1)!

(b)
=

∞∑
k=0

(ix)2k

(2k)!
+

∞∑
k=0

(ix)2k+1

(2k + 1)!

=

∞∑
n=0

(ix)n

n!

(c)
= eix,

where (a) follows from the power series for the complex sine and cosine functions,
(b) from the identities (−1)k = (i2)k = i2k and i · (−1)k = i · (i2)k = i2k+1, and (c)
from the power series definition of the complex exponential function.
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Proposition 10.30: Product of two complex exponents

For any z, w ∈ C, the complex exponential function obeys the identity

ez+w = ez · ew.

Proof. The exponential series is absolutely convergent, so we may take the Cauchy
product of two exponential series to get

ez · ew =

( ∞∑
n=0

zn

n!

)
·

( ∞∑
n=0

wn

n!

)
=

∞∑
n=0

(
n∑
k=0

zk

k!
· wn−k

(n− k)!

)
. (10.2)

Meanwhile, the quantity ez+w can be written in the form

ez+w =
∞∑
n=0

(z + w)n

n!
=

∞∑
n=0

1

n!

[
n∑
k=0

(
n

k

)
zkwn−k

]

=
∞∑
n=0

[
n∑
k=0

1

n!
· n!

k!(n− k)!
zkwn−k

]

=

∞∑
n=0

(
n∑
k=0

zk

k!
· wn−k

(n− k)!

)
.

(10.3)

The right-hand sides of Equations 10.2 and 10.3 are equal, and so ez+w = ez · ew.

Remark 10.31: Geometric interpretation of the complex exponent

Let z ∈ C be an arbitrary complex number, which we will write in the form z = x+iy
for two real numbers x, y ∈ R. The complex exponent ez may then be written

ez = ex+iy (a)
= ex · eiy (b)

= ex(cos y + i sin y),

where (a) uses Euler’s formula and (b) uses Proposition 10.30. This expression offers
a geometric interpretation of the complex exponential function as a real exponential
function x 7→ ex modulated by the complex sinusoidal function y 7→ cos y + i sin y;
note that when y = 0, i.e. when z is purely real, the above expression reduces to the
familiar ez = ex.

10.3.3 Uniform convergence

We have seen that a power series can converge (or absolutely converge) at certain points and
diverge at others. But so far when studying convergence, we have only analyzed convergence
at a given point. Uniform convergence considers the convergence of a sequence or series at
multiple points simultaneously. In particular, uniform convergence can be defined not only
for power series, but more generally for sequences and series of arbitrary scalar functions.

We begin this chapter with a few definitions.
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Definition 10.32: Sequences and series of scalar functions

A sequence of scalar functions is a mapping n 7→ fn that associates every natural
number n ∈ N with a corresponding scalar function fn : R → R. Usually we consider
only the case when all of the functions fn are defined on the same subset U ⊂ R.
We will variously denote sequences of functions by

(f1, f2, f3, . . .) = (fn)
∞
n=1 = (fn)n∈N = (fn)n = (fn : U → R)n = (fn)

With any sequence of functions (fn)n we can associate (1) a series of functions∑
(fn)

∞
n=1

and (2) the corresponding sequence of the series’s partial sums, given by(
n∑
k=1

fk

)
n

.

Definition 10.33: Convergence of function sequences

Let (fn : U → R) be a sequence of scalar functions defined on the subset U ⊂ R.

(i) The sequence (fn) converges at the point x ∈ U if the sequence of scalar function
values

(
fn(x)

)
n

converges—this sequence of function values is a regular sequence
of real numbers of the form studied in Chapter 4.

(ii) The sequence (fn) converges pointwise to the function f : U → R if the sequence
(fn) converges at all points x ∈ U and obeys.

f(x) = lim
n→∞

fn(x) for all x ∈ U.

In this case we say that f is the limit of the sequence (fn) and write

f = lim
n→∞

fn.

(iii) The sequence (fn) converges uniformly on the set U to the function f : U → R
if for all ϵ ∈ R+ there exists a sufficiently large N ∈ N such that

|fn(x)− f(x)| < ϵ for all n ≥ N and all x ∈ U.

Intuitively, uniform convergence means that a sequence of functions converges
“equally quickly” across all points in the function domains.

Definition 10.34: Convergence of function series

Let (fn : U → R)n be a sequence of scalar functions defined on the subset U ⊂ R,
and let

∑
(fn)

∞
n=1 be the corresponding series of functions. In this case

(i) The series
∑

(fn)
∞
n=1 converges at the point x ∈ U if the series of function

values
∑(

fn(x)
)∞
n=1

converges—this series of function values is a regular series
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of real numbers of the form studied in Chapter 5.

Analogously, the series
∑

(fn)
∞
n=1 converges absolutely at the point x ∈ U if

the series of function values
∑(

fn(x)
)∞
n=1

converges absolutely in the sense of
Definition 5.8.

(ii) The series
∑

(fn)
∞
n=1 converges pointwise to the function s : U → R if the

sequence of partial sums
(∑n

k=1 fk
)
n

converges pointwise to s. In this case we
say that the function s is the sum of the series

∑
(fn)

∞
n=1 and write

s =
∞∑
n=1

fn.

Equivalently, the series
∑

(fn)
∞
n=1 converges pointwise to the function s : U → R

if

s(x) =
∞∑
n=1

fn(x) for all x ∈ U.

(iii) The series
∑

(fn)
∞
n=1 converges uniformly on the set U to the function s : U → R

if the sequence of partial sums (
∑n

k=1 fk)n converges uniformly on the set U
to the function s.

By definition, every uniformly convergent sequence also converges pointwise. The converse,
i.e. that every pointwise convergent sequence converges uniformly, is not in general true, as
shown in the following example.

Example 10.35: Pointwise convergence does not imply uniform conver-
gence

As an example of a sequence of functions that converges pointwise but not uniformly,
consider the sequence given by

fn : [0, 1] → R, fn(x) = xn.

This sequence converges pointwise on the interval [0, 1] to the function f : [0, 1] → R
given by

f(x) =

{
0 x ∈ [0, 1),

1 x = 1.

However, the sequence does not converge uniformly on [0, 1], since for ϵ ∈ (0, 1) there
does not exist any natural number N for which |fn − f(x)| < ϵ for all n ≥ N and
all x ∈ [0, 1]. For example, every element of the sequence (fn) differs from the limit
function f by more than ϵ/10 at all points sufficiently close to the interval endpoint 1.

Proposition 10.36: Cauchy criterion for uniform convergence

A sequence of functions (fn : U → R)n defined on the subset U ⊂ R converges
uniformly on U if, and only if, for all ϵ ∈ R+ there exists sufficiently large N ∈ N
such that

|fn(x)− fm(x)| < ϵ for all m,n ≥ N and all x ∈ U.
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Proof. (⇒) Assume the sequence (fn) converges uniformly on U to the function
f : U → R, and choose arbitrary ϵ ∈ R+. Because the sequence (fn) converges
uniformly, there exists sufficiently large N ∈ N such that

|f(x)− fn(x)| <
ϵ

2
for all n ≥ N and all x ∈ U.

For any m,n ≥ N we may then complete this part of the proof with the calculation

|fn(x)− fm(x)| = |fn(x)− f(x) + f(x)− fm(x)|
(a)

≤ |fn(x)− f(x)|+ |f(x)− fm(x)|

<
ϵ

2
+
ϵ

2
= ϵ,

where (a) uses the triangle inequality

(⇐) Under the proposition’s assumptions, the sequence of numbers
(
fn(x)

)
n

is a
Cauchy sequence for all x ∈ U . Being a Cauchy sequence, the sequence

(
fn(x)

)
n

is convergent for x ∈ U and so the sequence of functions (fn) converges pointwise
to some function f : U → R. Now choose arbitrary ϵ ∈ R+. By the proposition’s
assumptions there exists N ∈ N such that

|fn(x)− fm(x)| <
ϵ

2
for all m,n ≥ N and all x ∈ U.

For all x ∈ U and all n ≥ N it then holds that

|fn(x)− f(x)| (a)= lim
m→∞

|fn(x)− fm(x)| ≤
ϵ

2
< ϵ,

where (a) holds because the sequence (fm) converges pointwise to f .

Proposition 10.37: Weierstrass M-test for uniform convergence

Let
∑

(fn : U → R)∞n=1 be a series of functions defined on the subset U ⊂ R and let∑
(Mn)

∞
n=1 be a convergent series of nonnegative numbers for which

|fn(x)| ≤Mn for all n ∈ N and all x ∈ U.

In this case the series
∑

(fn)
∞
n=1 converges uniformly on the set U and converges

absolutely at every point in U .

Proof. Let (sn) denote the sequence of partial sums of the series
∑

(fn)
∞
n=1, and

choose arbitrary ϵ ∈ R+. The series
∑

(Mn)
∞
n=1 converges, so by the Cauchy criterion

for the convergence of number series (Proposition 5.5) there exists N ∈ N for which
∞∑
k=n

Mk < ϵ for all n,m ∈ N for which m ≥ n ≥ N.

For all m,n ∈ N for which m > n ≥ N and all x ∈ U we then compute

|sm(x)− sn(x)| =

∣∣∣∣∣
m∑

k=n+1

fk(x)

∣∣∣∣∣ (a)≤
m∑

k=n+1

|fk(x)| ≤
m∑

k=n+1

Mk

(b)

≤
m∑
k=n

Mk < ϵ,
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where (a) holds by the triangle inequality and (b) under the M-test’s assumption
that Mk is nonnegative for all k ∈ N.

Proposition 10.38: A uniformly convergent sequence of continuous func-
tions converges to a continuous function

If (fn : U → R)n is a sequence of continuous functions that converges uniformly on
the subset U ⊂ R to the function f : U → R, then the function f is also continuous.

Proof. We will show that the function f is continuous at every point in U . Let x ∈ U
be an arbitrary point in U and choose arbitrary ϵ ∈ R+. The sequence (fn) converges
uniformly to f , so there exists n ∈ N for which

|f(y)− fn(y)| <
ϵ

3
for all y ∈ U.

And because the function fn is continuous at x, there exists δ ∈ R+ for which

|fn(x)− fn(y)| <
ϵ

3
for all y ∈ U for which |x− y| < δ.

For all y ∈ (x− δ, x+ δ) ∩ U we then make the calculation

|f(y)− f(x)| = |f(y)− fn(y) + fn(y)− fn(x) + fn(x)− f(x)|
(a)

≤ |f(y)− fn(y)|+ |fn(y)− fn(x)|+ |fn(x)− f(x)|

<
ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ,

where (a) holds by the triangle inequality. The inequality |f(y)− f(x)| < ϵ for all
y ∈ (x − δ, x + δ) ∩ U means that the function f is continuous at x; because the
point x ∈ U was arbitrary, f is continuous on U .

Corollary 10.39: A uniformly convergent series of continuous functions
converges to a continuous function

If
∑

(fn : U → R)∞n=1 is a series of continuous functions that converges uniformly on
the subset U ⊂ R, then the function’s sum

∑∞
n=1 fn : U → R is also a continuous

function.

Proof. The corollary follows directly from applying Proposition 10.38 to the sequence
of partial sums

(∑n
k=1 fk

)
n
.

Proposition 10.40: A uniformly convergent sequence of integrable func-
tions converges to an integrable function

Let a, b ∈ R be two real numbers for which a ≤ b and let (fn : [a, b] → R)n be a
sequence of integrable functions that converges uniformly to the function f : [a, b] → R
on the nonempty, closed, bounded interval [a, b]. In this case the function f is also
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integrable and obeys ˆ b

a
f(x) dx = lim

n→∞

ˆ b

a
fn(x) dx.

Proof. Each of the functions fn is integrable and thus bounded, and so its uniformly
convergent limit f is also bounded. For arbitrary n ∈ N define the number ϵn as

ϵn = sup
{
|fn(x)− f(x)| ; x ∈ [a, b]

}
.

Since the functions fn converge uniformly and thus also pointwise, for all x ∈ [a, b]
it holds that

fn(x)− ϵn ≤ f(x) ≤ fn(x) + ϵn, (10.4)

which in turn leads to the calculation
ˆ b

a
fn(x) dx− ϵn(b− a) =

ˆ b

a

[
fn(x)− ϵn

]
dx

(a)

≤ s(f)

≤ S(f)
(b)

≤
ˆ b

a

[
fn(x) + ϵn

]
dx

=

ˆ b

a
fn(x) dx+ ϵn(b− a),

(10.5)

where (a) and (b) both follow from Equation 10.4 and the definition of f ’s upper
and lower Darboux integrals s(f) and S(f). Equation 10.5 in turn implies the bound

0 ≤ S(f)− s(f) ≤ 2ϵn(a− b). (10.6)

We then note that limn→∞ ϵn = 0 because the sequence (fn) converges uniformly to
the function f , then apply the limit limn→∞ ϵn = 0 to Equation 10.6 to get

0 ≤ S(f)− s(f) ≤ 0 =⇒ s(f) = S(f).

The result s(f) = S(f) means that the function f is integrable. More so, Equation 10.5
implies the bound ∣∣∣∣ˆ b

a
fn(x) dx−

ˆ b

a
f(x) dx

∣∣∣∣ ≤ ϵn(b− a),

which in the limit n→ ∞ means that
ˆ b

a
f(x) dx = lim

n→∞

ˆ b

a
fn(x) dx.

Remark 10.41: On switching the order of limit and integral evaluation

Proposition 10.40 means that the uniformly convergent limit of a sequence of inte-
grable functions is again an integrable function. More so, for functions satisfying
the conditions of Proposition 10.40, it is possible to switch the order of limit and
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integral evaluation, i.e.
ˆ b

a

[
lim
n→∞

fn(x)
]
dx = lim

n→∞

ˆ b

a
fn(x) dx. (10.7)

We can verify the interchange of integration and limit evaluation in Equation 10.7 is
valid directly from the calculation

ˆ b

a

[
lim
n→∞

fn(x)
]
dx

(a)
=

ˆ b

a
f(x) dx

(b)
= lim

n→∞

ˆ b

a
fn(x) dx,

where (a) follows from the uniform convergence of (fn) to f and (b) from Proposi-
tion 10.40.

Corollary 10.42: A uniformly convergent series of integrable functions
converges to an integrable function

Let a, b ∈ R be two real numbers for which a ≤ b and let
∑(

fn : [a, b] → R
)∞
n=1

be
a series of integrable functions that converges uniformly on the nonempty, closed,
bounded interval [a, b]. In this case the series’s sum

∑∞
n=1 fn : [a, b] → R is also

integrable and obeys

ˆ b

a

[ ∞∑
n=1

fn(x)

]
dx =

∞∑
n=1

ˆ b

a
fn(x) dx.

Proof. The corollary follows directly from applying Proposition 10.40 to the sequence
of partial sums

(∑n
k=1 fk

)
n
.

Example 10.43: Uniform convergence to the absolute value function

Let (fn : R → R)n be the sequence of functions given by

fn : x 7→
√
x2 + 1/n for all n ∈ N and all x ∈ R.

This sequence of functions converges uniformly to the absolute value function

f : x 7→ |x|.

As motivation for the next proposition, we note that although the functions fn are
differentiable for all n ∈ N and converge uniformly to f , the function f itself is
not differentiable at the point 0. It turns out that the sequence of derivatives (f ′n)
converges pointwise, but not uniformly, to the sign function sgn: R → R; this is to
be intuitively expected, since the limit function sgn is not continuous.

The following proposition gives a condition under which the order of differentiation and
limit evaluation can be switched for sequences of functions.
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Proposition 10.44: Differentiation of uniformly convergent sequences

Let a, b ∈ R be two real numbers for which a < b, let
(
fn : (a, b) → R

)
n

be a sequence
of differentiable functions defined on the nonempty, open, bounded interval (a, b)
that converges at some point x0 ∈ (a, b), and let the sequence of derivatives (f ′n)n
converge uniformly on the interval (a, b) to some function g : (a, b) → R. In this
case the sequence of functions (fn) converges uniformly on (a, b) to a differentiable
function f : (a, b) → R for which f ′ = g.

Proof. Choose arbitrary ϵ ∈ R+. Because the sequence (fn) converges at the point
x0, by the Cauchy criterion for sequence convergence there exists N1 ∈ N for which

|fn(x0)− fm(x0)| <
ϵ

2
for all m,n ≥ N1, (10.8)

and because the sequence (f ′)n converges uniformly, by the Cauchy criterion for
uniform function sequence convergence there exists N2 ∈ N for which∣∣f ′n(t)− f ′m(t)

∣∣ < ϵ

2(b− a)
for all m,n ≥ N2 and all t ∈ (a, b).

Let N = max{N1, N2}. For any two points x, t ∈ (a, b) for which x ̸= t and any
natural numbers m,n ≥ N , we can then apply the mean value theorem to the
function fn − fm on the interval between x and t to guarantee the existence of a
point ξ in the interval between x and t for which∣∣[fn(x)− fm(x)

]
−
[
fn(t)− fm(t)

]∣∣ (a)= ∣∣f ′n(ξ)− f ′m(ξ)
∣∣ · |x− t|

<
ϵ

2(b− a)
· |x− t|

(b)
<

ϵ

2
,

(10.9)

where (a) holds by the mean value theorem applied to the function fn − fm and (b)
because |x− t| < (b−a), since x, t ∈ (a, b). We then evaluate the resulting inequality
for t = x0 to get the bound

|fn(x)− fm(x)| =
∣∣[fn(x)− fm(x)

]
−
[
fn(x0)− fm(x0)

]
+
[
fn(x0)− fm(x0)

]∣∣
(a)

≤
∣∣[fn(x)− fm(x)

]
−
[
fn(x0)− fm(x0)

]∣∣+ |fn(x0)− fm(x0)|
(b)
<

ϵ

2
+
ϵ

2
= ϵ,

for all x ∈ (a, b) and for all natural numbers m,n ≥ N ; point (a) follows from the
triangle inequality and (b) from Equations 10.8 and 10.9. By the Cauchy criterion
for uniform convergence of function sequences, the result |fn(x)− fm(x)| < ϵ means
that the sequence (fn) converges uniformly on the interval (a, b) to some function
f : (a, b) → R.

It remains to the show that the function f is differentiable and that f ′ = g. Let x be
an arbitrary point in the open interval (a, b). For all t ∈ (a, b) \ {x} we then define

ϕn(t) =
fn(t)− fn(x)

t− x
and ϕ(t) =

f(t)− f(x)

t− x
.
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For all t ∈ (a, b) \ {x} and all natural numbers n,m ≥ N , we then apply the bound
in Equation 10.9 to the function ϕn − ϕm to get

|ϕn(t)− ϕm(t)| <
ϵ

2(b− a)
.

By the Cauchy criterion for uniform convergence, the sequence (ϕn) converges
uniformly to the function ϕ on the subset (a, b) \ {x}. There thus exists a sufficiently
large natural number n ≥ N for which

|ϕ(t)− ϕn(t)| <
ϵ

3
for all t ∈ (a, b) \ {x}.

More so, because the sequence of derivatives (f ′n)n converges uniformly, and thus
also pointwise, to the function g, we may choose n to be large enough that∣∣f ′n(x)− g(x)

∣∣ < ϵ

3
.

Next, we combine the definition of the derivative and the definition of the function
ϕn as a difference quotient for the function fn to get the relationship

lim
t→x

ϕn(t) = f ′n(x),

so there exists a sufficiently small open neighborhood V ⊂ R of the point x for which∣∣ϕn(t)− f ′n(x)
∣∣ < ϵ

3
for all t ∈

(
V ∩ (a, b)

)
\ {x}.

For all t ∈
(
V ∩ (a, b) \ {x}

)
, we then combine the previous three bounds to get

|ϕ(t)− g(x)| =
∣∣ϕ(t)− ϕn(t) + ϕn(t)− f ′n(x) + f ′n(x)− g(x)

∣∣
≤ |ϕ(t)− ϕn(t)|+

∣∣ϕn(t)− f ′n(x)
∣∣+ ∣∣f ′n(x)− g(x)

∣∣
<
ϵ

3
+
ϵ

3
+
ϵ

3
= ϵ,

which means that limt→x ϕ(t) = g(x). Since x is an arbitrary point in (a, b), we can
then complete the proof with the calculation

f ′(x)
(a)
= lim

t→x

f(t)− f(x)

t− x

(b)
= lim

t→x
ϕ(t) = g(x),

where (a) follows from the definition of the derivative and (b) from the definition of
the function ϕ.

Remark 10.45: On switching the order of limit and derivative evaluation

It is possible to switch the order of limit and derivative evaluation for functions
satisfying the conditions of Proposition 10.44. More precisely, if the sequence of
differentiable functions

(
fn : (a, b) → R

)
n

converges pointwise on the interval (a, b)
and the sequence of function derivatives (f ′n)n converges uniformly on the interval
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(a, b) to some function g : (a, b) → R, then(
lim
n→∞

fn

)′
= lim

n→∞
f ′n.

This equality follows directly from the calculation(
lim
n→∞

fn

)′ (a)
= f ′

(b)
= g

(c)
= lim

n→∞
f ′n,

where (a) follows from the convergence of (fn) to f and (b) and (c) from Proposi-
tion 10.44.

Corollary 10.46: Differentiation of uniformly convergent series

Let a, b ∈ R be two real numbers for which a < b, let
∑(

fn : (a, b) → R
)∞
n=1

be a
series of differentiable functions that converges at some point x0 ∈ (a, b), and let
the series of derivatives

∑
(f ′n)

∞
n=1 converge uniformly on the interval (a, b). In this

case the series
∑

(fn)
∞
n=1 also converges uniformly on (a, b) and the series’s sum is a

differentiable function for which( ∞∑
n=1

fn

)′

=
∞∑
n=1

f ′n.

Proof. The corollary follows from applying Proposition 10.44 to the sequences of
partial sums

(∑n
k=1 fk

)
n

and
(∑n

k=1 f
′
k

)
n
.

10.3.4 Uniform convergence of real power series

We will now apply the results of this section to real power series. A real power series∑
(anx

n)∞n=0 with radius of convergence R converges pointwise, but in general not uniformly,
on the interval (−R,R).

Proposition 10.47: Uniform convergence of real power series

Any real power series
∑

(anx
n)∞n=0 with radius of convergence R converges uniformly

on the interval [−r, r] for any real number r ∈ [0, R).

Proof. Let x0 ∈ R be a real number for which r < x0 < R, and define the real
number q = r/x0, which by construction satisfies q ∈ [0, 1). Because x0 < R, the
series

∑
(anx

n)∞n=0 converges absolutely at x0, and so the sequence of absolute value
terms (|anxn0 |)n converges and is bounded. This in turn means there exists an upper
bound M ∈ R+ for which

|anxn0 | ≤M for all n ∈ N ∪ {0}.

More so, by the definition of x0 and q, it holds that

0 ≤
∣∣∣∣ xx0
∣∣∣∣ ≤ r

x0
= q < 1 for all x ∈ [−r, r].
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The previous two bounds make it possible to majorize the power series
∑

(anx
n)∞n=0

with a convergent geometric series on the interval [−r, r], i.e.

|anxn| =
∣∣∣∣anxn0 ( x

x0

)n∣∣∣∣ = |anxn0 | ·
∣∣∣∣( x

x0

)n∣∣∣∣ ≤Mqn.

The power series
∑

(anx
n)∞n=0 thus converges uniformly on the interval [−r, r] by

the Weierstrass M-test.

Proposition 10.48: Differentiation of real power series

Let
∑

(anx
n)∞n=0 be a real power series with radius of convergence of R and let the

function s : (−R,R) → R be the series’s sum on the interval (−R,R), i.e.

s : x 7→
∞∑
n=0

anxn, x ∈ (−R,R).

In this case

(i) The power series
∑

(nanx
n−1)∞n=1 also has radius of convergence R.

(ii) The function s is differentiable on the interval (−R,R), and for all x ∈ (−R,R),
the derivative s′ is given by

s′(x) =
∞∑
n=1

nanx
n−1.

Proof.

(i) This point follows the calculation

lim sup
n→∞

n
√

|nan| = lim sup
n→∞

(
n
√
n n
√

|an|
)

= lim
n→∞

n
√
n · lim sup

n→∞
n
√
|an|

= 1 · lim sup
n→∞

n
√

|an|
(a)
=

1

R
,

where (a) holds by Proposition 10.22. Again by Proposition 10.22, the power
series with coefficients nan, i.e.

∑
(nanx

n−1)∞n=1, has radius of convergence R.

(ii) By point (i), the series of derivatives
∑

(nanx
n−1)∞n=1 has radius of convergence

R, and so by Proposition 10.47, converges uniformly on any closed interval
[−r, r] for which r < R. This point then follows directly from Corollary 10.46.
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Corollary 10.49: Sums of real power series are smooth

Let
∑

(anx
n)∞n=0 be a real power series with radius of convergence of R and let the

function s : (−R,R) → R be the series’s sum on the interval (−R,R), i.e.

s : x 7→
∞∑
n=0

anxn, x ∈ (−R,R).

In this case s is a smooth function.

Proof. Differentiating a power series again produces a power series, so this corollary
follows from repeated application of Proposition 10.48 to the function s.

Example 10.50: Differentiating real power series

(1) If we differentiate the exponential series, whose sum is

ex =
∞∑
n=0

xn

n!
,

term by term using Proposition 10.48, we get the expected result

(ex)′ =

( ∞∑
n=0

xn

n!

)′

=
∞∑
n=1

n
xn−1

n!
=

∞∑
n=1

xn−1

(n− 1)!

(a)
=

∞∑
k=0

xk

k!
= ex,

where in (a) we have defined the new index of summation k = n− 1.

(2) The logarithmic series has radius of convergence equal to 1, and thus by
Proposition 10.47 converges on every closed, bounded subinterval of the interval
(−1, 1), but not on the interval (−1, 1) itself. The sum of the logarithmic series
is unbounded, but every finite partial sum of the logarithmic series is bounded
on (−1, 1).

If we differentiate the logarithmic series, whose sum is

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · · ,

term by term, we get the expected result[
ln(1 + x)

]′
= x′ −

(
x2

2

)′
+

(
x3

3

)′
−
(
x4

4

)′
+ · · ·

= 1− x+ x2 − x3 + · · ·

=
1

1 + x
, x ∈ (−1, 1).

(3) If we differentiate the sine series, whose sum is

sinx = x− x3

3!
+
x5

5!
− x7

7!
± · · · ,
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term by term, we get the expected result

cosx = 1− x2

2!
+
x4

4!
− x6

6!
± · · · .

(4) Finally, let us consider the binomial series. For any α ∈ R \ {0} and all
x ∈ (−1, 1), the series’s sum is

(1 + x)α =
∞∑
n=0

(
α

n

)
xn.

If we differentiate the series’s sum term by term using Proposition 10.48, the
result is [

(1 + x)α
]′
= α(1 + x)α−1 =

∞∑
n=1

n

(
α

n

)
xn−1,

We can then divide through by α and rearrange to get

(1 + x)α−1 =

∞∑
n=1

n

α

(
α

n

)
xn−1

=

∞∑
n=1

n

α

α(α− 1) · · · (α− n+ 1)

n!
xn−1

=
∞∑
n=1

(α− 1)(α− 2) · · · (α− n+ 1)

(n− 1)!
xn−1

(a)
=

∞∑
k=0

(α− 1)(α− 2) · · ·
[
(α− 1)− k + 1

]
k!

xk

=
∞∑
k=0

(
α− 1

k

)
xk,

(10.10)

where (a) follows from defining the new summation index k = n−1. To belabor
the point, we then take the example full circle with calculation

[
(1 + x)α

]′
=

∞∑
n=1

n

(
α

n

)
xn−1

=
∞∑
n=1

n · α(α− 1) · · · (α− n+ 1)

n!
xn−1

= α

∞∑
n=1

(α− 1)(α− 2) · · · (α− n+ 1)

(n− 1)!
xn−1

(a)
= α

∞∑
k=0

(α− 1)(α− 2) · · ·
[
(α− 1)− k + 1

]
k!

xk

= α
∞∑
k=0

(
α− 1

k

)
xk

(b)
= α(1 + x)α−1,

where (a) follows from defining the new summation index k = n− 1 and (b)
from Equation 10.10.

287



11 Functions of multiple variables

This chapter is a brief introduction to functions of multiple variables. We will see that
many concepts from the theory of scalar functions can be straightforwardly extended to
multivariable functions. We will briefly cover higher-dimensional Euclidean space, then
cover continuity, differentiability, Taylor series, and the extrema of real-valued multivariable
functions.

11.1 The Euclidean space Rn

When the symbol n is used without qualification in this section, it implicitly refers to any
natural number n ∈ N.

Topic 11.1: The set Rn and n-dimensional Euclidean space

The set Rn is the n-times Cartesian product of the set of real numbers R with itself,
i.e.

Rn = R× R× · · ·R = {(v1, v2, . . . , vn) ; v1, v1, . . . , vn ∈ R}

As for the three-dimensional Euclidean space R3 covered in Chapter 3, we can
generalize the set Rn to a vector space by equipping Rn with the operations
of vector addition and scalar multiplication. To this end, for any two n-tuples
(v1, v2, . . . , vn), (w1, w2, . . . , wn) ∈ Rn and for any real number α ∈ R we define

(i) The vector sum of (v1, . . . , vn) and (w1, . . . , wn) as

(v1, . . . , vn) + (w1, . . . , wn) = (v1 + w1, . . . , vn + wn) ∈ Rn

(ii) The scalar multiple of the n-tuple (v1, . . . , vn) and the real number α ∈ R as

α(v1, . . . , vn) = (αv1, . . . , αvn) ∈ Rn.

The set Rn equipped with the above two operations of vector addition and scalar
multiplication is called the n-dimensional Euclidean vector space Rn. In this context,
elements of Rn are also called vectors or points in Rn, and real numbers are called
scalars. We will denote the components of an arbitrary vector v ∈ Rn by

v1, v2, . . . , vn,

and write this vector as
v = (v1, v2, . . . , vn) ∈ Rn.

The vector space Rn is called “Euclidean” because it obeys the intuitive Euclidean
geometry familiar from everyday life; non-Euclidean geometries fall beyond the scope
of this course.

11.1.1 The scalar product on Rn

In this section we define the scalar product operation on Rn and introduce some useful
geometrical concepts made possible by the scalar product.
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Definition 11.1: Scalar product

The scalar product of any two vectors v,w,∈ Rn is the function

· : Rn × Rn → R+

defined as
v ·w = v1w1 + v2w2 + · · ·+ vnwn ∈ R.

The scalar product is also called the dot product and inner product ; the name “inner
product” is more commonly used in the theory of general vector spaces.

The scalar product can be used to define the length of a vector in Rn.

Definition 11.2: Length of a vector

The length of a vector v ∈ Rn is denoted by ∥v∥ and defined as

∥v∥ =
√
v · v =

√
v21 + v22 + · · ·+ v2n.

The length of a vector in Euclidean space is also called the vector’s magnitude. In
more abstract vector spaces, the length of a vector generalizes to a quantity called
the vector’s norm.

In Euclidean space the length of a vector can be denoted by either |v| or ∥v∥; we will use
the notation ∥v∥ to avoid ambiguity with the absolute value of a scalar.

The scalar product in Rn has analogous properties to the scalar product in R3 covered in
Section 3.2.1; we briefly review some of these below.

Proposition 11.3: Some properties of the scalar product

(i) (The triangle inequality) For any two vectors v,w ∈ Rn,

∥v +w∥ ≤ ∥v∥+ ∥w∥.

The proof is analogous to the proof of the three-dimensional case in Proposi-
tion 3.8, so we omit it here.

(ii) (The Cauchy-Schwartz inequality) For any two vectors v,w ∈ Rn,

|v ·w| ≤ ∥v∥∥w∥, v,w,∈ Rn.

The proof is analogous to the proof of the three-dimensional case in Proposi-
tion 3.7, so we omit it here.

(iii) For any vector v ∈ Rn and for every index i = 1, 2, . . . , n:

|vi| ≤ ∥v∥ ≤
√
nmax{|v1|, |v2|, . . . , |vn|}.

This inequality follows directly from the definition of the norm on Rn in
Definition 11.2.
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Definition 11.4: Perpendicular vectors

Two vectors in v,w ∈ Rn are said to be perpendicular if

v ·w = 0.

In this case we write v ⊥ w. In more abstract vector spaces, perpendicularity
generalizes to the concept of orthogonality, and two perpendicular vectors would be
said to be orthogonal.

Definition 11.5: Distance between vectors

The distance between two vectors v,w ∈ Rn is a function

d( · , · ) : Rn × Rn → R+

defined as

d(v,w) = ∥v −w∥ =
√

(v1 − w1)2 + · · ·+ (vn − wn)2.

In more abstract vector spaces, the distance between two vectors generalizes to a
concept called the metric on the vector space.

11.1.2 Intervals and neighborhoods

Having established a well-defined concept of distance between vectors, we may now define
basic topological concepts on Rn, for example the notion of neighborhoods and open and
closed sets. This section closely parallels the one-dimensional treatment of neighborhoods
open and closed sets in Section 2.2.6.

Definition 11.6: Open ball

A ball is the mathematical name for the solid region bounded by a spherical surface.
For any vector a ∈ Rn and positive number R ∈ R+, the open ball centered at a
with radius R, denoted by K(a, R), is the subset

K(a, R) = {v ∈ Rn ; d(a,v) = ∥a− v∥ < R} ⊂ Rn.

In other words, the open ball K(a, R) is the set of all points Rn whose distance from
a is less than R.

Definition 11.7: Neighborhoods; interior and exterior points

Let A ⊂ Rn be an arbitrary subset of Rn and let a ∈ Rn be an arbitrary vector.

(i) The subset A is a neighborhood of the point a if there exists δ ∈ R+ for which

K(a, δ) ⊂ A.

(ii) The point a is an interior point of the subset A if A is a neighborhood of a.

(iii) The point a is an exterior point of the subset A if A’s complement Ac = Rn \A
is a neighborhood of a.
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(iv) The point a is a boundary point of the subset A if it is neither an interior point
nor an exterior point of A.

Definition 11.8: Open, closed, and bounded subsets

Let A ⊂ Rn be an arbitrary subset of Rn.

(i) The subset A is said to be open if A is a neighborhood of every point in A.

(ii) The subset A is said to be closed if its complement Ac = Rn \A is open.

(iii) The subset A is said to be bounded if there exists M ∈ R+ for which

A ⊂ K(0,M),

i.e. if there exists a ball of finite radius M entirely containing A.

Definition 11.9: Cluster point of a subset of Rn

Let A ⊂ Rn be an arbitrary subset of Rn and let a ∈ Rn be an arbitrary vector. The
point a is called a cluster point of A if

A ∩ K(a, δ) \ {a} ≠ ∅ for all δ ∈ R+,

i.e. if every open ball centered at a always contains points in A other than a.

11.1.3 Sequences in Rn

A sequence in the vector space Rn is a function mapping the natural numbers to elements
of Rn, i.e. a function of the form

N → Rn, k 7→ ak,

where k ∈ N and ak ∈ Rn for all k ∈ N. We will denote sequences in Rn by

(a1,a2, . . .) = (ak)
∞
k=1 = (ak)k = (ak).

We will also refer to sequences in Rn as vector sequences. We will now define cluster points
and limits of sequences in Rn; these are defined analogously to the cluster points and limits
of sequences of real numbers from Definitions 4.6 and 4.11.

Definition 11.10: Cluster point of a sequence in Rn

The point a ∈ Rn is called a cluster point of the sequence (ak) if every neighborhood
of a contains infinitely many elements of the sequence (ak), i.e. if the set

{k ∈ N ; ak ∈ A}

contains infinitely many elements for every neighborhood A of a.
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Definition 11.11: Limit of a sequence in Rn

The point a ∈ Rn is called the limit of the sequence (ak) if every neighborhood A of
the point a contains all elements of the sequence (ak) with the possible exception of
finitely many elements, i.e. if the set {k ∈ N ; ak ̸= A} is finite for every neighborhood
A of a. In this case we write

a = lim
k→∞

ak.

A sequence in Rn is said to be convergent if it has a limit; otherwise the sequence is
said to be divergent.

Remark 11.12: Components of vector sequences

If (ak) is a sequence of vectors in Rn, then every element of the sequence can be
written in the component form

ak = (ak,1, ak,2, . . . , ak,n).

For every i = 1, 2, . . . , n the i-th component of the sequence’s elements forms a
sequence of real numbers (ak,i)k. Without proof, a sequence (ak) in Rn converges if,
and only if, all n sequences of its components converge, and in this case

lim
k→∞

ak =

(
lim
k→∞

ak,1, lim
k→∞

ak,2, . . . , lim
k→∞

ak,n

)
.

The properties of cluster points and limits of sequences of real numbers developed in
Chapter 4 apply in a generalized form to sequences in Rn. We survey some of the more
important properties below.

Proposition 11.13: Properties of sequences in Rn

(i) If a sequence in Rn has a limit, it has exactly one cluster point. This is the
analog of Proposition 4.13.

(ii) A subsequence of a sequence (ak) in Rn is a sequence (akl)l, where (kl)l is an
arbitrary strictly increasing sequence of natural numbers. This is the analog of
Definition 4.24.

(iii) Every cluster point of a subsequence of a given sequence is also a cluster point
of the parent sequence. This is the analog of Proposition 4.26 (i).

(iv) Every subsequence of a convergent sequence is also convergent. This is the
analog of Proposition 4.26 (ii).

(v) The point a ∈ Rn is a cluster point of the sequence (ak) if, and only if, there
exists a subsequence of the sequence (ak) that converges to a. This is the
analog of Proposition 4.27.
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11.1.4 Scalar-valued and vector-valued functions of multiple variables

Definition 11.14: Scalar- and vector-valued multivariable function

Let U ⊂ Rn be an arbitrary subset of Rn. A scalar-valued function of n variables is
a mapping f : U → R that associates vectors in U with real numbers in R, i.e.

f : (x1, x2, . . . , xn) ∈ U 7→ f(x1, x2, . . . , xn) ∈ R.

Let m,n ∈ N be any two real numbers and let V ⊂ Rn be an arbitrary subset of Rn.
A vector-valued function of n variables is a mapping f : V → Rm that associates
vectors in V with vectors in Rm, i.e.

g : (x1, x2, . . . , xn) ∈ V 7→ g(x1, x2, . . . , xm) ∈ Rm.

We will also write the function value g(x1, x2, . . . , xn) in the form

g(x1, . . . , xn) =
(
g1(x1, . . . , xn), . . . , gm(x1, . . . , xn)

)
∈ Rm.

In this sense the vector-valued function g can be thought of as having components
g1, g2, . . . , gm : V → R, which are all scalar-valued functions of n variables mapping from V
to R. We then write g = (g1, g2, . . . , gm). The i-th scalar-valued function gi determines the
i-th component of the vector g(x1, . . . , xn) ∈ Rm.

Example 11.15: A scalar-valued function of two variables

Let n = 2, in which case we conventionally denote the two variable components x1
and x2 by x and y. Consider the two-variable scalar function given by

f(x, y) =
1

x2 + y2
.

The function’s domain is the subset

U =
{
(x, y) ∈ R2 ; (x, y) ̸= (0, 0)

}
= R2 \ {(0, 0)},

and the function’s image is the set of positive real numbers. The function’s graph is
the three-dimensional subset

graph(f) =

{(
x, y,

1

x2 + y2

)
; (x, y) ∈ U

}
⊂ R2 × R = R3.

Geometrically, we can interpret f ’s graph as a surface in R3. For a given real number
x0 ∈ R, the intersection of f ’s graph with the plane {x0} × R × R, i.e. the plane
in R3 parallel to the yz plane and passing through x0, is a curve corresponding
to the graph of the single-variable function y 7→ f(x0, y). Similarly, for any real
number y0 ∈ R, the intersection of f ’s graph with the place R× {y0} × R is a curve
corresponding to the graph of the single-variable function x 7→ f(x, y0). The union
of these two sets of curves for all x0, y0 ∈ R is the graph of f .
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Remark 11.16: Contour lines

Contour lines are a useful tool for visualizing the graphs of scalar functions of
two variables, such as the function f in the Example 11.15. For a given function
f : R2 → R, contour lines are curves in the plane R2 given by the solution sets
{(x, y) ∈ R2 ; f(x, y) = z0} for a given constant z0 ∈ R.

If a function’s graph represents the surface of some terrain in three-dimensional space
(for example in the context of cartography), the function’s contour line at z0 is the
set of all points at the height z0.

Topic 11.2: Combinations of multivariable functions

Let n,m ∈ N be any two natural numbers, let U, V, Z ⊂ Rn be three arbitrary
subsets of Rn, let g : U → Rm and h : V → Rm be two vector-valued functions of n
variables, and let α : Z → R be a scalar-valued function of n variables. In this case

(i) The sum of the functions g and h is the function g+h : U ∩V → Rm given by

(g + h)(v) = g(v) + h(v), v ∈ U ∩ V.

This definition also holds for scalar-valued functions; one simply takes m = 1,
in which case g and h reduce to scalar-valued functions of n variables.

(ii) The product of the vector-valued function g with the scalar-valued function α
is the vector-valued function αg : Z ∩ U → Rm given by

(αg)(v) = α(v)g(v), v ∈ U ∩ Z.

(iii) The pointwise scalar product of the functions g and h is the function g ·h : U ∩
V → R given by

(g · h)(v) = g(v) · h(v), v ∈ U ∩ Z.

It is also possible to extend function composition to multivariable functions. Namely,
let p ∈ N be an arbitrary natural number, let W ⊂ Rm be any subset of Rm, and let
f : W → Rp be a vector-valued function of m variables. In this case the composition
of the functions g and f is the function f ◦ g : g−1(W ) → Rp given by

(f ◦ g)(v) = f
(
g(v)

)
, v ∈ g−1(W ).

11.1.5 Limits and continuity of multivariable functions

Definition 11.17: Limit of a multivariable function

Let n,m ∈ N be any two natural numbers, let g : U → Rm be a vector-valued
function of n variables defined on the subset U ⊂ Rn, and let a be a cluster point of
U . In this case the vector L ∈ Rm is called the limit of the function g at the point
a if for all ϵ ∈ R+ there exists δ ∈ R+ for which

g(v) ∈ K(L, ϵ) for all v ∈ K(a, δ) ∩ U \ {a}.
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In this case we write
L = lim

v→a
g(v).

Note that the open ball K(L, ϵ) is simply an n-dimensional generalization of the
open interval (L− ϵ, L+ ϵ) used in the definition of the limit of a scalar function in
Definition 6.16.

Remark 11.18: The limit must hold component-wise

Let n,m ∈ N be two arbitrary natural numbers, let g : U → Rm be a vector-valued
function of n variables defined on the subset U ⊂ Rn, and let a be a cluster point of
U . In this case L ∈ Rm is the limit of the function g at the point a if, and only if,

Li = lim
v→a

gi(v) for all i = 1, 2, . . . ,m,

where Li are the components of the vector L and gi are the component functions of
the function g.

The properties of limits of scalar functions developed in Section 6.1 apply in a generalized
form to limits of vector-valued functions. These properties are proved in an analogous
manner to the one-dimensional counterparts, so we will not prove them here.

Definition 11.19: Continuity of multivariable functions

Let n,m ∈ N be two arbitrary natural numbers, let g : U → Rm be a vector-valued
function of n variables defined on the subset U ⊂ Rn, and define the point a ∈ U .
In this case the function g is said to be continuous at a if for all ϵ ∈ R+ there exists
δ ∈ R+ for which

g(v) ∈ K
(
g(a), ϵ

)
for all v ∈ K(a, δ) ∩ U.

A multivariable function is said to be continuous if it is continuous at all points in
its domain.

The set of all continuous functions g : U → Rm is denoted by C(U,Rm) or C0(U,Rm).
In this notation, C(U) = C0(U) are shorthand for C(U,R), the set of all continuous
scalar-valued functions mapping from U to R.

Loosely, Definition 11.19 states that the function g is continuous at a if the function values
g(v) come arbitrarily close to g(a) whenever v is arbitrarily close to a. Note that the
open balls K

(
g(a), ϵ

)
and K(a, δ) are just the n-dimensional generalizations of the open

intervals
(
f(a)− ϵ, f(a) + ϵ

)
and (a− δ, a+ δ) used in the definition of the continuity of a

scalar function in Definition 6.26. Like in Definition 6.26, the actual function value g(a)
has no influence on the limit of g at a.

Remark 11.20: Continuity must hold component-wise

Let n,m ∈ N be any two natural numbers, let g : U → Rm be a vector-valued
function of n variables defined on the subset U ⊂ Rn, and define the point a ∈ U .
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The function g is continuous at a if, and only if, each of its component functions

g1, g2, . . . , gm : U → R

are also continuous at a.

Properties analogous to those developed for continuous scalar functions in Section 6.2 apply
to continuous vector-valued functions. We briefly state two of these below.

Proposition 11.21: Properties of continuous multivariable functions

Let n,m ∈ N be any two natural numbers, let g : U → Rm be a vector-valued
function of n variables defined on the subset U ⊂ Rn, and define the point a ∈ U .
In this case

(i) If a is a cluster point of U , the multivariable function g is continuous at a if,
and only if, the function value at a equals the function’s limit at a, i.e. if

g(a) = lim
v→a

g(v).

This is the analog of Proposition 6.28 (ii).

(ii) The multivariable function g is continuous at a if, and only if, for every vector
sequence (ak) in U that converges to a, the corresponding sequence of function
values

(
g(ak)

)
k

converges to the function value g(a). In this case the order of
limit and function evaluation is interchangeable, i.e.

lim
k→∞

g(ak) = g

(
lim
k→∞

ak

)
.

This is the analog of Proposition 6.28 and Remark 6.29.

The following properties are the higher-dimensional generalizations of Corollaries 6.32
and 6.33 in Section 6.2.

Topic 11.3: Combinations of continuous multivariable functions

Let n,m ∈ N be arbitrary natural numbers, let U, V, Z ⊂ Rn be three arbitrary
subsets of Rn, let g : U → Rm be a vector-valued function of n variables let h : V →
Rm be a vector-valued function of n variables, and let α : Z → R be a scalar-valued
function of n variables. In this case

(i) If the functions g and h are continuous, then their sum g+h is also continuous.

(ii) If the functions g and α are continuous, then their product αg is also continuous.

(iii) If the functions g and h are continuous, then their pointwise scalar product
g · h is also continuous.

(iv) Let p ∈ N be an arbitrary natural number, let W ⊂ Rm be an arbitrary subset
of Rm, and let f : W → Rp be a vector-valued function of m variables. If both
f and g continuous, then their composition f ◦ g is also continuous.
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Example 11.22: Projection functions

For all i = 1, 2, . . . , n, a projection is a scalar-valued function pri : Rn → R given by

pri(x1, x2, . . . , xn) = xi.

A projection function thus returns a single (scalar) component of its input vector.
Projections are continuous functions. To show this, we first recall from Proposi-
tion 11.3 (iii) the inequality

|ui| ≤ ∥u∥ for all u ∈ Rn and all i = 1, 2, . . . , n.

For any two vectors v,a ∈ Rn, we then apply this inequality to the vector v−a to get

|vi − ai| ≤ ∥v − a∥.

This inequality implies that |vi − ai| < δ if ∥v − a∥ < δ; setting δ = ϵ in the
definition of continuity then implies that projections are continuous functions.

Example 11.23: Multivariable polynomials

All polynomial scalar-valued functions of n variables are continuous functions, since
polynomials are the sums and products of projection functions. Since projection
functions are continuous and the sums and products of continuous multivariable
functions are again continuous, n-variable scalar-valued polynomials are continuous.
For example, the following two polynomials are continuous:

f(x, y, z) = xyz3,

g(x, y, z) = xy + 3yz3 + 12yz4 − xz5.

11.1.6 Path-connectedness and compactness

In this section we introduce the important topological concepts of path-connectedness and
compactness. Unlike higher-dimensional neighborhoods, openness, limits, and continuity,
which we encountered in previous chapters, path-connectedness and compactness are new
topics in this book.

Definition 11.24: Paths and path-connectedness

(i) Let A ⊂ Rn be a subset of Rn and define the points v,w ∈ A. A path in the
subset A from the point v to the point w is a continuous vector-valued function

γ : [0, 1] → Rn

for which γ(0) = v, γ(1) = w, and γ
(
[0, 1]

)
⊂ A. A path can be interpreted is

a continuous “walk” through the set A from the initial point v to the terminal
point w as the function argument runs from 0 to 1.

Note that the term “path” refers to the function γ, and not to function’s image
γ
(
[0, 1]

)
, i.e. the n-dimensional curve in A consisting of points along the path.
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(ii) A subset A ⊂ Rn is path-connected if for any two points v,w ∈ A there exists
a path in A from v to w.

Example 11.25: Real intervals are path-connected

All intervals on the real line are path-connected. In fact, intervals are the only path-
connected subsets of the real numbers. By the definition of paths and continuity, for
any subset of R other than an interval (which would necessarily contains “gaps” in
the real numbers), it would be impossible to construct a path connecting any two
points separated by a gap.

The following proposition generalizes Theorem 6.35.

Proposition 11.26: Zeros of continuous functions on path-connected sub-
sets

Let f : U → R be a continuous scalar-valued function defined on a path-connected
subset U ⊂ Rn. If f(v) · f(w) < 0 (i.e. if f(v) and f(w) have opposite signs) for
any two points v,w ∈ U , then there exists a point ξ ∈ U for which f(ξ) = 0.

Proof. The subset U is path-connected, so there exists a path γ in U from the
point v to the point w. Both f and γ are continuous, so the composite function
f ◦ γ : [0, 1] → R is also continuous. By the proposition’s assumptions, the function
f ◦ γ obeys

(f ◦ γ)(0) · (f ◦ γ)(1) = f(v)f(v) < 0.

And since f ◦ γ is a continuous, scalar function defined on a closed interval that
takes on oppositely-signed values at the interval endpoints, by Theorem 6.35 there
exists a point c ∈ [0, 1] for which f

(
γ(c)

)
= 0. The point ξ = γ(c) ∈ Rn thus obeys

f(ξ) = 0, completing the proof.

Proposition 11.27: The image of a continuous function on a path-connected
domain is path-connected

Let m,n ∈ N be two natural numbers and let g : U → Rm be a continuous vector-
valued function defined on a path-connected subset U ⊂ Rn. In this case the
function’s image g(U) is also path-connected.

Proof. Consider two arbitrary points a, b ∈ g(U) and let v,w ∈ U denote two points
in U for which a = g(v) and b = g(w), respectively. The subset U is path-connected,
so there exists a path γ in U from v to w. The functions g and γ are continuous, so
the composite function g ◦ γ : [0, 1] → g(U) ⊂ Rm is also continuous.

Because g ◦ γ is continuous and necessarily only takes on values in g(U), g ◦ γ is a
path in the set g(U) from the point a to the point b; since the points a and b were
arbitrary, there thus exists a path in g(U) between any two points in g(U), so the
subset g(U) is path-connected.
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Definition 11.28: Compactness

A subset A ⊂ Rn is said to be compact if every sequence of points in A has at least
one cluster point in A.

In preparation for the coming proposition, we will first extend the Bolzano-Weierstrass
theorem (Theorem 4.9) from the real numbers R to the n-dimensional Euclidean space Rn.

Lemma 11.29: Bounded sequences have a cluster point

Every bounded sequence in Rn has at least one cluster point.

Proof. Let (ak) be an arbitrary sequence of vectors in Rn. We have already proved
the n = 1 case in Theorem 4.9, and can in fact prove the n-dimensional case simply
by applying the n = 1 case component-wise to every component of (ak). Namely,
n such applications would produce a subsequence of (ak) that converges in each of
its components, and is thus itself convergent by Remark 11.12. There thus exists a
convergent subsequence of (ak), and so by Proposition 11.13 (v) this subsequence’s
limit is a cluster point of (ak).

We may now state the following important characterization of compact sets.

Proposition 11.30: Compact subsets are closed and bounded

A subset A ⊂ Rn is compact if, and only if, it is closed and bounded.

Proof. (⇒) Let A ⊂ Rn be a compact subset. We will first show, by contradiction,
that A is bounded. If A were not bounded, then for all k ∈ N there would exist a
point ak ∈ A for which ∥ak∥ > k. Any thus-defined sequence (ak) would not have
any cluster points, which contradicts the assumption that A is compact.

We will now show, again by contradiction, that A is closed. Assume that A is not
closed, in which case Ac = Rn \ A is not open, meaning there would exist a point
b ∈ Rn \A that is not an interior point of Rn \A. Thus Rn \A is not a neighborhood
of b, which implies that

K(b, 1/k) ∩A ̸= ∅ for all k ∈ N,

and so there would exist a corresponding point bk ∈ Rn for which

bk ∈ K(b, 1/k) ∩A.

Any thus-constructed sequence (bk) would consist only of points in A, but would
converge to b, which is not in A. Thus the sequence (bk) of points in A would not
have a cluster point in A, which contradicts the assumption that A is compact. It
follows that A being compact implies that A is closed and bounded.

(⇐) Assume that A ⊂ Rn is closed and bounded, and let (ak) be an arbitrary
sequence of vectors in A. Because A is bounded, the sequence (ak) is necessarily
also bounded, and thus (ak) has at least one cluster point a ∈ Rn by Lemma 11.29.
Because A is closed, the cluster point a must lie in A, and since the sequence (ak)
was arbitrary, every sequence of vectors in A has at least one cluster point in A, and
so A is compact.
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Example 11.31: Closed, bounded intervals are compact

An interval on the real line is compact if, and only if, it is closed and bounded;
Neither open, nonempty intervals nor unbounded intervals are compact.

Proposition 11.32: The image of a continuous function on a compact
domain is compact

Let m,n ∈ N be two natural numbers and let g : U → Rm be a continuous vector-
valued function defined on a compact subset U ⊂ Rn. In this case the function’s
image g(U) is also compact.

Proof. We aim to show that that any sequence (bk) of points in the subset g(U) ⊂ Rm
has at least one cluster point in g(U). To show this, let (ak) be a sequence of points
in U for which

bk = g(ak) for all k ∈ N.

The set U is compact, so the sequence (ak) has a cluster point a ∈ U ; by Propo-
sition 11.13 (v) there then exists a subsequence (akl)l of the sequence (ak) that
converges to a. Because the function g is continuous, by Proposition 11.21 the
subsequence (bkl)l =

(
g(akl)

)
l
converges to the point g(a) ∈ g(U), and so the point

g(a) is a cluster point of the sequence (bk).

11.2 Partial and total differentiability

This section introduces some generalizations of the scalar derivative from Chapter 7 that
extend the differentiation operation to multivariable functions.

11.2.1 Partial derivatives

Topic 11.4: Motivation for the partial derivative

Let f : U → R be a scalar-valued function of n variables defined on the open subset
U ⊂ Rn, let a = (a1, a2, . . . , an) be an interior point of U , and let k ∈ 1, 2, . . . , n
denote any index from 1 to n.

If we take all of the function f ’s n variables, with the exception of the k-th variable
xk, to be constant, the result is a single-variable function of the form

xk 7→ f(a1, . . . , ak−1, xk, ak+1, . . . , an).

The graph of this single-variable function is a curve along the graph of the original n-
variable function f that progresses in the direction of the k-th coordinate and passes
through the point

(
a, f(a)

)
∈ Rn × R = Rn+1; the derivative of this single-variable

function, if it exists, is the slope of the tangent line to this curve in the direction of
the k-th coordinate.

Definition 11.33: Partial derivative and gradient a scalar-valued function

Let f : U → R be a scalar-valued function of n ∈ N variables defined on the
open subset U ⊂ Rn, let a = (a1, a2, . . . , an) be an interior point of U , and let
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k ∈ 1, 2, . . . , n be an arbitrary index value.

(i) The partial derivative of the function f with respect to the variable xk at the
point a is denoted by ∂f

∂xk
(a) and defined as

∂f

∂xk
(a) = lim

h→0

[
f(a1, . . . , ak−1, ak + h, ak+1, . . . , an)

h

− f(a1, . . . , ak−1, ak, ak+1, . . . , an)

h

]
,

assuming the limit exists. If the limit does exist, the function f is said to be
partially differentiable with respect to the variable xk at the point a.

Note that when n = 1 the partial derivative reduces to the familiar derivative
of a single-variable scalar function from Definition 7.1.

(ii) The function f is said to be partially differentiable at the point a if it is partially
differentiable at a with respect to all of its variables x1, x2, . . . , xn.

(iii) If the function f is partially differentiable at a, then the gradient of the function
f at the point a is defined as the vector

(∇f)(a) =

[
∂f

∂x1
(a),

∂f

∂x2
(a), . . . ,

∂f

∂xn
(a)

]
∈ Rn.

(iv) The function f is said to be partially differentiable with respect to the variable
xk if it is partially differentiable with respect to xk at every point in its domain.
In this case the partial derivative of f with respect to the variable xk is defined
as the scalar-valued function

∂f

∂xk
: U → R, x 7→ ∂f

∂xk
(x) for all x ∈ U.

(v) The function f is said to be partially differentiable if it is partially differentiable
at every point in its domain. In this case the gradient of the function f is
defined as the vector-valued function

(∇f) : U → Rn, x 7→ (∇f)(x) for all x ∈ U.

Definition 11.34: Continuous differentiability of a scalar-valued function

A scalar-valued function f : U → R of n ∈ N variables defined on the open subset
U ⊂ Rn is said to be continuously-differentiable if f is continuous and partially
differentiable and if all of f ’s partial derivatives ∂f

∂xk
: U → R, j = 1, 2, . . . , n are

themselves continuous functions.

We denote the set of all continuously-differentiable scalar-valued functions f : U → R
by C1(U).

We now define an alternative and more compact notation for the partial derivative in terms
of unit vectors, with which you will gain more experience in a course on linear algebra.

301



Remark 11.35: Alternative notation for the partial derivative

Let êk denote the vector of unit norm whose k-th component is 1 and whose j-th
component is zero for all j ∈ {1, 2, . . . , n} \ {k}; some example unit vectors are

ê1 = (1, 0, 0, . . . , 0︸ ︷︷ ︸
n−1 terms

)

êk = ( 0, . . . , 0︸ ︷︷ ︸
k−1 terms

, 1, 0, . . . , 0︸ ︷︷ ︸
n−k terms

)

ên = (0, 0, . . . , 0︸ ︷︷ ︸
n−1 terms

, 1).

Using unit vector notation, we can write the partial derivative of a scalar-valued
function f : U → Rn at some point a ∈ U in the more compact form

∂f

∂xk
(a) = lim

h→0

f(a+ hêk)− f(a)

h
.

Finally, here are some more notations regularly used for the partial derivative:

∂f

∂xk
(a) =

∂

∂xk
(f)(a) = fxk(a) = (Dkf)(a) = (Dêkf)(a).

We have defined the partial derivative of a multivariable scalar function as the derivative of
the single-variable function obtained by restricting the multivariable function to vary only
along a given coordinate axis êk. More generally, is quite reasonable to consider restricting
a multivariable function to vary along a line in the direction of an arbitrary vector u ∈ Rn.
This idea motivates the concept of the directional derivative, which we define below.

Definition 11.36: Directional derivatives

Let f : U → R be a scalar-valued function of n ∈ N variables defined on the open
subset U ⊂ Rn, let a ∈ U be an interior point of U , and let u ∈ Rn be an arbitrary
vector. In this case the directional derivative of the function f in the direction of u
at the point a is denoted by (Duf)(a) and defined as

(Duf)(a) = lim
h→0

f(a+ hu)− f(a)

h
∈ R,

assuming the limit exists.

Having introduced the differentiability for scalar-valued functions, we now extend some of
these concepts to vector-valued functions.

Definition 11.37: Partial differentiability of vector-valued functions

Let m,n ∈ N be two arbitrary natural numbers, let U ⊂ Rn be an open subset
of Rn, and let g : U → Rm be a vector-valued function with scalar components
g = (g1, . . . , gm). In this case:

(i) The vector-valued function g is said to be partially differentiable if each of its
scalar components g1, . . . , gm is partially differentiable. In this case we define

302



the partial derivative of g with respect to the variable xk as the vector-valued
function

∂g

∂xk
=

(
∂g1
∂xk

, . . . ,
∂gm
∂xk

)
: U → Rm, x 7→

[
∂g1
∂xk

(x), . . . ,
∂gm
∂xk

(x)

]
.

(ii) The vector-valued function g is said to be continuously-differentiable if each of
its scalar components g1, . . . , gm is continuously-differentiable.

(iii) We denote the set of all continuously-differentiable vector-valued functions
f : U → Rm by C1(U,Rm).

Example 11.38: Partial derivatives of a polynomial

Let f be the scalar-valued polynomial function of two variables given by

f(x, y) = x2 + 2xy3 + 4x.

The function f ’s partial derivatives are then

∂f

∂x
(x, y) = 2x+ 2xy3 + 4 and

∂f

∂y
(x, y) = 6xy2.

11.2.2 The tangent hyperplane

Topic 11.5: Three-dimensional motivation for the tangent hyperplane

Let U ⊂ R2 be an open subset of R2, let f : U → R be a continuously-differentiable
function of two variables, let (x0, y0) ∈ U be an arbitrary point in U , and define the
point z0 = f(x0, y0). Using f ’s two partial derivatives, it is possible to compute the
equation of the tangent plane to the graph of f at any point (x0, y0, z0) on f ’s graph.

Consider taking the intersection of f ’s graph with the planes R × {y0} × R and
{x0} × R × R, i.e. the three-dimensional planes of constant y value y = y0 and
constant x value x = x0, respectively. The intersection of f ’s graph with these two
planes produces two curves whose slopes at the point (x0, y0, z0) are given by the
partial derivatives fx(x0, y0) and fy(x0, y0), respectively.

The tangent vectors to these two curves at the point (x0, y0, z0) are thus

s1 =

(
1, 0,

∂f

∂x
(x0, y0)

)
and s2 =

(
0, 1,

∂f

∂y
(x0, y0)

)
.

The normal to the tangent plane at (x0, y0, z0) must be perpendicular to both of
these two tangent vectors, and we can construct such a normal vector using the cross
product

s2 × s1 =

(
∂f

∂x
,
∂f

∂y
,−1

)
.

Having found the normal to the tangent plane, the point normal form (see Defini-
tion 3.9 for review) of the equation of the plane tangent to f ’s graph at the point
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(x0, y0, z0) is

∂f

∂x
(x0, y0) · (x− x0) +

∂f

∂y
(x0, y0) · (y − y0)− (z − z0) = 0.

The line normal to the graph of f at the point (x0, y0, z0) is given by the equation

x− x0
fx(x0, y0)

=
y − y0

fy(x0, y0)
=
z − z0
−1

;

this equation is of course defined only as long as fx(x0, y0) ̸= 0 and fy(x0, y0) ̸= 0.

Example 11.39: Tangent plane to the graph of a two-variable function

Let us determine the equations of the three-dimensional tangent plane and normal
line to the graph of the two-variable function

f : (x, y) 7→ x2 + 2xy3 + 4x

at the point (x0, y0) = (1, 0). We have already computed the function’s partial
derivatives in Example 11.38, these are given by

∂f

∂x
(x, y) = 2x+ 2y3 + 4 =⇒ fx(1, 0) = 6,

∂f

∂y
(x, y) = 6xy2 =⇒ fy(1, 0) = 0.

Noting that z0 = f(1, 0) = 5, the point-normal equation of the tangent plane to f ’s
graph at the point (1, 0, 5) is then

6(x− 1) + 0(y − 0)− (z − 5) = 0 =⇒ 6x− z = 1,

while the equation of the normal to this plane at (1, 0, 5) is

x− 1

6
=
z − 5

−1
; y = 0.

A tangent hyperplane is the higher-dimensional generalization of the tangent plane to the
graph of a two-variable function, and is defined for functions of n variables.

Topic 11.6: Tangent hyperplanes

Define n ∈ N, let U ⊂ Rn be an open subset, let f : U → R be a continuously-
differentiable function of n variables, let a ∈ U be an arbitrary point in U , and
define the point z = f(a) ∈ R. Finally, for every k = 1, 2, . . . , n, let

sk =

 0, . . . , 0︸ ︷︷ ︸
k−1 terms

, 1, 0, . . . , 0︸ ︷︷ ︸
n−k terms

,
∂f

∂xk
(a)

 =

(
êk,

∂f

∂xk
(a)

)
∈ Rn+1

denote the tangent to the graph of f in the direction of the k-th coordinate axis at
the point

(
a, f(a)

)
∈ Rn+1.
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In this case the normal vector to the tangent hyperplane of the graph of f at the
point

(
a, f(a)

)
is the vector(
∂f

∂x1
(a), . . . ,

∂f

∂xn
(a),−1

)
=
(
(∇f)(a),−1

)
∈ Rn+1;

this vector is by construction perpendicular to each of the tangent vectors sk, since(
∂f

∂x1
(a), . . . ,

∂f

∂xn
(a),−1

)
·
(
êk,

∂f

∂xk
(a)

)
=

∂f

∂xk
(a)− ∂f

∂xk
(a) = 0.

The tangent hyperplane to the graph of f at the point
(
a, f(a)

)
is the hyperplane in

Rn+1 consisting of all vectors r = (x1, . . . , xn, z) ∈ Rn+1 for which(
(∇f)(a),−1

)
·
[
r −

(
a, f(a)

)]
= 0,

i.e. vectors passing through the point
(
a, f(a)

)
and perpendicular to the normal to

the tangent hyperplane. The equation of the tangent hyperplane in point-normal
form is

∂f

∂x1
(a) · (x1 − a1) + · · ·+ ∂f

∂xn
(a) · (xn − an)−

(
z − f(a)

)
= 0,

where a1, . . . , an are the components of the vector a.

11.2.3 Total differentiability

Definition 11.40: Total differentiability

Define m,n ∈ N, let U ⊂ Rn be an arbitrary subset of Rn, and let a ∈ U be an
interior point of U .

(i) A scalar-valued function f : U → R is said to be totally differentiable at the
point a if there exists a vector v ∈ Rn for which

lim
w→0

f(a+w)− f(a)− v ·w
∥w∥

= 0.

(ii) A vector-valued function g : U → Rm with components g = (g1, . . . , gm) is said
to be totally differentiable at a if each of its components g1, . . . , gm is totally
differentiable at a.

(iii) A scalar-valued function f : V → R defined on an open subset V ⊂ Rn is said
to be totally differentiable if it is totally differentiable at every point in V .

(iv) A vector-valued function g : U → Rm with components g = (g1, . . . , gm) is
said to be totally differentiable if each of its components g1, . . . , gm is totally
differentiable.

Total differentiability is a stricter condition than both continuity and partial differentiability;
we formulate this statement more precisely in the following proposition.
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Proposition 11.41: Implications of total differentiability

Define n ∈ N, let U ⊂ Rn be an arbitrary subset of Rn, let a ∈ U be an interior
point of U , and let the function f : U → R be totally differentiable at a. In this case

(i) The function f is continuous at a.

(ii) The function f is partially differentiable at a.

(iii) For each vector u ∈ Rn the directional derivative of f in the direction of u
exists at a and is equal to

(Duf)(a) = (∇f)(a) · u.

(iv) There exists exactly one vector v ∈ Rn for which

lim
w→0

f(a+w)− f(a)− v ·w
∥w∥

= 0,

and this vector is the gradient v = (∇f)(a).

Proof. Since f is totally differentiable at a, there exists a vector v ∈ Rn for which

lim
w→0

f(a+w)− f(a)− v ·w
∥w∥

= 0.

For shorthand, we denote the above fraction’s numerator by

α(w) = f(a+w)− f(a)− v ·w.

We show that f is continuous at a with the calculation

lim
w→0

[
f(a+w)− f(a)

] (a)
= lim

w→0

[
α(w) + v ·w

]
= lim

w→0

[
∥w∥α(w)

∥w∥
+ v ·w

]
(b)
= 0,

where (a) follows from the definition of α(w) and (b) because f is totally differentiable,
so lim

w→0
α(w)/∥w∥ = 0. We have shown that

lim
w→0

[
f(a+w)− f(a)

]
= 0 =⇒ lim

x→a
f(x) = f(a).

Thus f ’s function value and limit at a are equal, and so f is continuous by Proposi-
tion 11.21 (i).

We will now prove points (ii)-(iv). Define u ∈ Rn and h ∈ R. We will first show that

lim
h→0

α(hu)

h
= 0.

When u = 0, this follows directly from the fact that α(0) = 0. When u ̸= 0, the
above equality follows from the calculation

1

∥u∥
lim
h→0

α(hu)

|h|
= lim

h→0

α(hu)

∥hu∥
(a)
= lim

w→0

α(w)

∥w∥
(b)
= 0.
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where (a) follows from defining w = hu and (b) holds because f is totally differen-
tiable at a, and so limh→0(α(hu))/h = 0 when u ̸= 0.

We now compute the directional derivative

(Duf)(a) = lim
h→0

f(a+ hu)− f(a)

h

= lim
h→0

α(hu) + v · (hu)
h

= lim
h→0

α(hu)

h
+ v · u (a)

= v · u.

where (a) follows from the earlier result limh→0
α(hu)
h = 0. The result (Duf)(a) = v·u

means the directional derivative of f exists at a for any vector u ∈ Rn, which implies
that all of f ’s partial derivatives (which are just directional derivatives in the direction
of unit vectors) exist at a, and so f is partially differentiable at a, proving point (ii).

For each of the unit vectors êk, k = 1, 2, . . . , n we then make the calculation

∂f

∂xk
(a) = (Dêk)(a) = v · êk = vk,

Thus the k-th component vk of the vector v equals f ’s partial derivative at a with
respect to xk, which in turn implies that

v = (v1, . . . , vn) =

(
∂f

∂x1
(a), . . . ,

∂f

∂xn
(a)

)
= (∇f)(a).

This result shows that v is uniquely equal to (∇f)(a), proving point (iv), and that

(Duf)(a) = (∇f)(a) · u,

proving point (iii) and completing the proof.

Proposition 11.42: Continuously-differentiable functions are totally differ-
entiable on open subsets

Every continuously-differentiable function f : U → R defined on an open subset
U ⊂ Rn is totally differentiable.

Proof. Define the arbitrary point a ∈ U and choose arbitrary ϵ ∈ R+. All of f ’s
partial derivatives are continuous, so for all k = 1, 2, . . . , n there exists δ ∈ R+ for
which K(a, δ) ⊂ U and∣∣∣∣ ∂f∂xk (v)− ∂f

∂xk
(a)

∣∣∣∣ < ϵ

n
for all v ∈ K(a, δ). (11.1)
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Next, let w denote any vector in K(0, δ) ⊂ Rn and define the vectors

b0 = 0

b1 = (w1, 0, . . . , 0) = w1ê1

b2 = (w1, w2, 0, . . . , 0) = w1ê1 + w2ê2...
bn = (w1, w2, . . . , wn) = w,

where w1, w2, . . . , wn are the components of the vector w. Because w ∈ K(0, δ),

∥bk∥ < ∥w∥ < δ for all k = 1, 2, . . . , n,

and so all points of the form a+ bk lie in the ball K(a, δ).

More so, the ball K(a, δ) also contains the image of the path constructed by using
straight line segments to connect the points a = a+ b0, a+ b1, a+ b2, and so on for
all k = 1, 2, . . . , n until reaching the terminal point a+ bn = w. By the construction
of this path and the definition of the points {bk}, the restriction of the function f to
the line segment between the points a+bk−1 and a+bk+1 depends only the variable
xk as it takes on values from ak to ak +wk. Because f is continuously-differentiable,
this restriction is necessarily a differentiable function of xk, and so we can apply the
mean value theorem to the restricted function on the interval [ak, ak + wk], which
guarantees the existence of a point ck ∈ (0, 1) for which

∂f

∂xk
(a+ bk−1 + ckwkêk) =

f(a+ bk)− f(a+ bk−1)

(ak + wk)− ak
,

or, after rearranging,

f(a+ bk)− f(a+ bk−1) = wk
∂f

∂xk
(a+ bk−1 + ckwkêk). (11.2)

We then pause to note the auxiliary identity

f(a+w)− f(a) =

n∑
k=1

[
f(a+ bk)− f(a+ bk−1)

]
, (11.3)

which we then use in the calculation

f(a+w)− f(a)− (∇f)(a) ·w

(a)
= f(a+w)− f(a)−

n∑
k=1

∂f

∂xk
(a)wk

(b)
=

n∑
k=1

[
f(a+ bk)− f(a+ bk−1)

]
−

n∑
k=1

∂f

∂xk
(a)wk

(c)
=

n∑
k=1

wk
∂f

∂xk
(a+ bk−1 + ckwkêk)−

n∑
k=1

∂f

∂xk
(a)wk

=
n∑
k=1

wk

[
∂f

∂xk
(a+ bk−1 + ckwkêk)−

∂f

∂xk
(a)

]
,

(11.4)
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where (a) follows from the definition of the gradient and dot product, (b) from
Equation 11.3, and (c) from Equation 11.2. We then take the absolute value of the
result of Equation 11.4 and continue the calculation to get∣∣f(a+w)− f(a)− (∇f)(a) ·w

∣∣
=

∣∣∣∣∣
n∑
k=1

wk

[
∂f

∂xk
(a+ bk−1 + ckwkêk)−

∂f

∂xk
(a)

]∣∣∣∣∣
(a)

≤
n∑
k=1

|wk|
∣∣∣∣ ∂f∂xk (a+ bk−1 + ckwkêk)−

∂f

∂xk
(a)

∣∣∣∣
(b)

≤
n∑
k=1

∥w∥
∣∣∣∣ ∂f∂xk (a+ bk−1 + ckwkêk)−

∂f

∂xk
(a)

∣∣∣∣
(c)
<

n∑
k=1

∥w∥ ϵ
n
= ∥w∥ϵ,

(11.5)

where (a) follows from the triangle inequality, (b) from the bound |wk| ≤ ∥w∥
from Proposition 11.3 (iii), and (c) from Equation 11.1 and the fact that the vector
(a+ bk−1 + ckwkêk) lies in K(a, δ), since any point of the form a+ bk lies in K(a, δ),
and a + bk−1 + ckwkêk lies on the line segment between a + bk−1 and a + bk+1.
Rearranging the result of Equation 11.5 produces

|f(a+w)− f(a)− (∇f)(a) ·w|
∥w∥

< ϵ;

since ϵ ∈ R+ and the point a ∈ U were arbitrary, it follows that

lim
w→0

|f(a+w)− f(a)− (∇f)(a) ·w|
∥w∥

= 0 for all a ∈ U,

and so f is totally differentiable.

Example 11.43: Interpreting the gradient

Let f : U → R be a continuously-differentiable function defined on the open subset
U ⊂ Rn, let a ∈ U be a point in U for which (∇f)(a) ̸= 0, and let û ∈ Rn be an
arbitrary unit-norm vector, i.e. a vector for which ∥û∥ = 1. By Proposition 11.42, f
is totally differentiable on U , which allows us to compute the directional derivative
of f in the direction of û as follows:

(Dûf)(a)
(a)
= (∇f)(a) · û = ∥û∥∥(∇f)(a)∥ cosϕ
(b)
= ∥(∇f)(a)∥ cosϕ,

where (a) holds by Proposition 11.41 (iii), (b) because û is of unit norm, and ϕ
denotes the angle between the vectors û and (∇f)(a). The result (Dûf)(a) =
∥(∇f)(a)∥ cosϕ means that f ’s directional derivative at a is maximized when
cosϕ = 1. But cosϕ = 1 when û points in the same direction as the gradient of f
at a, which means that the gradient (∇f)(a) points in the direction in which the
function f is most rapidly increasing at the point a.
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11.2.4 The chain rule

Partial derivatives are computed analogously to the derivatives of scalar functions—all
variables except one are set to constants, and the resulting partial derivative is analogous
to the derivative of a scalar function. Thus the rules for partial differentiation of sums,
products, and quotients of multivariable functions are analogous to their scalar function
counterparts in Section 7.2.

However, the chain rule for computing the derivative of a composition of multivariable
functions requires special attention, since this rule is more involved than its scalar analog;
we will dedicate this section to the statement and proof of the multivariable chain rule.

Proposition 11.44: The chain rule for multivariable functions

Define n,m ∈ N and the subsets U ⊂ Rn and V ⊂ Rm, let the vector-valued
function g : U → Rm be totally differentiable at the interior point a ⊂ U , let g(a)
be an interior point of V , and let the scalar-valued function f : V → R be totally
differentiable at g(a). In this case a is an interior point of g−1(V ), the composite
function f ◦ g : g−1(V ) → R is totally differentiable at a, and

∂(f ◦ g)
∂xk

(a) = (∇f)
(
g(a)

)
· ∂g
∂xk

(a) for all k = 1, 2, . . . , n.

Proof. Because a is an interior point of U , because g is totally differentiable and
thus continuous at a, and because V is a neighborhood of g(a), the point a is an
interior point of g−1(V ).

Before completing the remainder of the proof, we first establish some notation: We
will denote the variables of the function g by x1, . . . , xn and the variables of f by
u1, . . . , um. Let b = g(a), let g have scalar-valued components g = (g1, . . . , gm), and
let v ∈ Rn be the vector with components

vk = (∇f)(b) · ∂g
∂xk

(a).

For any vector w = (w1, . . . , wn) ∈ Rn it then holds that

v ·w (a)
=

n∑
k=1

[
(∇f)(b) · ∂g

∂xk
(a)

]
wk

(b)
=

n∑
k=1

m∑
i=1

∂f

∂ui
(b)

∂gi
∂xk

(a)wk

=
m∑
i=1

∂f

∂ui
(b)

[
n∑
k=1

∂gi
∂xk

(a)wk

]
(c)
=

m∑
i=1

∂f

∂ui
(b)
[
(∇gi)(a) ·w

]
(d)
= (∇f)(b) · η(w),

where (a) follows from the definition of the dot product, (b) and (c) from the
definition of the dot product and gradient, and in (d) we have defined the vector

η(w) =
[
(∇g1)(a) ·w, . . . , (∇gm)(a) ·w

]
.
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We then fix an upper bound M ∈ R+ for which

|(∇f)(b)| ≤M and |(∇gi)(a)| ≤M for all i = 1, . . . ,m; (11.6)

we can be sure such an upper bound exists because f and g’s total derivatives exist
at the points b and a, respectively.

Next, choose arbitrary ϵ ∈ R+ and choose sufficiently small ν ∈ R+ for which ν < 1
and

ν
√
m(1 + 2M) < ϵ. (11.7)

Because f is totally differentiable at b, there exists µ ∈ R+ for which K(b, µ) ⊂ V
and

|f(b+ r)− f(b)− (∇f)(b) · r| (a)= |α(r)| ≤ ν∥r∥ for all r ∈ K(0, µ), (11.8)

where in (a) we have introduced the shorthand notation

α(r) = f(b+ r)− f(b)− (∇f)(b) · r.

Because g is totally differentiable, and thus continuous, at a, there exists δ ∈ R+ for
which

K(a, δ) ⊂ U and g
(
K(a, δ)

)
⊂ K(b, µ) ⊂ K

(
g(a), µ

)
.

Additionally, again because g is totally differentiable at a, it holds that

|βi(w)| = |gi(a+w)− gi(w)− (∇gi)(a) ·w| ≤ ν∥w∥ for all w ∈ K(0, δ),

where we have defined the quantities

βi(w) = gi(a+w)− gi(w)− (∇gi)(a) ·w, i = 1, . . . ,m

β(w) =
(
β1(w), . . . , βm(w)

)
∈ Rm.

The inequality |βi(w)| ≤ ν∥w∥ for all i = 1, . . . ,m in turn implies that

∥β(w)∥ ≤
√
mν∥w∥. (11.9)

Next, we choose arbitrary w ∈ K(0, δ) ⊂ Rn for which w ̸= 0 and define

r = r(w) = g(a+w)− g(a).

The function g is continuous at a and thus g
(
K(a, δ)

)
⊂ K(b, µ) = K

(
g(a), µ

)
,

which in turn implies that
r ∈ K(0, µ).

More so, the components of the vector r obey

|ri| = |gi(a+w)− gi(a)| = |βi(w) + (∇gi)(a) ·w|
(a)

≤ |βi(w)|+ |(∇gi)(a) ·w|
(b)

≤ |βi(w)|+ ∥(∇gi)(a)∥∥w∥
≤ ν∥w∥+M∥w∥
(c)
< (1 +M)∥w∥,
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where (a) and (b) follow from the triangle and Cauchy-Schwartz inequalities, respec-
tively, and (c) from the requirement that µ < 1. The result |ri| < (1 +M)∥w∥ in
turn implies that

∥r∥ <
√
m(1 +M)∥w∥. (11.10)

We then continue with the calculation

f
(
g(a+w)

)
− f

(
g(a)

)
− v ·w = f(b+ r)− f(b)− v ·w

= α(r) + (∇f)(b) · r − (∇f)(b) · η(w)

= α(r) + (∇f)(b) ·
(
r − η(w)

)
= α(r) + (∇f)(b) · β(w),

which we then use to make the bound∣∣f(g(a+w)
)
− f

(
g(a)

)
− v ·w

∣∣
∥w∥

=
|α(r) + (∇f)(b) · β(w)|

∥w∥
(a)

≤ |α(r)|
∥w∥

+ |(∇f)(b)|∥β(w)∥
∥w∥

(b)

≤ ν∥r∥
∥w∥

+ |(∇f)(b)|∥β(w)∥
∥w∥

(c)
< ν

√
m(1 +M) + |(∇f)(b)|∥β(w)∥

∥w∥
(d)

≤ ν
√
m(1 +M) + νM

√
m

= ν
√
m(1 + 2M)

(e)
< ϵ,

where (a) follows from the triangle inequality, (b) from Equation 11.8, (c) from
Equation 11.10, (d) from Equations 11.6 and 11.9, and (e) from Equation 11.7. The
result of this calculation is∣∣f(g(a+w)

)
− f

(
g(a)

)
− v ·w

∣∣
∥w∥

< ϵ for arbitrary ϵ ∈ R+,

which implies that the function f ◦g is totally differentiable at a, and that its partial
derivatives are equal to the components of the vector v, i.e.

∂(f ◦ g)
∂xk

(a) = vk = (∇f)(b) · ∂g
∂xk

(a).

Example 11.45: Using the multivariable chain rule

(1) Consider the vector-valued function g : R2 → R2 given by

g(r, ϕ) = (r cosϕ, r sinϕ).

This function encodes the change of variables from polar to Cartesian coordi-
nates, since we could also write it in the form

g = (g1, g2) = (x, y),
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where the component functions x and y are given by

x(r, ϕ) = r cosϕ and y(r, ϕ) = r sinϕ.

For any two-variable function f : R2 → R of the Cartesian coordinates x and y,
we will aim to find f ’s partial derivatives with respect to the polar coordinates
r and ϕ. To this end, we apply the chain rule to get

∂(f ◦ g)
∂r

(r, ϕ) =
∂f

∂x
(r cosϕ, r sinϕ)

∂x

∂r
(r, ϕ) +

∂f

∂y
(r cosϕ, r sinϕ)

∂y

∂r
(r, ϕ)

=
∂f

∂x
(r cosϕ, r sinϕ) cosϕ+

∂f

∂y
(r cosϕ, r sinϕ) sinϕ,

∂(f ◦ g)
∂ϕ

(r, ϕ) =
∂f

∂x
(r cosϕ, r sinϕ)

∂x

∂ϕ
(r, ϕ) +

∂f

∂y
(r cosϕ, r sinϕ)

∂y

∂ϕ
(r, ϕ)

=
∂f

∂x
(r cosϕ, r sinϕ)(−r sinϕ) + ∂f

∂y
(r cosϕ, r sinϕ)r cosϕ.

As a concrete example, let us find the partial derivatives of the function

f(x, y) = x2 + y2,

for which the composite function f ◦ g reads

(f ◦ g)(r, ϕ) = f(r cosϕ, r sinϕ) = r2 cos2 ϕ+ r2 sin2 ϕ = r2.

Thus in polar coordinates the function f depends only on the variable r, so we
expect that f ’s partial derivative with respect to ϕ will be zero. We first note
that fx = 2x and fy = 2y, then apply the chain rule to get the expected result

∂(f ◦ g)
∂r

(r, ϕ) = 2r cos2 ϕ+ 2r sin2 ϕ = 2r,

∂(f ◦ g)
∂ϕ

(r, ϕ) = −2r2 cosϕ sinϕ+ 2r2 sinϕ cosϕ = 0.

(2) Let γ : J → Rn be a continuously-differentiable vector-valued function of one
variable defined on the open interval J ⊂ R and defined as

γ(t) =
(
γ1(t), . . . , γn(t)

)
for all t ∈ J.

The function γ represents a parameterized curve in Rn, and its derivative at
any point t0 ∈ J , i.e.

dγ

dt
= γ̇(t0) =

(
γ̇1(t0), . . . , γ̇n(t0)

)
∈ Rn,

is a vector tangent to the curve at the point γ(t0) that represents the velocity
of the parameterization.

Next, let f : U → R be any continuously-differentiable function defined on the
open subset U ⊂ Rn and defined the point a = γ(t0) ∈ U . We then apply the
chain rule to compute the derivative

d(f ◦ γ)
dt

(t0) = (∇f)(a) · γ̇(t0)
(a)
=
(
Dγ̇(t0)f

)
(a),
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where (a) follows from Proposition 11.41 (iii). If the parameterized curve γ lies
inside a set of points on which the function f is constant, i.e. inside a so-called
level hypersurface of f , then the function f ◦ γ is also constant and obeys

d(f ◦ γ)
dt

(t0) = (∇f)(a) · γ̇(t0) = 0,

meaning that the gradient of f at the point a is orthogonal to the level
hypersurface of f passing through the point a.

11.2.5 Higher-order partial derivatives

Definition 11.46: Higher-order partial derivatives

Let f : U → R be a scalar-valued function of n variables defined on the open subset
U ⊂ Rn. If f is partially differentiable with respect to the variable xi, then the
partial derivative fxi : U → R is itself a function of n variables, and if fxi is partially
differentiable with respect to the variable xk, then the second partial derivative of f
with respect to the variables xi and xk is defined as

∂2f

∂xk∂xi
=

∂

∂xk

[
∂

∂xi
(f)

]
=
∂
(
∂f
∂xi

)
∂xk

We will also write second partial derivatives in the more compact forms

∂2f

∂xk∂xi
= (fxi)xk = fxixk = DkDif = Dkif.

We define higher-order derivatives similarly: the k-th partial derivative of the function
f with respect to the variables xi1 , xi2 , . . . , xik is defined as

∂kf

∂xik · · · ∂xi2∂xi1
=

∂

∂xik

(
· · ·
(

∂

∂xi2

(
∂

∂xi1
(f)

))
· · ·
)
,

assuming the appropriate partial derivatives exist. If the function f is k-times
differentiable with respect to the same variable xi, we write the corresponding
higher-order partial derivative in the shorthand form

∂kf

∂xi · · · ∂xi∂xi
=
∂kf

∂xki
= Dk

i f.

Definition 11.47: Continuous higher-order partial differentiability

(i) Let f : U → R be a scalar-valued function of the n variables x1, x2, . . . , xn
defined on the open subset U ⊂ Rn and let k ∈ N∪{0} be an arbitrary positive
integer. The function f is said to be k-times continuously-differentiable if it is
continuous and, for all natural numbers p ≤ k and all possible choices of the
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indices i1, i2, . . . , ip ∈ {1, 2, . . . , n}, the partial derivatives of the form

∂pf

∂xip · · · ∂xi2∂xi1

exist at every point in U and are themselves continuous functions of n variables
mapping from U to R.

(ii) We denote the set of all k-times continuously-differentiable scalar-valued func-
tions f : U → R by Ck(U).

(iii) Let m,n ∈ N be arbitrary natural numbers, let g : U → Rm be a vector-valued
function with scalar-valued components g = (g1, g2, . . . , gm) defined on the
open subset U ⊂ Rn, and let k ∈ N ∪ {0} be an arbitrary nonnegative integer.
The function g is said to be k-times continuously-differentiable if each of its
components g1, g2, . . . , gm is k-times continuously-differentiable.

(iv) We denote the set of all k-times continuously-differentiable vector-valued func-
tions g : U → Rm by Ck(U,Rm).

(v) Functions inside the set intersections

C∞(U) =

∞⋂
k=0

ck(U) and C∞(U,Rm) =
∞⋂
k=0

ck(U,Rm)

are called smooth functions.

Example 11.48: Second partial derivatives of a polynomial

Let f be the scalar-valued polynomial function of two variables given by

f(x, y) = x2 + 2xy3 + 4x.

The function f ’s second partial derivatives are

∂2f

∂x2
(x, y) = 2

∂2f

∂x∂y
(x, y) = 6y2

∂2f

∂y∂x
(x, y) = 6y2

∂2f

∂y2
(x, y) = 12xy.

Note that f ’s two mixed partial derivatives in Example 11.48 are equal—in this particular
case this equality of partial derivatives is not a coincidence, but mixed partial derivatives
are not equal in general. In this section we will show that mixed higher-order partial
derivatives are equal whenever the relevant partial derivatives exist and are continuous. In
preparation, we first prove the following lemma.
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Lemma 11.49: An auxiliary result for proving equality of mixed partial
derivatives

Let f : U → R be a scalar-valued function of n variables defined on the open subset
U ⊂ Rn, let i, j ∈ {1, 2, . . . , n} be two indices for which i ̸= j, assume the partial
derivatives Dif and Dji exist at all points in U , and define the point a ∈ U . More
so, let h, k ∈ R \ {0} be two nonzero real numbers for which

a+ têi + sêj ∈ U for all t ∈ [0, h] and all s ∈ [0, k].

In this case there exists a point t0 ∈ (0, h) and a point s0 ∈ (0, k) for which

f(a+ hêi + kêj)− f(a+ hêi)− f(a+ kêj) + f(a)

= hk(Djif)(a+ t0êi + s0êj).

Proof. We first define the function u : [0, h] → R given by

u(t) = f(a+ têi + kêj)− f(a+ têi), t ∈ [0, h].

We then apply the mean value theorem to u on the interval [0, h], which guarantees
the existence of a point t0 ∈ (0, h) for which

du

dt
(t0) =

u(h)− u(0)

h− 0
,

or, after rearranging,

u(h)− u(0) = h · du
dt

(t0)

(a)
= h ·

[
(Dif)(a+ t0êi + kêj)− (Dif)(a+ t0êi)

]
,

(11.11)

where (a) follows from the chain rule.

We then define the function v : [0, k] → R given by

v(s) = (Dif)(a+ t0êi + sêj), s ∈ [0, k].

Like for the function u, we apply the mean value theorem to v on the interval [0, k],
which guarantees the existences of a point s0 ∈ (0, k) for which

dv

ds
(s0) =

v(k)− v(0)

k − 0
,

or, after rearranging,

v(k)− v(0) = k · dv
ds

(s0) = k · (DjDif)(a+ t0êi + s0êj). (11.12)

On the one hand, by the definition of u, it then holds that

u(h)− u(0) = f(a+ hêi + kêj)− f(a+ hêi)− f(a+ kêj) + f(a),
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while on the other hand the equalities earlier in this proof imply that

u(h)− u(0)
(a)
= h ·

[
(Dif)(a+ t0êi + kêj)− (Dif)(a+ t0êi)

]
(b)
= h ·

[
v(k)− v(0)

]
(c)
= hk · (Djif)(a+ t0êi + s0êj),

where (a) follows from Equation 11.11, (b) from the definition of v(s), and (c) from
Equation 11.12. We then complete the proof by equating the above two expressions
for u(h)− u(0).

Proposition 11.50: Condition for changing the order of partial differentia-
tion

Let f : U → R be a scalar-valued function of n variables defined on the open
subset U ⊂ Rn, and define the indices i, j ∈ {1, 2, . . . , n}. More so, assume the
partial derivatives Dif , Djf and Djif exist at all points in U and that the function
Djif : U → R is continuous at some point a ∈ U . In this case the second partial
derivative Dijf exists at a and obeys

(Dijf)(a) = (Djif)(a).

Proof. If i = j the proposition is trivial, so we will assume that i ̸= j. First choose
arbitrary ϵ ∈ R+. Because the function Djif is continuous at a, there exists δ ∈ R+

for which K(a, δ) ⊂ U and

|(Dijf)(v)− (Djif)(a)| < ϵ for all v ∈ K(a, δ).

By Lemma 11.49, for any two nonzero real numbers h, k ∈ R \ {0} for which
h2 + k2 < δ2, it holds that∣∣∣∣f(a+ hêi + kêj)− f(a+ hêi)

hk
− f(a+ kêj)− f(a)

hk
− (Djif)(a)

∣∣∣∣ < ϵ.

We now consider the limit of the left-hand side of the above equality as k → 0
at a fixed value of h. By recognizing the expressions for partial derivatives and
remembering that the partial derivative Djf is assumed to exist at a, this limit
reduces to ∣∣∣∣(Djf)(a+ hêi)− (Djf)(a)

h
− (Djif)(a)

∣∣∣∣ ≤ ϵ.

This resulting inequality in turn means that the functionDjf is partially differentiable
with respect to xi at the point a and obeys

(DiDjf)(a) = lim
h→0

(Djf)(a+ hêi)− (Djf)(a)

h
= (Djif)(a),

which completes the proof that (Dijf)(a) = (Djif)(a).

Proposition 11.50 is very useful in practice, since it means that the mixed partial derivatives
Dijf and Djif are equal for any function f ∈ C2(U). More so, the proposition can be
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naturally extended to apply to the mixed partial derivatives of arbitrary order of any
smooth function.

11.3 Taylor’s formula for multivariable functions

In this section we will extend Taylor expansions to functions of multiple variables.

Topic 11.7: Deriving Taylor’s formula for multivariable functions

Define n ∈ N, m ∈ N∪{0}, the open subset U ⊂ Rn, the point a = (a1, . . . , an) ∈ U ,
and let f : U → R be an (m + 1)-times continuously-differentiable function of n
variables. The set U is open, so there exists R ∈ R+ for which K(a, R) ⊂ U . Define
the point x = (x1, . . . , xn) ∈ K(a, R) \ {a} ⊂ Rn, and let

w = (w1, . . . , wn) = (x1 − a1, . . . , xn − an).

Note that, by construction, the entire line segment between a and a+w lies inside
the open ball K(a, R). We will parameterize the line containing the points a and
a+w with the vector-valued function γ : R → Rn given by

γ(t) = a+ tw.

By construction, the function γ is smooth and obeys γ(0) = a and γ(1) = a+w,
the set γ([0, 1]) ⊂ Rn is the line segment between a and a+w, and γ̇(t) = w for all
t ∈ R. Next, we define the scalar function g : γ−1(U) → R as the composition

g = f ◦ γ, g(t) = f
(
γ(t)

)
.

Because f is continuous, the set γ−1(U) ⊂ R is open, and in addition

[0, 1] ⊂ γ−1(U).

Because the function f is (m + 1)-times continuously-differentiable and because
γ is smooth, by the chain rule the function g is itself (m+ 1)-times continuously-
differentiable, and in addition obeys

g(0) = f(a) and g(1) = f(a+w).

By Taylor’s formula for scalar functions applied to g when expanded about 0, there
exists a point θ ∈ (0, 1) for which

f(a+w) = g(1) =
m∑
k=0

g(k)(0)

k!
(1− 0)k +

g(m+1)(θ)

(m+ 1)!
(1− 0)m+1

=
m∑
k=0

g(k)(0)

k!
+
g(m+1)(θ)

(m+ 1)!
.

(11.13)

We can then find the corresponding Taylor’s formula for f by computing g’s derivatives
using the chain rule, and then expressing these derivatives in terms of the partial
derivatives of f . To do this, we first write γ by components as

γ = (γ1, . . . , γn) and γ̇j(t) = wj , t ∈ R, j = 1, 2, . . . , n.

318



We then apply the chain rule, which for all t ∈ g−1(U) produces

g′(t) =
n∑
i=1

∂f

∂xi

(
γ(t)

)
γ̇i(t) =

n∑
i=1

∂f

∂xi
(a+ tw)wi

=
n∑
i=1

(Dif)(a+ tw)wi.

We should remember that the function (Dif)(a+ tw) is a composition of function γ
and the function Dif (similarly to how g is a composition of γ and f); with this in
mind we can then apply the chain rule once more to get

g′′(t) =
n∑
i=1

 n∑
j=1

(
Dj(Dif)

)
(a+ tw)wj

wi
=

n∑
i,j=1

(Djif)(a+ tw)wjwi.

More generally, the k-th derivative of the (m+ 1)-times continuously-differentiable
function g is

g(k)(t) =
n∑

i1,...,ik=1

(Di1...ikf)(a+ tw)wi1 · · ·wik , k = 1, . . . ,m+ 1.

We then substitute these derivatives of g into the earlier Taylor’s formula expression
for the scalar function g in Equation 11.13 to get

f(a+w) =
m∑
k=0

1

k!

 n∑
i1,...,ik=1

(Di1...ikf)(a)wi1 · · ·wik


+

1

(m+ 1)!

n∑
i1,...,im+1=1

(Di1...im+1=1f)(a+ θw)wi1 · · ·wim+1

for some θ ∈ (0, 1). This expression is the m-th order Taylor’s formula for the
function f expanded about the point a with the remainder in Lagrange form.

We now continue the above derivation with some simplifications to mixed partial derivatives.

Topic 11.8: Simplifying mixed partial derivatives

The function f is (m+ 1)-times continuously-differentiable, so by Proposition 11.50
the order of partial differentiation is immaterial. As a result, we can arrange the
partial derivatives so that we first differentiate f with respect to the first variable
(as many times as required), then with respect to the second variable, and so on. As
a concrete example, consider the partial derivative

Di1...ikf =
∂kf

∂xi1∂xi2 · · · ∂xik
,
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and suppose r1 of the indices i1, . . . , ik are equal to 1, r2 of the indices are equal to 2,
and in general rj of the indices are equal to j for j = 1, 2, . . . , n. We can then write

Di1...ikf =
∂kf

∂xi1∂xi2 · · · ∂xik
=

∂kf

∂xr11 ∂x
r2
2 · · · ∂xrnn

.

Different sequences of the indices i1, . . . , ik can lead to identical sequences of the
indices r1, . . . , rn. It turns out—this follows from basic combinatorics—that the
number of different i sequences that lead to the same r sequence is exactly

k!

r1!r2! · · · rn!
. (11.14)

As an aside, if each of the indices i1, . . . , ik are different, then the denominator is
exactly 1, in which case, as might be expected, the number of i sequences leading to
the same r sequence (which in this case consists only of 1s) equals k!, the number of
permutations of i indices.

Using Equation 11.14, we can then write the derivatives in Taylor’s formula for the
function f as

n∑
i1,...,ik=1

(Di1...ikf)(a)wi1 · · ·wik

=
∑

0≤r1,...,rn≤k
r1+···+rn=k

k!

r1! · · · rn!
∂kf

∂xr11 · · · ∂xrnn
(a)wr11 · · ·wrnn ,

while the full expression for Taylor’s formula becomes

f(a+w) =
m∑
k=0

 ∑
0≤r1,...,rn≤k
r1+···+rn=k

∂kf

∂xr11 · · · ∂xrnn
(a)

wr11
r1!

· · · w
rn
n

rn!


+

∑
0≤r1,...,rn≤m+1
r1+···+rn=m+1

∂kf

∂xr11 · · · ∂xrnn
(a+ θw)

wr11
r1!

· · · w
rn
n

rn!

for some θ ∈ (0, 1).

Remark 11.51: Simplifications of Taylor’s formula

The general form of Taylor’s formula given above for a function of n variables is
admittedly rather complicated. Here we show three special cases often used in
practice; these are considerably simpler.

(1) (Low-order expansions) The first-order Taylor polynomial of a function f : Rn →
R of n variables x1, . . . , xn expanded about the point a ∈ Rn is

f(a) +

[
∂f

∂x1
(a)(x1 − a1) + · · ·+ ∂f

∂xn
(a)(xn − an)

]
.
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The corresponding second order Taylor polynomial is

f(a) +

[
∂f

∂x1
(a)(x1 − a1) + · · ·+ ∂f

∂xn
(a)(xn − an)

]

+

1
2

∑
1≤i,j≤n

∂2f

∂xi∂xj
(a)(xi − ai)(xj − aj)

 .
(2) (Function of two variables) For a two-variable function f : R2 → R we denote

the two variables by x and y. If we expand the function f about the point
(x0, y0) ∈ R2, the resulting second-order Taylor polynomial is

f(x0, y0) +

[
∂f

∂x
(x0, y0)(x− x0) +

∂f

∂y
(x0, y0)(y − y0)

]
+

1

2

[
∂2f

∂x2
(x0, y0)(x− x0)

2 +
∂nf

∂yn
(x0, y0)(y − y0)

2

+ 2
∂2f

∂x∂y
(x0, y0)(x− x0)(y − y0)

]
.

The general m-th order Taylor polynomial of the two-variable function f can
be written using the binomial formula in the form

m∑
k=0

1

k!

[
k∑
r=0

(
k

r

)
∂kf

∂xr∂yk−r
(x0, y0)(x− x0)

r(y − y0)
k−r

]
.

Example 11.52: Taylor expansion of a multivariable polynomial

Let us compute the third-order Taylor polynomial of the two-variable function
f : R2 → R given by

f(x, y) = x3 + y2 + xy

when expanded about the point (1, 2). The function’s partial derivatives are

fx = 3x2 + y fx(1, 2) = 5

fy = 2y + x fy(1, 2) = 5

fxx = 6x fxx(1, 2) = 6

fxy = fyx = 1 fyx(1, 2) = 1

fyy = 2 fyy(1, 2) = 2

fxxx = 6 fxxx(1, 2) = 6;

the remaining third-order derivatives are all equal to zero. The first-order Taylor
polynomial expanded about (1, 2) is then

T1f
(
x, y; (1, 2)

)
= f(1, 2) + fx(1, 2) · (x− 1) + fy(1, 2)(y − 2)

= 7 + 5(x− 1) + 5(y − 2).
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The second-order Taylor polynomial about (1, 2) is

T2f
(
x, y; (1, 2)

)
= T1f

(
x, y; (1, 2)

)
+

1

2

[
fxx(1, 2)(x− 1)2 + fyy(1, 2)(y − 2)2

+ 2fxy(1, 2)(x− 1)(y − 2)
]

= 7 + 5(x− 1) + 5(y − 2) + 3(x− 1)2 + (y − 2)2 + (x− 1)(y − 2).

Similarly, the third-order Taylor polynomial about (1, 2) is

T3f
(
x, y; (1, 2)

)
= 7 + 5(x− 1) + 5(y − 2)

+ 3(x− 1)2 + (y − 2)2 + (x− 1)(y − 2) + 6
(x− 1)3

3!
.

As might be expected and is straightforwardly verified, this expression is exactly
equal to the original function f(x, y), which is itself a third-order polynomial.

11.4 Extrema of multivariable scalar-valued functions

In this section we will give a necessary condition for existence of extrema of multivariable
scalar-valued functions and a sufficient condition for the existence of extrema of a two-
variable function. These conditions are generalizations of those developed in Section 7.3 for
scalar functions. Besides minima and maxima, multivariable functions also have critical
points called saddle points, which do not have a scalar analog. Throughout the section, we
will again assume that n ∈ N is an arbitrary natural number.

Definition 11.53: Extrema of multivariable functions

Let f : U → R be an n-variable scalar-valued function defined on the subset U ⊂ Rn,
and define the point a ∈ U .

(i) The function f has a local maximum at a if there exists δ ∈ R+ for which

f(v) ≤ f(a) for all v ∈ K(a, δ) ∩ U.

(ii) The function f has a local minimum at a if there exists δ ∈ R+ for which

f(v) ≥ f(a) for all v ∈ K(a, δ) ∩ U.

(iii) The function f has a local extremum at a if it has either a local maximum or
a local minimum at a.

(iv) The function f has a strict local maximum at a if there exists δ ∈ R+ for which

f(v) < f(a) for all v ∈ K(a, δ) ∩ (U \ {a}).

(v) The function f has a strict local minimum at a if there exists δ ∈ R+ for which

f(v) > f(a) for all v ∈ K(a, δ) ∩ (U \ {a}).

(vi) The function f has a strict local extremum at a if it has either a strict local
maximum or a strict local minimum at a.
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(vii) The function f has a global maximum at a if f(v) ≤ f(a) for all v ∈ U , and a
strict global maximum at a if f(v) < f(a) for all v ∈ U \ {a}. In both cases
we then write

max(f) = f(a).

(viii) The function f has a global minimum at a if f(v) ≥ f(a) for all v ∈ U , and a
strict global minimum at a if f(v) > f(a) for all v ∈ U \ {a}. In both cases
we then write

min(f) = f(a).

(ix) The function f has an (strict) global extremum at a if it has either a (strict)
maximum or a (strict) minimum at a.

Definition 11.54: Stationary point of a multivariable function

Let f : U → R be an n-variable function defined on the subset U ⊂ Rn. An interior
point a ∈ U is called a stationary point of f if f is totally differentiable at a and

(∇f)(a) = 0.

Proposition 11.55: Necessary condition for the extremum of a multivari-
able function

Let f : U → R be an n-variable function defined on the subset U ⊂ Rn, and assume
f is totally differentiable at some interior point a ∈ U . In this case if f has a local
extremum at a, then a is necessarily a stationary point of f .

Proof. Let u ∈ Rn be an arbitrary vector and let γ : R → Rn be the smooth
vector-valued function given by

γ(t) = a+ tu.

In this case γ(0) = a and γ̇(0) = u and the single-variable function f ◦γ : γ−1(U) →
R is differentiable at 0. Since the function f has a local extremum at a, the function
f ◦ γ has an extremum at 0, and so, by the necessary condition for the extrema of
scalar-valued functions in Proposition 7.14,

(f ◦ γ)′(0) = 0. (11.15)

We then make the calculation

(∇f)(a) · u (a)
= (∇f)

(
γ(0)

)
· γ̇(0) (b)

= (f ◦ γ)′(0) (c)
= 0,

where (a) follows from the definition of γ, (b) from the chain rule, and (c) from
Equation 11.15. Since the vector u ∈ Rn was arbitrary and f is totally differentiable
at a, we can choose u = (∇f)(a), which we then substitute into the previous equality
to get

(∇f)(a) · (∇f)(a) = 0
(a)
=⇒ (∇f)(a) = 0,

where (a) follows from the positive-definiteness of the scalar product.
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In Proposition 7.25 we showed that a first derivative equal to zero together with a nonzero
second derivative was a sufficient condition for the extrema of a scalar function. Formulating
a sufficient condition for extrema of multivariable functions is somewhat more involved—it
involves a matrix of second derivative values called the Hessian matrix.

Since we have not covered matrices or linear algebra in this course, we will consider only
the case of a two-variable function, which can be straightforwardly formulated without
detailed knowledge of matrices. To this end we now define the determinant of the Hessian
matrix of a two-variable function.

Remark 11.56: The Hessian matrix of a scalar-valued multivariable func-
tion

The determinant of the Hessian matrix of a scalar-valued function of two vari-
ables f : U → R defined on an open subset U ⊂ R2 is the scalar-valued function
detH(f) : U → R given by

detH(f)(x, y) =
∂2f

∂x2
(x, y)

∂2f

∂y2
(x, y)−

[
∂2f

∂x∂y
(x, y)

]2
.

We can now give a sufficient condition for the existence of extrema of a two-variable function.

Proposition 11.57: Sufficient condition for the extrema of a two-variable
function

Let f : U → R be a twice continuously-differentiable function of the two variables x
and y defined on the open subset U ⊂ R2 and let (x0, y0) ∈ U be a stationary point
of the function f . In this case

(i) If detH(f)(x0, y0) > 0 and fxx(x0, y0) < 0, then f has a strict local maximum
at the stationary point (x0, y0).

(ii) If detH(f)(x0, y0) > 0 and fxx(x0, y0) > 0, then f has a strict local minimum
at the stationary point (x0, y0).

(iii) If detH(f)(x0, y0) < 0, then f does not have a local extremum at the stationary
point (x0, y0). Instead, f is said to have a saddle point at (x0, y0).

Proof. Because the point (x0, y0) is a stationary point of the function f , all of f ’s
first partial derivatives at (x0, y0) are zero, and so for sufficiently small vectors
(h, k) ∈ R2, f ’s Taylor expansion about the point (x0, y0) reads

f(x0 + h, y0 + k) = f(x0, y0) +
1

2

[
∂2f

∂x2
(x0 + θh, y0 + θk)h2

+ 2
∂2f

∂x∂y
(x0 + θh, y0 + θk)hk

+
∂2f

∂y2
(x0 + θh, y0 + θk)k2

]
.
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We first introduce the more compact notation

α = α(h, k) =
∂2f

∂x2
(x0 + θh, y0 + θk)

β = β(h, k) =
∂2f

∂x∂y
(x0 + θh, y0 + θk)

γ = γ(h, k) =
∂2f

∂y2
(x0 + θh, y0 + θk),

in terms of which f ’s Taylor expansion about the point (x0, y0) reads

f(x0 + h, y0 + k) = f(x0, y0) +
1

2

[
α(h, k)h2 + 2β(h, k)hk + γ(h, k)k2

]
.

In the context of this proof, we are interested in the sign of the quantity

B = B(h, k) = α(h, k)h2 + 2β(h, k)hk + γ(h, k)k2;

if this quantity is positive (negative) for all sufficiently small vectors (h, k), the f
has a strict local minimum (maximum) at the point (x0, y0).

By the proposition’s assumptions, detH(f)(x0, y0) ̸= 0. Because f ∈ C2(U), all of
its second partial derivatives are continuous, and so the function detH(f) is itself
continuous; as a result, the function detH(f) is nonzero and of the same sign as
detH(f)(x0, y0) in any sufficiently small neighborhood of the point (x0, y0).

To prove points (i) and (ii), we will assume that detH(f)(x0, y0) > 0. As a result
α(h, k) · β(h, k) > 0 for sufficiently small (h, k). More so, because the function α is
continuous, the sign of the function value α(h, k) is the same as the sign of α(0, 0)
for sufficiently small (h, k). If k ̸= 0, we may define t = h/k and write

B = αh2 + 2βhk + γk2 = k2(αt2 + 2βt+ γ).

The expression for B is a quadratic function of the variable t with a discriminant
equal to

D = (2β)2 − 4αγ = 4(β2 − αγ) = −4 detH(f)(x0 + h, y0 + k).

For sufficiently small (h, k), the discriminant D is negative and the quantity B is
of the same sign as α. Additionally, in the case when k = 0 and h is nonzero and
sufficiently small, the quantity

αh2 + 2βhk + γk2 = αh2

is of the same sign as α. For sufficiently small small nonzero (h, k) the quantity

αh2 + 2βhk + γk2

is thus negative when α is negative and positive when α is positive. If follows that f
has a strict local maximum at (x0, y0) in the case (i) and a strict local minimum at
(x0, y0) in the case (ii).
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To prove point (iii), we will assume detH(f)(x0, y0) < 0 and show that in this case
there exist arbitrarily small vectors (h1, k1) and (h2, k2) for which

f(x0 + h1, y0 + k1) > f(x0, y0)

f(x0 + h2, y0 + k2) < f(x0, y0),

which means that f does not have an extremum at (x0, y0). To begin, the inequality
detH(f)(x0, y0) < 0 implies that the quadratic function

α(0, 0)t2 + 2β(0, 0)t+ γ(0, 0)

has a positive discriminant, which means there exist real numbers t1, t2 ∈ R for
which

α(0, 0)t21 + 2β(0, 0)t1 + γ(0, 0) > 0

α(0, 0)t22 + 2β(0, 0)t2 + γ(0, 0) < 0.

More so, the continuity of the function f ’s second partial derivatives means that for
sufficiently small (h, k), it holds that

α(h, k)t21 + 2β(h, k)t1 + γ(h, k) > 0

α(h, k)t22 + 2β(h, k)t2 + γ(h, k) < 0.

Let us now choose h1 and k1 for which t1 = h1/k1, and note that the set of all
such pairs (h1, k1) satisfying t1 = h1/k1 forms a line in the plane. If h1 and k1 are
sufficiently small and k1 ̸= 0, then

α(h1, k1)t
2
1 + 2β(h1, k1)t1 + γ(h1, k1) > 0,

which in turn implies that

α(h1, k1)h
2
1 + 2β(h1, k1)h1k1 + γ(h1, k1)k

2
1 > 0.

We have thus found arbitrarily small vectors (h1, k1) for which

f(x0 + h1, y0 + k1) = f(x0, y0) +
1

2

[
α(h1, k1)h

2
1

+ 2β(h1, k1)h1k1 + γ(h1, k1)k
2
1

]
> f(x0, y0).

Analogously, we can find arbitrarily small vectors (h2, k2) for which t2 = h2/k2 and

f(x0 + h2, y0 + k2) < f(x0, y0).

Combining the results f(x0+h1, y0+k1) > f(x0, y0) and f(x0+h2, y0+k2) < f(x0, y0)
implies that f does not have an extremum at the point (x0, y0).
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Example 11.58: Extrema of two-variable functions

(1) Let us find the extrema of the two-variable function

f(x, y) = x3 + y3 − 3xy.

We will first find the function f ’s stationary points—f ’s first partial derivatives
are

fx = 3x2 − 3y and fy = 3y2 − 3x,

and so any of f ’s stationary points must satisfy the system of equations

fx = 3x2 − 3y = 0,

fy = 3y2 − 3x = 0.

The first equation implies x2 = y, while the second implies that y2 = x; we
square the second equation and substitute the result into the second equation
to get

y4 = y.

The equation y4 = y has two real solutions—y = 0 and y = 1, which combined
with the equations x2 = y and y2 = x lead to the corresponding x values x = 0
and x = 1. The function f thus has two stationary points; these are

P1(0, 0) and P2(1, 1).

The function f ’s second partial derivatives are

fxx = 6x, fxy = fyx = −3, fyy = 6y,

and so the determinant of f ’s Hessian matrix is

detH(f)(x, y) = 6x · 6y − (−3)2 = 36xy − 9.

At f ’s stationary points, the Hessian matrix’s determinant equals

detH(f)(0, 0) = −9 < 0 and detH(f)(1, 1) = 27 > 0,

and so f has a saddle point at P1 and, because fxx(1, 1) = 6 > 0, a strict local
minimum at P2.

(2) Let us now consider the function given by

f(x, y) = 2x2 + 3y2 − 4x+ 2 = 2(x− 1)2 + 3y2.

The function f ’s first partial derivatives are

fx = 4x− 4 and fy = 6y,

and, without derivation, f has a single stationary point, P1(1, 0). The function
f ’s second partial derivatives are

fxx = 4, fxy = fyx = 0, fyy = 6,

and so the determinant of f ’s Hessian matrix is

detH(f)(x, y) = 4 · 6− 0 = 24 > 0.

Because detH(f)(x, y) > 0 for all (x, y) ∈ R2, the function f has a strict local
minimum at its single stationary point P1(1, 0).
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(3) Finally, let us consider the function given by

f(x, y) = y2 − x2.

The function’s first partial derivatives are

fx = −2x and fy = 2y,

which implies that f has a single stationary point, P1(0, 0). The function f ’s
second partial derivatives are

fxx = −2, fxy = 0, fyy = 2,

and so the determinant of f ’s Hessian matrix is

detH(f)(x, y) = (−2) · 2 = 0 = −4 < 0.

Because detH(f)(x, y) < 0 for all (x, y) ∈ R2, the function f does not have
an extremum (but instead has a saddle point) at its single stationary point
P1(0, 0).
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